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Preface

THE authors have set out, in this volume, to give a clear picture
of phenomena affecting the stability, both in the elastic and in the
partially plastic range, of plane, rigid-jointed, triangulated and
non—tmangulated frames. Necessarily, much has been omitted.
Thus, there is no mention of energy methods in "the derivation
of critical loads. The authors believe that, although energy
methods are of prime importance in dealing with the stability
of isolated members and of plate elements within members, the
behaviour of plane frames can be adequately presented without
the use of such methods, and that there are certain advantages
in so doing in an elementary treatment.

The method of presentation is through examples designed to
illustrate the physical principles involved rather than to present
in detail a multiplicity of analytical methods; it is considered
that, once a reader familiar with linear elastic analysis has under-
stood the principles of non-linear behaviour, he will rapidly
develop, for any particular problem, a suitable method of analysis.
The examples treated in the text may be solved by hand with the
help of a desk calculator. It is recommended that readers intend-
ing to carry out stability calculations should make use of the
examples given at the ends of the chapters, these being either
algebraic or, if numerical, again solvable by hand. Extensive
calculations of the stability of frames are likely to be programmed
for automatic digital computer, and reference to another book
in this series (R. K. Livesley, Matrix Methods of Structural
Analysis) may be made for help with such aspects.

Chapter 1 introduces the essential features of stability in elastic
and elastic—plastic structures by reference to single members
bending about one axis. Stability functions for prismatic elastic
members are derived in Chapter 2, tables of these functions being
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given at the end of the book (more extensive tables by Livesley
and Chandler (Ref. 17) are available elsewhere). Chapter 3
deals with the elastic stability of triangulated frames, and Chapter
4 with non-triangulated frames. The behaviour of both triangu-
lated and non-triangulated frames beyond the elastic limit is
discussed in Chapter 3.

The authors acknowledge the assistance of various members of
the staffs of the Department of Structural Engineering in the
Faculty of Technology, and of the Department of Civil Engineer-
ing in the Fagulty of Science, both in the University of Man-
chester, for reading and criticising the manuscript. Thanks are
due to Dr. N. J. Gardoer and Mr. M. J. Davies for their assistance
in programming, for automatic digital computer, the tables of
stability functions on pages 157ff. The authors acknowledge
permission from the University Presses of Cambridge and Man-
chester to reproduce examination questions taken from Degree

papers.



CHAPTER 1

The Stability and Failure of
Individual Members

1.1 Introduction

It is common, in dealing with rigid-jointed frames, to calculate
deflexions and bending moments by a linear analysis. When this
is done, the equations of equilibrium are established by considering
the geometry of the structure in its undeformed state. This may
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FiG. 1.1

be illustrated by reference to the simple structure ABC in Fig.
1.1(a). The vertical column AB is fixed to a rigid foundation at
A, and supports the cantilever BC through a rigid joint at B.
If a vertical load P acts at C, the bending moment at any point D
in the column is calculated as Py, = Pa, while the bending moment
at any point Fin the cantilever is Px,. The total vertical deflexion
Ay at C (Fig. 1.1(b)) may be obtained as Ay = Ap, + A p
1



2 THE STABILITY OF FRAMES

where A g is the deflexion produced by BC acting as a cantilever
while A 45 is the additional deflexion induced at C by the rotation
0y of the joint B. If EI denotes the uniform flexural rigidity

Pa? Pa?l
of AB and BC, then Ag, = 3—;1 and A 5 = —;—1, whence
Pa?
Ap = — 1.1
o=3g@+3) (.0

The deflexion A is thus proportional to the applied load P,
giving the straight line Ob in Fig. 1.2(a) as the load-deflexion

(a)

Fic. 1.2

relation. In this treatment, it has been assumed that deflexions
due to shear deformation and direct axial compression may be
ignored. If these are allowed for, the deflexions are slightly
increased, but are still linearly related to the applied load.

It is evident that, in a more refined analysis, one should calculate
the bending moments in the actual deformed state of the struc-
ture, Fig. 1.1(b). The bending moment at D becomes Py,, while
that at F becomes Px,;. When this is done, the deflexion com-
ponents, now denoted by A,z and Az, are no longer directly
proportional to the applied load P, and the load-deflexion
relation becomes curved as shown by Ob' in Fig. 1.2(b).
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The difference between the approximately and accurately
calculated cantilever deflexions Ag and A’ is likely to be small,
provided the deflexions are small compared with the dimen-
sions a and /. The difference between x, and x, is of order of
magnitude a(l — cos 6) (that is, of order af? or /62 if @ and /
are of like order), where 0 is a typical value of the angle of slope of
the cantilever. On the other hand, the difference between y,
and y, is of order /6, and may cause a significant difference be-
tween A,y and A,p'. The linear analysis is thus in the first
instance likely to be in error on account of the incorrect calcula-
tion of the bending moments in column 4B, and generally in
any structure it is the flexure of the axially loaded members
that is the prime cause of non-linearity. The stability of frames is
concerned with this non-linear behaviour, and the first step
must be to consider the influence of axial loads in single members.
The study of an isolated member under axial load develops
ideas which have direct application to complete frames, and these
ideas are explored in the present chapter.

It is assumed throughout that the member is undergoing flexure
about one principal axis only, and that bending about the other
principal axis (i.e. out of the plane of the paper) does not occur.
This may imply that restraints must be present preventing such
deformations, this being particularly so if the bending which is
allowed is about the major principal axis.

1.2 Axially Loaded Member with Terminal Couples

The initially straight strut AB in Fig. 1.3(a) is subjected to an
axial thrust P applied at the centroids of the end sections, together
with equal and opposite terminal couples M. As a result of this
loading the strut takes up the deflected form ACB in Fig.
1.3(b), the deflexion at D, distance x from A4, being denoted by
y relative to the straight line OB forming the X-axis. The bending
moment in the strut at D is thus (M + Py). If the strut has
a uniform flexural rigidity EI about axes parallel to the terminal



4 THE STABILITY OF FRAMES

couples, and if the deflexions are sufficiently small for (dy/dx)?
to be neglected in comparison with unity, the differential equation
governing the deflected form becomes

d2
Ela;yé = —(M + Py) (1.2)
The solution is
. M
y=Asmocx+Bcosocx———}; (1.3)
P
oAb M 0 Y
| K) )
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Fig. 1.3

where «? = P/EI. The constants of integration 4 and B are
derived from the boundary conditions that the deflexion y is
zero at the ends x = 0 and x = / of the member. Hence

0=238 M
= P,

. M
0=Asmocl+Bcosocl——P—,
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giving B = M[P and A = (M/P) tan «l/2. The deflexion y
given by equation (1.3) thus becomes

y = %{{tan 3‘2—lsin ax + cos ax — 1} (1.4)

The maximum deflexion occurs at C (x = //2), and has the value

M o
Y, = 7 (secE — 1) (1.5)

The relation between y, and P is shown for four different values
of M in Fig. 1.4. The values of y,, P and M are expressed non-
dimensionally in terms of suitable functions of the length /
of the strut and its flexural rigidity £1. For any value of M, the
deflexion becomes indefinitely large as

secal 0, i.e. as ol 7TorP 2 £
——>00, 1.6, 88 — —> = —>7e —
2 ’ 272 P

Hence the load #2El/I?, denoted by Py, is the elastic failure load
of the strut, and is independent of the applied bending moment M.

An alternative presentation of the results is shown in Fig. 1.5.
The stiffness k of the member with respect to end moments may
be defined as the ratio of the applied moments M to terminal
rotations 0, = 0. It follows from equation (1.4) that

dx/z=0
whence
T P
M 2N P,
k= —=——""E_§ (1.6)
0, T P
tan - [/ —

where k, = 2EI/l, the stiffness of the strut when P = 0. The
variation of k/k, with P/Py is shown in Fig. 1.5, from which it
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is seen that there is an almost linear reduction in stiffness of the
member as the axial load is increased from zero to the elastic
failure load (P = Pg). The elastic failure load may in fact be
interpreted as that axial load at which the stiffness becomes zero.
It is important to note that the stiffness depends only on the axial
load (equation (1.6)), and is independent of the magnitude of the
terminal bending moment M.

It should be noted that there is no mathematical reason for
rejecting the above analysis for values of P greater than Py.
The stiffness k then becomes negative (Fig. 1.5), and this provides
a clue to the physical significance of assuming P > P. Negative
stiffness implies that an increase in end rotation is accompanied
by an increase in the restraining moment, so that the strut must
be connected at its ends to other members capable of supplying
such restraint. It is only thus that any member will support an
axial compressive load greater than its failure load as a pin-
ended strut. The concept of negative stiffness arises frequently
in the treatment of the stability of frames.

1.3 Member under Axial Load Only

The behaviour of a member subjected to axial load only may
conveniently be obtained by allowing M to approach zero in the
solution obtained above. The curves in Fig. 1.4 then approach
the limit represented by OHJ, indicating that no deformation
occurs until P = Py or « = =[], at which load deflexions of
indefinite magnitude occur, with the form

y = A sinwx/l .7

The load P = Py = #2EI|I? (the “Euler load”) now achieves
the significance attributed to it by Euler, who first obtained the
load in 1759 in the form Py = 7#%S/I2 where S was defined as
the flexural rigidity. The Euler load is that load at which a de-
flected form becomes statically admissible and may, with a
more general connotation, be referred to as the first elastic
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critical load of a strut with pinned ends. It may alternately be
derived directly from equation (1.3) by putting M = 0. The
condition y = 0 at x = O then gives B = 0, while y =0 at x =/
gives

0= A sin af

This is satisfied by putting 4 = 0 (i.e. zero deflexions) or ol = n7
where n is an integer, whence, since a? = P/El = w?P[I?Py, it
follows that

P

Py

There thus exists a series of “‘elastic critical loads” Pg, = Pg,
Py, = 4Py, Poy = 9Py, etc., with corresponding deflected forms
(the “‘critical modes”) y = A,sinwx/l, y = Aysin2mx/[l, y =
Ay sin 3mx/l, etc. Since absolute axial loading is a limiting ideal
condition, any real strut will deform according to a curve which lies
below HJ in Fig. 1.4, and so only the first critical load Pp has
practical significance. The higher critical loads and critical
modes are, however, of interest when analysing the behaviour
of struts under various loading conditions, as explained later in
the chapter.

1.4 The Effect of Various End Conditions

The elastic critical load may be obtained for columns with end
conditions other than those of a pin-ended strut by solving the
differential equation and obtaining the constants of integration
by reference to the boundary conditions. A readier solution
is, however, obtained by observing that the solution of the differen-
tial equation can always be represented as part of the continuous
sine wave y = A sin ax referred to suitable axes. The axial
thrust Py = «?El which makes the sinusoidal deformation of
the member possible is then the elastic critical load for the given
end conditions. The distance between points of contraflexure,
I', known as the effective length, is given by al’ = 7, whence
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Po = m2EI|(I')®. By expressing I’ as a proportion of the actual
length / of the member, the critical load is derived as a function
of the known properties of the member. Four cases for differing
end conditions are represented in Fig. 1.6(a) to (d).

FiG. 1.6

In the first case, that of a pin-ended strut, the effective length
is equal to the actual length, i.e. /" = I, whence P, = w2EljI? =
Py.

Figure 1.6(b) represents a member fixed in position and direc-
tion at B and completely free at 4. The load at A4 acts parallel
to the original longitudinal axis A’B of the member. Here we have
I' = 2/ and Py = w2EI[Q2])? = Pg/4.

Figure 1.6(c) represents a member constrained in position and
direction at both ends, except that the ends are allowed to approach
each other along AB. Hence !' = //2 and P, = =2EI/(|]2)? =
4Py



10 THE STABILITY OF FRAMES

In Fig. 1.6(d), a straight line has been drawn from the point of
contraflexure at 4 to touch the sine curve at B. The column 4B
is then restrained in position and direction at B, while end A is
unrestrained in direction (zero bending moment) but constrained
to move along 4B. In this case, the reference axis for the sine
wave is not parallel to the original longitudinal axis 4B of the
member. The value of / is obtained from a simple trigonometric
equation, the solution of which gives I’ ~ 0-7/ and Py ~ 2:05Py.

It is evident that the above solutions for the various end condi-
tions are not unique. Thus the end conditions of Fig. 1.6(d) are
also satisfied by taking a greater length of the continuous sine
curve, as shown in Fig. 1.6(¢). This critical mode corresponds
to a higher critical load, and as in the case of a pin-ended strut,
there will exist an infinite series of critical modes and correspond-
ing critical loads.

1.5 The Effect of Large Deformations

The differential equation

dzy P

P + )= 0 (1.8)
governing the behaviour of an axially loaded pin-ended strut
applies only when dy/dx is small. When this is not so, the correct
expression for curvature (d2y/dx?)/{l + (dy/dx)?}} must be
used in place of the approximation d?y/dx®. Hence equation
(1.8) has to be modified to

d%y P 3
— 4+ — {1+ (dy/dx)*}y=0 1.
oz T gy L+ @)y (1.9)
The solution of this equation involves the use of elliptic integrals
and will not be given here.* The curved shape taken up by the
strut (assuming indefinite elastic behaviour) is known as the
elastica, and successive forms for increasing values of P are shown

* For references, see p. 155.
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in Fig. 1.7. The relation between P and central lateral deflexion
Y. is given by OHK in Fig. 1.8, the curve HK being tangential
at H to the solution HJ given by the approximate theory. A
relation between P and y, which is accurate to within 1 percent
in terms of P up to y /I = 025 is
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When y,/l = 1/20, P is only 0-3 percent above Py, and when
Y/l = 1/10, P still only exceeds Py by 1-2 percent. Hence,
although the more accurate analysis shows that the elastic de-
flexions do not in fact increase indefinitely at P= Py, large defiexions
can occur with a negligible increase in load. The properties of the
elastica are thus of no great practical importance. Moreover,
at large deflexions the elastic limit of the material will in practical
structures be exceeded, and the present analysis becomes in any
case irrelevant.

1.6 Axial Deformations

Axial deformations have two components, namely direct axial
compression and longitudinal shortening due to flexure.

Direct axial compression Ay, is proportional to the axial load,
and is of magnitude Ay = PI/EA where A is the cross-sectional
area and E is the elastic modulus. This requires no further
treatment.

The flexural shortening of a member is due to the difference
between the developed length OCB (Fig. 1.3(b)) and the effective
length OB. Ignoring shortening due to direct axial compression,
the developed length OCB is equal to the original straight length
1, while OB should be represented as less than /. In Fig. 1.3,
this difference has been ignored since it does not affect signi-
ficantly the calculation of lateral deflexions. The difference

B B z
between OCB and OB is | ds — fdx = } f (dy/dx)? dx,
A A 0

hence when M = 0 and consequently y = y, sin 7x//, the shorten-
ing due to flexure Ap becomes Ap = (w?/4)y,*/I%. Substituting
the expression for y, given in equation (1.10), the total axial
compression after buckling, A = Ap, + Ay, is obtained in terms
of the axial load P in the form

A P (P )
T=mtE (1.11)
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In Fig. 1.9, equation (1.11) gives the straight line HQ, which is
tangential at H to the correct curve HK, obtained from elliptic
integrals. There is thus an important difference between the
axial load versus deformation relations for a strut as between
lateral and longitudinal displacements. While at the Euler load
Py the load-deflexion relation is parallel to the deflexion axis

05

] 1 | 1 |
0 02 04 06 08 -0

A
T
i.

FiG. 1.9

for small lateral deflexions (HJ in Fig. 1.4), the development of
longitudinal displacement requires an increase in the axial load.
This result has a bearing on the significance of elastic critical
loads in triangulated structures (Chapter 3).

1.7 The Bifurcation of Equilibrium States

A strut loaded axially above the Euler load Py has more than
one possible state of equilibrium. 1If it buckles, it follows the
relationship HK (Figs. 1.8 and 1.9), and unless it has equal
flexural rigidity about all axes, there will at any given axial load
P> Py be two buckled states, one either side of the initial
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longitudinal axis. Both these states of equilibrium will be stable,
which means that a slight disturbing force applied to the strut and
then removed will leave the strut in the same state as before the
application of the force. If the potential energy of the applied
load plus the strain energy in the strut together constitute the
total potential energy of the system, then for a structure to be in
stable equilibrium, the total potential energy must be at a sta-
tionary minimum with respect to any small arbitrary displace-
ment.

Instead of the strut buckling when it reaches the Euler load, it
would theoretically be possible for it to remain straight, following
the load—deflexion relations HI in Figs. 1.8 and 1.9. Such a
state would be one of unstable equilibrium, since a slight distur-
bance would cause the strut to buckle. When P > P, with the
strut perfectly straight, the total potential energy of the system
is at a stationary maximum.

The point H at which divergent equilibrium states become
possible is called a point of bifurcation. For a pin-ended strut,
points of bifurcation occur in the unbuckled state at axial loads
of P = Py, 4Py, 9Py, etc. It may be noted that, in any practical
strut, sufficient disturbances in the form of incidental lateral
loads, eccentricities of axial load or imperfections prevent the
attainment of unstable states of equilibrium, and the load-
deflexion curve for perfectly elastic behaviour follows, for example,
the dotted curve OMN in Fig. 1.8. It is of interest that such
behaviour represents a stable equilibrium state at each stage of
loading, despite the fact that in the region of the Euler load, a
small increase of load may be accompanied by a large increase of
deformation.

1.8 Effect of Shear Deformation on Critical Loads

In the preceding analysis, no account has been taken of the
effect of shear deformation. When a pin-ended strut buckles
laterally, Fig. 1.10(a), the applied loads P will have components
transverse to the bent longitudinal axis, thus introducing into
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the member shear forces F as shown. These forces F will in
turn produce additional deformation due to shear (Fig. 1.10(b)),
and when these deformations are allowed for in the analysis,

fr

FrG. 1.10

the critical load is reduced below the Euler load Py. It is found
that, for practical purposes, the effect is unimportant, amounting
to a reduction of a fraction of 1 percent.(®

1.9 General Treatment of Lateral Loads

It is now possible to deal more generally with axially loaded
members subjected to transverse loads. The bending moments
produced by such loads in the absence of axial loading may be
referred to as primary moments. In the case already considered,
in which a strut was subjected to terminal couples M (Fig. 1.3),
the primary moments consisted of a uniform bending moment M
throughout the length of the member. In the more general case,
we express the primary bending moments, denoted by A, as
some function of the distance x from one end of the member,
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viz. My = F(x). Thus, for a uniformly distributed lateral load w
per unit length (Fig. 1.11(a)), the primary moments are given by

wx(l — x)
My = — ——2—— (1.12)
1 y
Y
o T i
X x M. = walt=x) X M
LD G
;':6 —»I
: I E
L w w
g |
> |
| |
e WL
b |
P (b} P (c)
(a) Primary deflections Amplified deflections
Loterolly ond bending moments ond bending moments
loaded
strut

Fic. 1.11

The critical modes of deformation for the strut when subjected
to axial load only are yg; = 4 sin wx/l, yo, = A, sin 2mx/l, etc.,
where A,, 4,, etc., are arbitrary constants, and are conveniently
put equal to unity. The bending moments induced are respectively
Elyc,” = — (n?|?) sin wx|l, Elyg,” = — (4n*[I®)EI sin 27x|l, etc.
It is possible to express the primary moments M, as a half-range
Fourier series in terms of the critical bending moments Ely,”,
Elyc,' etc., so that

My = Efayyo,” + @yce” + + - -+ @yo.” - - (1.13)

or, substituting for y¢”, yeo', €tc.,
2

m=—%ﬂhm

T . 27x o . HTX
7+4a25m7+... +nansmT...

(1.14)
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The nth coefficient a,, is obtained by muitiplying both sides of
equation (1.14) by sinnwx/l and integrating over the range
1

x =0to x = /. Since | sin mmx/l . sin nmwx/l. dx has value zero
0

when m #+ n and has value //2 when m = n, it follows that
a, = —fMo sin@.dx. (1.15)

Since d2p/dx® = M,/EI, equation (1.14) is readily integrated to
give the deflexions induced by the primary moments. Since
y = 0 when x = 0 and x = /, the constants of integration vanish
and the primary defiexions y, become

mX

2
] +a2sinix+...+ansin@.... (1.16)

Yo = @, sin 7

Taking the example represented in Fig. 1.11, the bending moments
M, may be expressed as

4 1 3 1
My=— ——:swlz{sinf—)f+— sin—zr—)—c+ oot —gsin@. . } 1.1mn
7 n /
where only odd values of n are taken. The primary deflexions
become

__4wl4{sin77x+ 1 sin37Tx+ +1 . nmx } (118
N=SE T Tt T s (LIB)

We now consider, for the general case of lateral loading, the
effect on the equation of flexure of an axial load P. The total
bending moment at any section is (M, — Py), whence substituting
for M, from equation (1.14),

dzy P 7?2 X

. . 2mx
a;—2+EIy~ —ﬁ{alsm7+4a23m—l—

+ ...+ n%a, sin#. . } (1.19)
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The solution of this equation is

2
y=Asinocx+Bcosocx—7112— Pal 7Tﬁin?
Elr 2
4a, . 2mx nla, . nmwx
+WSIHT+...+P—WSIH'—I—+... s (120)
EI 2 EI 2

where, as before, «? = P/EI. At any value of P less than Pp =
@2El|I%, al <, and so the end conditions y = 0 when x =0
and x =/ require 4 = B =0. Equation (1.20) may then be
rewritten

4 sin X " a, sin 2mx +
y= P i 1 P ] .
Py 4P
+ ILPsinTli‘. L2
n*Py

The bending moment M at any section is given by EIy”, whence

2
M=—7IT—2EI ljlﬁsinzl)—c-}-———jazisinz%x+,._
Py 4P,
n%a, . nmx
+————Ts1n-l—.... (1.22)
T PP,

Comparisons between equations (1.21) and (1.16) and between
equations (1.22) and (1.14) show that the axial load has the effect
of amplifying the deflexions and bending moments induced in
the absence of axial load. The factors 1/{1 — (P/n2Py)} by
which the components in the Fourier analysis are multiplied by
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the presence of axial load are called the amplification factors.
The amplification factor for the nth component is actually
1/{1 — (P|P¢,)} where P, (= n?Py) is the nth critical load,
corresponding to the nth mode in the buckling of the member
under axial load only. As P — Py, (i.e. in this case, as P — Pp)
the deflexions and bending moments become very large. Hence
the lowest critical load is that at which, for any form of lateral
(“primary”) loading, the deflexions tend to large values, and the
behaviour depicted in Fig. 1.4 is of general application.

It is to be noted that, as the first critical load is approached, the
terms other than the first in the Fourier analysis becoming less
and less important. Thus, for a uniform lateral load when
P = 0, the actual deflexion at the mid-point (equation (1.18))
is (5/384)wl*/EI = 0-013021wl*/EI, while the first term alone
gives (4/m%)wi*/EI = 0-013071wl*/EI, an error of 0-39 percent.
When P = 0-9Pj, the actual central deflexion is 0-13065wl*/ETI
(equation (1.21)), while the first term alone gives 0-13071w/*/EI,
an error of no more than 0-04 percent. Using the first term only
in equations (1.17) and (1.22), the error in the central bending
moment is 3-20 per cent when P = 0 and 0-34 percent when P =
0-9P.

The results which have been obtained for a pin-ended strut
may be applied in an analogous manner to columns with various
end conditions. Instead of using a Fourier sine series, the primary
bending moments and deflexions may be expressed as a series
in terms of the critical modes yoy, Veos .- Yous - - - €tc. The
primary moments are then given by equation (1.13), while the
primary deflexions y, become

Yo=Y+ QYoo+ -+ @Yon- - - (1.23)

In the presence of an axial load P, these deflexions become
amplified to

ay ay a,
}’=1 PJ’C1+]——P}’02+...+1 Pnd...(1.24)

Poy Pes Pey
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where P, denotes the nth critical load of the columns for the
given end conditions. Similarly, the bending moments become

r a " dy ” ay, ”
M=EI{ Fra’+ pre .o+ Frea’ -

] — — 1 — — 1 —
PCI ‘PC’2 PCn

(1.25)

Equations (1.13), (1.23), (1.24) and (1.25) are applicable not
only when the flexural rigidity E7 is uniform, but also when it
varies with x, the distance along the member. When the member
is of variable section, the critical modes no longer form part of a
continuous sine wave. Both for uniform and non-uniform
members, the calculation of the coefficients a,, a,, . . ., @, . . . is
facilitated by certain orthogonal relations which may be shown to
exist between the critical modes.® These correspond to the ortho-

!
gonal relations [ sin mmx/lsin nmx/ldx = 0 for m + n in the
0

Fourier series. Provided the ends of the columns are either

completely free to move laterally, or completely fixed against

lateral movement, and either completely fixed or completely
!

free with respect to rotation, it may be shown that § Ely,,"ye,"dx
0

=0 when m + n. All the end conditions considered in Fig.
1.6 fall into one of these categories. Hence, from equation
(1.13),

l
fMond"dx

a, = p——«. (1.26)

[ Ef(ye,"ydx

0

This general treatment is also applicable to frames.

In the whole of the above analysis, it has been assumed that
deflexions are everywhere sufficiently small for d2y/dx? to be
regarded as a close approximation to the curvature. Strictly
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speaking, the load-deflexion curves in the presence of lateral
load do not approach asymptotically to the line P = Py, (the
lowest critical load), but ultimately curl upwards, as shown for
the case of a pin-ended strut by the dotted line LMN in Fig. 1.8.
This upward trend only occurs, however, at gross deformations,
and may for practical purposes be neglected.

1.10 The Effect of Initial Lack of Straightness

Suppose a pin-ended strut has an initial lack of straightness
defined by deflexions y,. In just the same way as primary defle-
xions due to lateral loads may be expressed as a Fourier series,
so also may initial deflexions. Hence we may regard equation
(1.16) as expressing the initial lack of straightness of the member.
If the deflexions of the strut change to y as the result of applying
an axial load P, the change of curvature is d*(y — y,)/dx? and
hence the equation of flexure (in the absence of lateral loading)
becomes

d¥(y — P

—L%;CZLO) + 0= 0. (1.27)
After substituting for y, from equation (1.16), integrating and
using the boundary conditions y = 0 when x =0 and x =,
the deflexions y are found to be given by equation (1.21). Hence
initial imperfections are magnified according to amplification
factors in exactly the same way as are deflexions and bending
moments due to primary loading.

1.11 Experimental Determination of Critical Load

The presence of initial imperfections prevents the observation
of the buckling load as that load at which deflexions suddenly
appear. In practice, small deflexions occur as soon as any load
is applied. Were the strut to remain indefinitely elastic, the elastic
buckling load could be identified as the load at which really
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large deflexions appeared, but inelastic behaviour usually sets
in before this limit is approached at all closely. Southwell® has
suggested a method whereby the elastic buckling load may be
deduced from an observation of behaviour at loads below the
buckling load.

Observations are made of the increase in central deflexion A as
the axial load P is increased from zero. This deflexion is additional
to some initial deflexion A, as the axial load P is increased from
zero. The additional deflexion A, is difficult to measure accurately
and is therefore regarded as unknown. We now investigate analy-
tically the significance of the experimentally observed quantities.

The total central deflexion may be expressed as the sum of the
terms from equation (1.24) corresponding to the mid-points
of the strut. All terms except the first will change negligibly as
P is increased, since P is always less than the first critical mode
Py, and therefore very much less than the higher critical loads
Py, Pes, etc. Hence we write the total central deflexion A + A,
in the form

A

A+ A= 5+ A (1.28)

] — —

PCl

where A, is the first critical mode component of the central de-
flexion at no load, and A, is the remaining component of the
central deflexion corresponding to all the higher modes. Since
when P =0, A = 0,

Ay = A + A, (1.29)

The elimination of the unknown initial deflexion A, between
equations (1.28) and (1.29) gives

A,. (1.30)
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Equation (1.30) may be rearranged in two alternative forms:

A A A
2_2 4 S (1.31)
p 1 PO’I
P_P Py
ATETA (1.32)

In each case, the second term on the R.H.S. is constant. Equation
(1.31) represents a linear relationship between A/P and A,
while equation (1.32) represents a linear relationship between
P/A and P.

>

(a)

>lo
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The result of plotting experimentally observed values of A/P
versus A is shown in Fig. 1.12(a). This is the original plot sug-
gested by Southwell, and it follows from equation (1.31) that the
inverse slope of the straight line through the experimental points
gives the critical load Pg,;, while the negative intercept with the
deflexion axis gives Ay, the first critical mode component of the
initial deflexion A,. Some departure from a straight line commonly
occurs for the points obtained at low P values, but the higher
points are usually found to lie close to a straight line.

An alternative plot is of P/A against P, as shown in Fig.
1.12(b). Hence, it follows from equation (1.32) that the critical
load P, is given by the intercept with the P-axis, while the inverse
slope gives A,. This plot is more useful than the standard
Southwell, since it gives a better realisation of the nearness to
buckling reached in the experiment.

Similar methods may be used in the interpretation of observa-
tions on any complete structure subjected to loads in the elastic
range. A close estimate of the first elastic critical load is obtained,
provided the first critical mode of deformation has a dominant
deflexion component corresponding to the deflexion used in the
plot.

1.12 Inelastic Behaviour

Hitherto in this chapter it has been assumed that the material
considered remains perfectly elastic. In real structures, the ma-
terial has only a limited elastic range. In the case of mild steel,
the material properties are represented closely by the stress—
strain relations OAB (for direct tension) and O4'B’ (for direct
compression) in Fig. 1.13, the maximum strains considered
being of the order of 1 percent. The straight lines 04, OA" are
of slope equal to the elastic modulus E. At the yield stress +a,
(virtually the same in tension and compression), a large amount
of pure plastic deformation can occur without further increase
of stress, although at strains of about ten times the strain
at yield, strain-hardening occurs according to BC, B'C’. The



STABILITY AND FAILURE OF INDIVIDUAL MEMBERS 25

behaviour of mild steel structures beyond the elastic limit may,
however, be assessed with sufficient accuracy by assuming that the
material has an indefinitely long pure plastic range. Mild steel
may thus be treated as “elastic—plastic”. If, after straining to
some point D or D’ in the plastic range, the stress is reduced,
the stress-strain relation followed is DF or D'F’, with a slope
equal to that of the elastic range 04, OA4’. This is known as
“unloading”.

- A D 5 C
b /
2 /
& Y
0 Strain ¢
o
/
B D' IR
=

Fi1G. 1.13

A more general type of inelastic stress—strain relation is shown
in Fig. 1.14, and is obtained for high tensile steel as well as light
alloys, copper and many other materials. Behaviour is elastic
up to the limit of proportionality at 4 or A’, after which there is a
strain-hardening curve AB or A'B’. The slope of the tangent
CD at any point C is called the tangent modulus, and is denoted
by E;. Hence Ej = do/de, the ratio of increase of stress to
increase of strain when the material is at the given stress. If the
material is unloaded from point C, the stress—strain relation CF
is of slope E, parallel to the elastic line 04, 04’

The discussion of inelastic stability differs according to whether
an elastic-plastic or an elastic-strain-hardening material is
involved. Sections 1.13 to 1.16 below refer to struts of elastic-
plastic material, while struts of strain-hardening material are
discussed in Sections 1.17 to 1.19.
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1.13 Elastic-Plastic Struts with No Initial Imperfections

If an initially straight, axially loaded strut is sufficiently
slender, the lowest elastic critical load will be reached before the
material yields. If 4 is the cross-sectional area of such a pin-
ended strut of length /, and g, is the yield stress, then the required
condition is that ¢, > Pz/A. If the radius of gyration about the
axis of bending is r, then since Py = w2E]/l? and I = Ar?, the
limitation can be expressed as I//r > m+/(E/c,). In the case of
mild steel with E = 30 x 108lb/in? and o, = 36,000 1b/in?, this
gives //r > 91. Such a member will buckle laterally at the Euler
load, but at some stage in the deformations, the material on the
concave face will yield, causing a drop in the stiffness of the strut
and consequently a decrease in load. The complete load-
deflexion curve will take the form OHJK in Fig. 1.15(a). The
stress distribution across the member at a section near the mid-
height of the strut is shown at various stages of deformation.

When ¢, < Pg/4, or lfr < w+/(E[c,), the material reaches the
yield stress over the whole cross-section while the strut is still
perfectly straight. The load at which this occurs is 40, denoted
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by Pp, and referred to as the ““squash” load, since it is the load
at which a very short strut would squash in pure plastic com-
pression throughout its length. In other than very short struts,
a small lateral disturbance at the squash load causes more plastic
deformation on one side, which then becomes concave, and the
consequent bending moment induced by the axial load results in
an unloading of the material on the convex face. The load
therefore immediately decreases, and the load—deflexion curve
LN in Fig. 1.15(b) is obtained.

\
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The above behaviour is summarised by ABC in Fig. 1.16,
which gives, as a function of the slenderness //r, the theoretical
mean stress at failure for a perfectly straight pin-ended strut
loaded axially. Practical struts, although they may nominally
be perfectly straight and axially loaded, will in fact contain
some imperfections, and the longitudinal load may be applied
with some eccentricity. Hence experimental points for mild
steel all lic below ABC, except at very low values of //r, when the
incidence of strain-hardening may raise the mean stress at failure
above o,. Before practical formulae for the loads of struts can be
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discussed, it is therefore necessary to consider the effect of initial
imperfections and eccentric loading.

1.14 Effect of Initial Imperfections

It was shown in the previous section that perfectly straight
elastic-plastic struts have load-deflexion relations given by
OHJK in Fig. 1.15(a) or OLN in Fig. 1.15(b). Struts with initial
imperfections follow the behaviour indicated by the dotted curves

*P

Zone plostic
in compression

Zone plastic  }
in tension ——§

Fic. 1.17

OCFD, and a complete theoretical treatment is laborious.
The load of greatest interest is the peak or failure load Pg.
The behaviour of eccentrically loaded struts of certain cross-
sectional shapes (solid rectangular and circular tubes) has been
investigated,®%®% and the state of a typical strut when at the
maximum load is represented in Fig. 1.17.
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Since an accurate elastic—plastic treatment of strut behaviour is
too complex for practical use, it is useful to study upper and lower
limits between which the correct solution must lie. One upper
limit is obtained by assuming that the material has indefinite
elastic behaviour, so that, ignoring the effect of gross deformations,
the failure load becomes the Euler load Py = #2EI[l>. This
gives the line HJ in Fig. 1.18 as an upper bound to the load-
deflexion curve. The effect of any imperfections is to produce

p H Euler load J
e —
//
/// B
// A
/_/Elqstic response line
N C é
o Pe~—
g Plastic response line
2 p b
5 F
z Py —-fC
Elastic-plastic M
behaviour D
0 Central deflexion

FiG. 1.18

some curve OAB lying below HJ. Another upper limit to the
load—deflexion curve is obtained by ignoring entirely the elastic
deformations, allowing only for the pure plastic-deformation
that can take place at the yield stress in tension or compression.
The material is then assumed to be rigid-plastic, with the stress—
strain relations OAB, OA'B’ in Fig. 1.19(a). A collapsing strut
JK (Fig. 1.19(b)) will develop a plastic hinge at some point C

within its length, with plastic deformation occurring in compres-
sion on one side of the neutral axis and plastic deformation in
tension on the other side. If a rectangular section strut of width
b and depth d (Fig. 1.19(d)) has its neutral axis N4 at a distance
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n from the central axis, the plastic moment of resistance about
the central axis is Mp" where

e bl )

d2
ie. My =b (Z — nz)oy. (1.33)
The resultant axial thrust is P where
f+n) e —b(5-)
P—b(i+n o,— b 5= 1) 0

ie. P = 2bno,. (1.34)

The equilibrium of the strut, considering moments taken about
the hinge, requires that

Pyc = MP,'
Hence it follows that
i fl {bda,, P ; 135
e =a\P " bdo, (1.35)



32 THE STABILITY OF FRAMES

This equation gives the curve LM in Fig. 1.18, and is known as
the rigid-plastic line. At zero deflexion, P = Pp = bdf,, the
squash load which, as already discussed, may be above or below
the Euler load Pg. The curve LM lies above the load-deflexion
curve for zero imperfections when allowance is made for elastic
as well as plastic behaviour (LN in Fig. 1.15(b)), and above the
load-deflexion curves for all actual struts (e.g. OFD in Fig. 1.18).

The lines HJ and LM in Fig. 1.18 are thus upper limits for the
true load—deflexion relation. If the initial imperfections in the
longitudinal shape of the strut are known, the resulting elastic
response line OAB is also an upper limit. If OAB intersects
LM at G, then OGM is the closest upper limit to the true elastic—
plastic curve obtainable by simple analysis. Evidently, the inter-
section point G (axial load Pg) is obtained as an upper limit to
the true collapse load Pj.

The only readily calculable lower limit available is the load
Py at which yield is first reached in the most highly stressed fibres
of the strut. This occurs at the point C (Fig. 1.18) at which the
true elastic—plastic curve OFD diverges from the elastic response
line O4B. Formulae for Py are readily obtained if a state of
initial imperfection is assumed. Thus, if a uniform strut of
length / has a shape in the unloaded state given by y, =
a, sin wx/l, then under an axial load Py the deflexions increase to
y = aysinnx(l[(1 — Py[Pg), and the maximum bending mo-
ment, which occurs at mid-height (x = //2) is PxPya,/(Pg — Py).
If the distance to the extreme fibres on the concave side is c,
the maximum fibre stress is equal to the yield stress ¢, when

_Pr PePy ac (1.36)
A ' Pp—Py |

If r is the radius of gyration about the axis of bending, then I =

Ar®. Put Py = Apy and Py = Apy, so that py and pg are

the mean axial stresses at the load at first yield Py and at the Euler

load Py respectively. Moreover, let it be assumed that the initial

imperfection g, is defined in terms of a non-dimensional coefficient
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7 such that # = ayc/r®. Then equation (1.36) may be solved to
give

Py = %{Uy + (1 + npg —A/Ii(% + (1 + n)pg)® — 401,;74}.
(1.37)

In a similar manner, the load at first yield can be calculated for
a strut loaded eccentrically, using equation (1.5). If a load P is
applied with eccentricity a,’, then the terminal moment M is
given by M = Pa,’. It follows from equation (1.5) that the cen-
tral deflexion is a;" [sec («//2) — 1] where o? = PJEL. 1t is then
readily shown that the mean axial stress at first yield is given by
the solution of the equation

6, = py {1 4o sech/%} (1.38)

where ' = a,’¢c[r?.

1.15 Practical Strut Formulae

Formulae for the failure loads of struts may be obtained either
by using an empirically elevated lower limit or by applying an
empirical reduction to an upper limit.

In the former category are the Perry-Robertson‘® and Secant!?
formulae. If a suitable effective imperfection or eccentricity,
smaller than the actual imperfection or eccentricity, is assumed,
the theoretical first yield load Py of the resulting imaginary
strut may be made to coincide with the failure load of the actual
strut. This is conveniently achieved by selecting a value for the
dimensionless coefficient 7 in equation (1.37) or %’ in equation
(1.38) such that the best correlation exists between experimental
failure loads and the load Py = Apy. Equation (1.37) is then
the Perry-Robertson formula, and equation (1.38) the Secant
formula. Robertson found that a lower limit on the failure
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loads of practical struts could be obtained by taking # = 0-003//r
in equation (1.37), whence a,// = 0-003 r/c ~ 0-0015 for most
cross-sections. This is the basis for the design of struts in British
Standard 449 (1958) for slenderness ratios exceeding 80. The
Secant formula may be used as a basis for the design of mild
steel struts, taking " = 0-25.(” Both the Perry-Robertson and
the Secant formulae give a curve of the general shape of 4ADF
in Fig. 1.16, rising to o, as //r — 0 and approaching the Euler
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curve BC as I/r becomes large. Despite their apparent basis on an
accurately derived formula, it is important to realise that both
the Perry-Robertson and the Secant formulae are empirical
approximations to the failure load. The “effective” initial
imperfection or eccentricity does not correspond to any observable
value, and is an empirically chosen quantity.

Turning now to modifications of the upper limits, the failure
load Py (Fig. 1.18) is lower than either the Euler load Py or the
squash load Pp. Hence Py/Py < 1 and Py/Pp < 1. This may be
expressed by stating that the solution for any practical strut must
lie within the area OABC in Fig. 1.20. The tangent slope of any
straight line OD through the origin is Py/Pp = (n2El/I?)[Ac, =
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7%(r/l)? Efo,, so that struts of any given material and slenderness
will be represented by points on a fixed line OD. When I/r is
very large, so that Py < Pp (i.e. OD lies close to OC), the strut
fails by elastic instability, and Pg/Py ~ 1. When IJr is very
small so that Py > Pp (i.e. OD lies close to 04), the strut fails
by squashing at the yield stress, whence P,/Pp ~ 1. Hence
A and C are the extreme points of a failure locus AFC for practical
struts. While any number of curves could be drawn, the most
useful locus turns out to be the straight line AC, which gives
the following relationship between the failure load Py, the Euler
load P and the squash load Pp.

111
P=rth (1.39)
Putting Py, = w2EA (r/l)® and Pp = Ao, this gives
Py o,
iy (1.40)

1+

2 ()
72E \r

This is a particular case of an empirical formula suggested by
Rankine in 1866.® Its significance has been studied more generally
by Merchant.” In Rankine’s formula, an arbitrary constant
appears in place of o,/72E, thus giving a straight line in Fig. 1.20
that passes through 4 but not through C. It is found that equa-
tion (1.40) gives a reasonable approximation to the failure loads
of pin-ended struts throughout the full range of slenderness
values, and is represented in Fig. 1.16 by the curve ADF. In its
more general form, Rankine’s formula gives a curve which is
tangential to the squash line 4B at A4, but does not become
asymptotic to the Euler curve BC for struts of high slenderness.
On theoretical grounds, therefore, the particular form of Rankine’s
formula represented by equation (1.40) (and therefore by equation
(1.39)) is to be preferred.
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1.16 The Failure of Struts with Lateral Loads

As in the case of struts with initial imperfections, the calcula-
tion of failure loads for laterally loaded struts involves considera-
tion of elastic-plastic behaviour, and is too complex for practical
use. If an initially straight strut of length / carries an axial load
P and a central lateral load kP (Fig. 1.21(a)), the elastic load-
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deflexion curve is of the form O 4B in Fig. 1.18, and rises asympto-
tically to the Euler load Py, which is thus an upper limit. The

rigid-plastic load P, also an upper limit, is given by
,  kPpl
My = 7]

where M}’ is the full plastic moment of resistance under an axial
load Pp. The rigid-plastic line LM in Fig. 1.18 is given by

kPl
Mp' = - TP

where y, is the central deflexion (Fig. 1.21(b)). Finaily, the load
at first yield Py is readily calculated, and gives a lower bound.



STABILITY AND FAILURE OF INDIVIDUAL MEMBERS 37

Various semi-empirical methods of obtaining the failure load
have been investigated, but the most consistently successful
appears to be that based on equation (1.39), as investigated by
Merchant.® In applying this Rankine type formula, the Euler
load Py, is that upper bound on the failure load which is obtained
by assuming indefinite elastic behaviour. The other upper bound
Pp (see above) has been obtained by ignoring elastic behaviour,
but taking account of plasticity. These two upper limits, when
used in equation (1.39), give an empirical estimate of the failure
load Pj, which depends both on elastic and on plastic behaviour.
It has been shown theoretically (Horne''?) that the ‘“Rankine
load” Py as obtained from equation (1.39) is likely to be a rea-
sonable approximation to the failure load in all cases where the
deflected shape due to lateral loading only is closely similar in
form to the buckled form of the strut for axial loading only.
In cases where this is not so (as for example for the loading in
Fig. 1.21(c)), the actual failure load is likely to be above the
“Rankine load”.

1.17 The Stability of Axially Loaded Members with Strain-
hardening Stress Relations—Double Modulus Load

We discuss now a centrally loaded member composed of strain-
hardening material (Fig. 1.14), sufficiently short for the elastic
limit of stress —o, to be reached over the entire cross-section
before any buckling occurs. The question may be asked “Is it
possible, when the stress in the member reaches some uniform
value —op, for the strut to buckle laterally with zero increase
of load for small deformations?”’ In other words, we seek an
axial load (to be denoted by Pp) at which behaviour analogous
to the behaviour of an Euler strut can take place.

Consider an axially loaded member of rectangular cross-
section b x d (Fig. 1.22(a)) which has remained straight until
it reaches the load Py, = bdop. The uniform stress —op, (ABCD
in Fig. 1.22(c)) causes a uniform strain —ep (4ABCD in Fig.
1.22(b)), corresponding to point C’ on the stress-strain curve in
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Fig. 1.14. Suppose the strut buckles so that the face FG becomes
concave, the radius of curvature at some particular section
being R. With the usual assumption that plane sections remain
plane during buckling, the total strain becomes 4B'C’'D in Fig.
1.22(b), zero change of strain occurring at a depth 4, from the
concave face and d, from the convex face. The extreme fibre
strains are &, = d;/R and ¢, = d,/R as shown. On the concave
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face, the increase of stress is governed by the tangent modulus
Ey (slope of C'D’ in Fig. 1.14), and so the change of extreme
fibre stress becomes Eré; (Fig. 1.22(c)). On the convex side, the
material unloads and follows an elastic relationship between
change of stress and change of strain (C'F’ in Fig. 1.14). Hence
the change of extreme fibre stress on the convex face of the strut
becomes Ee, (Fig. 1.22(c)). The changes of stress throughout
the cross-section are proportional to fibre distances from the
axis NN (Fig. 1.22(a)) along which there is zero change of strain,
and hence the changes of stress are as shown by the shaded
triangles in Fig. 1.22(c). This change of stress corresponds to
zero change of axial load, but gives a moment of resistance de-
noted by M. From the condition of zero change of axial load,

E e

2

E
bd, — %bdz — 0. (1.41)
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Since the change of stress represents a pure couple, moments
may be taken about the axis NN, whence

Erpe
2

2 E 2
bay. 5 dy + —252- bdy. Sdy = M. (1.42)

Moreover,
d+d,=d (1.43)

Substituting &; = d;/R and &, = d,/R, it follows from (1.41) that
d,/dy = +/(E/Ey). Hence from (1.43), dy = {v/E/(vVE + v Ep)}d
and d, = {v/E/(v/E + +/Ey)} d, and equation (1.42) may be re-
duced to

M=3 WE+vVER R (49

The relationship between moment of resistance M and curva-
ture 1/R may be compared with that for the member in the elastic
range, namely

Hence the flexural rigidity has been modified due to inelastic
behaviour by the reduction of the modulus from the elastic
value E to a “reduced modulus” or “double modulus” Ej, given
by
£ AEE
’ WE+ VEp®

The solution for the buckling of the strut under the axial load
Py, is obtained in exactly the same way as for an elastic strut
at the Euler load, with the substitution of Ej, for E in the equation
of flexure (1.8). Hence it follows that

(1.45)

Bl

PD=7T 12

(1.46)
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where / is the length of the strut and I = (1/12)bd3. Since the
value of E; depends on the tangent modulus E, and therefore
on the mean stress o5 = Pp/bd, equation (1.46) can only be
solved for a given member by trial and error. The load P
is the reduced modulus or double modulus load, and marks the
point of bifurcation of equilibrium at 4 in the curve of load P

Axial load P

Lateral defigxion y.
Fic. 1.23

versus lateral deflexion shown by 4B in Fig. 1.23. The changes
of stress considered above are assumed to be small, and for larger
changes of stress, the effective modulus decreases below Ep,
causing a drop in the load—deflexion curve AB.

It is important to note that the expression for the reduced
modulus Ej, depends on the shape of cross-section of the member.
Thus, if an I-section is buckling in the plane of the web, and the
area of the web can be assumed small compared with that of the
flanges, it is readily shown that

2EE
Ep= LT |
E+ E,
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The way in which E; and Ep vary with stress for a typical light
alloy is shown in Fig. 1.24. The double modulus buckling loads
for rectangular section members of varying slenderness ratio
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Slenderness %—

Fic. 1.25

are shown by curve DBC in Fig. 1.25. The part BC of the curve
refers to slender members buckling in the elastic range, and is
therefore part of the Euler curve.

The reduced modulus or double modulus load was first
introduced by Engesser, 1V and was for a long time considered to
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be the lowest load at which an initially straight axially loaded
strut would deviate from a straight line. In 1947, Shanley1®
showed the greater significance of the tangent modulus load,
which had in fact been discussed and then discarded by Engesser.

1.18 The Tangent Modulus Load

The double modulus load, considered in the previous section,
is based on the concept of buckling while the axial load remains
constant. Shanley realised that the condition of zero rate of

€
}"(’l — /H\_ETQ
Face becoming concave
—?» G F
d Xf— — —— — — — =X
- J
Face becoming convex — /}.‘_ e
(@) () Bz (c)
Section State of State of
strain stress
FiG. 1.26

increase of axial load during buckling is an unnecessary restric-
tion, and that if this restriction is removed, bifurcation of equili-
brium can occur at a load lower than Pp. Buckling is governed
by the incremental flexural rigidity of the member, namely the
ratio of increase of moment of resistance to increase of curvature.
This has its least value when «/l the fibres in a cross-section under-
go an increase of stress, following, for a small increase of strain,
the tangent modulus relation C'D’ in Fig. 1.14. Considering
again a strut of rectangular cross-section (Fig. 1.26(a)), the in-
creases in strain and stress become as shown in Figs. 1.26(b) and
(c) respectively. The changes of strain and stress on the convex
face HJ may be zero or compressive, but not tensile. The relation
between curvature and moment of resistance, measured about
the central axis XX, is obtained by substituting Ep in place of
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E in the usual elastic formula, whence the condition for buckling
becomes

Py = El_gl (1.47)
The load P, is the tangent modulus load, and is that stage at
which buckling just becomes possible as the load is further in-
creased, as shown by the curve CFD in Fig. 1.23. It may be noted
that, unlike equation (1.45), equation (1.47) applies to all shapes
of cross-section. To follow the curve CD in detail involves a
complicated step-by-step calculation, and for this reason the
maximum or true failure load Py is difficult to obtain theoreti-
cally. The load Py is however known to lie between the tangent
modulus load P, and the double modulus load Pp. Typical
tangent modulus loads are given by the curve TB in Fig. 1.25.

1.19 Non-axial Loading of Strain-hardening Struts

The behaviour of strain-hardening struts under non-axial
loading is even more difficult to calculate than that of elastic—
plastic struts. Qualitatively, it is easily seen that the load—deflexion
curve OF' D' (Fig. 1.23) will lie below the curve CFD for an axially
loaded member, but the peak load Py’ has no specific relation
to any of the loads Py, Py or Pp, except that Py and Py, furnish
upper bounds. A common assumption is to identify Py’ for
nominally axially loaded members (i.e. members with some initial
imperfection and unintentional load eccentricity) with the tangent
modulus load Py for a similar ideal member. Experimentally,
there is considerable evidence that the tangent modulus load
provides a close estimate of the failure loads of nominally axially
loaded members for a wide range of strain-hardening materials,
and for this reason the tangent modulus load has an extensive
use in design. It is, however, important to realise that the identi-
fication of the tangent modulus load with the failure load is an
empirical rule to be justified experimentally.

An alternative basis for practical strut curves of strain-hardening
material is to use equation (1.37) or (1.38), the yield stress o,
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being replaced by a proof stress, that is, the stress for which the
permanent strain &, (Fig. 1.14) has a specified value (e.g. 0-1
percent proof stress, corresponding to &, = 1/1000). As in the
case of elastic—plastic members, the imperfection constant 7
or 7 is settled empirically by reference to test results.

1.20 Load Factor, Stress Factor and Factor of Safety

A typical relation between applied load and maximum induced
stress in a member subjected to longitudinal loads is shown by
OAB in Fig. 1.27. As the combined loads (transverse and longi-
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tudinal) increase, the stresses induced by bending action increase
more than proportionately on account of the increasing deforma-
tions. This behaviour is in contrast to the linear relation OCD
between applied load and maximum induced stress obtained for
a member subjected to transverse loads only.

Consider two load levels P; and P,. Theload P; may correspond
to the desired “working conditions’ of the member, while load
P, is either an accidental overload, or a load at which the behaviour
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of the structure becomes dangerous or otherwise objectionable.
The ratio P,/P, is known as a load factor.

Instead of comparing the two states of the structure by reference
to the applied loads, it would also be possible to compare the
maximum induced stresses ¢, and o, or ;" and ¢,’. The ratio
gy/oy or 6,'[oy is then a stress factor. It is important to notice
that, while for the member without axial load, oy//0y" = P,/Py,
i.e. stress factor = load factor, this is not true for the axially
loaded member, for which o,/o; > P,/P;. It is true in general
that, when comparing two given states in a member which carries
a compressive axial load, the load factor will be smaller than the
stress factor, and this is the more noticeable the closer the load
P, is to the Euler load Py.

In order to establish a margin of safety in design, use may
be made of either a load factor or a stress factor. While a load
factor is usually a more satisfactory basis, it has been the more
common to consider a stress ratio as providing the “factor of
safety”. The maximum working stress o, is then defined as some
proportion of a stress o,, which may be a yield stress, a limit of
proportionality or a proof stress. Since, in structures subject
to instability, the margin of safety as measured by a load factor
may be markedly and dangerously smaller than the “factor of
safety” measured by a stress ratio, it is important that load
factors, not stress factors, should be used in design.

Examples

1.1 An initially straight pin-ended strut of length / and flexural
rigidity EI carries a compressive load P which acts at one end
(x = 0) through the centroid, and at the other end at an eccen-
tricity e. Show that the effect of the eccentricity on the undeformed
strut is to introduce a bending moment M which may be repre-
sented by the Fourier series

2 g |
M = - Pe {2(——1)"‘1- sin @}
T 1 n /
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Hence show that, under the axial load P, the additional deflexions
of the strut may be represented by

s'anx
l —
2 ® 1
y=led Syl L
i ! nnzfi— 1
P

where Py = w2EIfI%.

1.2 The centre line of any initially straight compression
member, of flexural rigidity EJ and carrying an axial load P,
may be represented by part of the sine curve y = A sin kx where
k® = P|EI (see Fig. 1.6). Use this fact to show that a strut 4B
of length /, with eccentricity e, at end 4 and ey at end B where
|e4] > leg| will have the maximum bending moment at end 4
provided P is less than (EIf/I®){cos~*(ep/e o)}>

1.3 A pin-ended strut has an area of cross-section of 10-3 in?,
a radius of gyration about its minor axis of 2:03 in., and is of
length 12 ft. The extreme fibre distance for bending about the
minor axis is 4-00 in. The strut is perfectly straight, but the axial
load is applied at each end with an eccentricity of 0-5 in. on the
same side of the centroidal axis. The strut has been designed to a
load factor of 2:00 with respect to the attainment of a yield
stress of 22-5 ton/in? in the most highly stressed fibres. Determine
the maximum stress at working load. Take £ = 13,000 ton/inZ.

1.4 An elastic-plastic pin-ended strut of length /, with a rect-
angular cross-section b X d where b > d, has a centre line
with an initial out-of-straightness given by y = (9d/6) sin =x/!
(y is the non-dimensional imperfection coefficient of equation
(1.37)). Show that the axial load P corresponding to point G
in Fig. 1.18 is given by the solution of the equation

B
77_211 " 77'2Ed2n

where o, is the yield stress and n = P/bdo,.
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1.5 A pin-ended beam-column of rectangular cross-section
carries an axial load P and a uniformly distributed transverse
load of total value W where W = uP. The material is elastic-
plastic with elastic modulus E and yield stress ¢,. If p denotes
the mean axial stress and S the slenderness ratio about the axis
of bending (i.e. length divided by relevant radius of gyration),
use the magnification factor (see Section 1.9) to show that y,,
the lateral deflexion at mid-span, is given approximately by

S2
5 P_E—”L
)
72 E )

Obtain also an equation for the plastic mechanism line (LM in
Fig. 1.18), and hence show that the estimate of the failure load
represented by point G is given very closely by the solution of
the equation

-G - -3
a, nt E | 44/30,

1.6 A pin-ended strut of rectangular cross-section has a slender-
ness about its minor axis of 50. The stress-strain relationship
for the material is similar in tension and compression. If o is
the stress in Ib/in?, then |¢| = 10~7 |o| for |¢| <2 x 10% and
le| = 1077 |o| + 05 x 1071 x (Jo| — 2 x 1092 for || >2 x
10%. Using double modulus and tangent modulus loads, obtain
upper and lower bounds for the mean axial stress at failure.
Obtain also the Perry—Robertson failure stress (equation (1.37)),
substituting the 0-1 percent proof stress in place of o, and taking
the imperfection constant 7 = 0-15.

(Answers to questions 1.3 and 1.6 may be found on page 154).



CHAPTER 2

Stability Functions

2.1 Introduction

The general features of structural behaviour in relation to
elastic and plastic stability are described in Chapter 1. The
development of methods of analysis for more extensive structures
requires some convenient means of summarising the properties
of individual members when subjected to bending moments in
the presence of axial loads. While this is difficult to achieve
for members loaded beyond the elastic limit, it is relatively easy
in the elastic range, and the present chapter describes certain
stability functions which are then employed in Chapters 3 and 4
as the basis for the analysis of stability in structures.

The analysis of elastic structures in which axial loads have negli-
gible effect is facilitated by the application of the principle of
superposition. Thus, suppose the member 4B in Fig. 2.1(a) has a
uniform flexural rigidity EI for bending in the plane of the dia-
gram, and that the axial load P = 0. If, as shown, end B is kept
fixed in position and direction while end A is rotated about a
fixed point, the terminal moments M, and My, and the rotation
6, are linearly related, viz.

El 1
Mg=4 —l— 045 Mpy= EMAB'

The ratio M /0, = 4(ElJl) is the stiffness of the member AB

for rotation at 4, and is proportional to I/I. This rotational

stiffness is used in the analysis of structures in the method of

moment distribution. The ratio Mg, /M 5 =} is also used in

moment distribution as the carry-over factor."'® The rotation of
48
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end B while 4 is kept fixed in position and direction (Fig. 1(b))
similarly gives
EI 1
Mp,=4 (7) Op, Map=5Mpy
Moment distribution consists of the step-by-step deformation of

a structure by the superposition of operations such as those shown
in Figs. 2.1(a) and (b), the operations being systematically

L F
F* Maa * 6{ M;A
A 6a B A?
P_» s B 5 %%—4_' N qq_’.:.
Mas Mag *F
e
{a) (b}
fF fFA(F)
A7 Mga A ‘ * ‘ Msg(r)
T as —5
Mas P 4

Masir) ‘
F
‘F B(F)

(c) (d)

SCE T T

(e) (f)
FiG. 2.1

directed towards a satisfaction of the equilibrium requirements.
Superposition is justified by the linearity of the relationships
between applied forces and deformation, i.e. by the constancy of
the stiffnesses.
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Another type of deformation used in moment distribution is
the translation of one end of the member relative to the other
through some distance A, see Fig. 2.1{(c). The member retains
its original direction at the ends A and B, thus inducing terminal
moments M, and My, where

EIN A

The translating force F is given by

the quantity 12(EI/3) thus being the stiffness of the member
with respect to translation.

The effect of transverse loads is introduced by considering the
fixed-end moments M, pp and Mg, induced when both
ends are kept fixed in position and direction, Fig. 2.1(d). The
state of a laterally loaded member in which rotations have
occurred at both ends together with a translation (Fig. 2.1(e))
is derived by superposition from the four separate operations in
Figs. (a) to (d), giving the complete slope-deflexion equation
for a member with no axial load in the form

6A
Myp= Mypg +k [40A + 205 — T:' @n

where k = EI/I.

2.2 The Effect of Axial Load on Member Stiffness

The introduction of an axial load P modifies the stiffness and
fixed-end moments to an extent which depends on the value of
the axial load. The principle of superposition can still be applied
to a sequence of operations provided none of these operations
alters the axial load in the member.
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It is found convenient to express the axial load P as a propor-
tion of Py, the pin-ended Euler load for buckling in the plane
of the applied loads and bending moments. Let P/P; = p and
Elll = k. Then since Py = w2EI[I?, P may be expressed in the
form P = #%(k/l). For joint rotation at end 4, Fig. 2.1(a),

MAB=sk0A, MBA=SCk0A’
MpaM4p=c,

where s and ¢ are functions of p only. Comparison with the solu-
tion for P =0 shows that when p =0, s =4 and ¢ = 0-5.
For the translational operation in Fig. 2.1(c), it is then found that

A
MAB=MBA=_S(1+c)k'_l"

The fixed-end moments M g and My, in Fig. 2.1(d)
depend both on the distribution and intensity of the transverse
loads and on the value of p, and may be denoted by M’z
and M'p 4. Superimposing the solutions for the elementary
operations in Figs. 2.1(a) to (d), the general slope-deflexion
equations for a laterally loaded member with axial load (Fig.
2.1(e)) become

A
M,pg=M 55+ k I:SGA + sclp — s(1 + c).7} 2.2)

A
Mpy=Mpypm +k [SCGA + s0p —s(1 +¢). 7] 2.3)

Stability functions of various types have been suggested by a
number of authors, the first being due to Berry."'® Functions
corresponding to s and ¢ were first calculated by James*® and by
Lundquist and Kroll.%® Livesley and Chandler™ retabulated
s and ¢ in terms of p = P[Py, and their form of these functions
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is used in the present treatment. The derivation of s and ¢
functions will now be given.

2.3 The Functions s and ¢

The uniform member 4B in Fig. 2.2 is, when unloaded,
perfectly straight and of length /, with its longitudinal axis coinci-
dent with OX. The end B is fixed in position and direction, and
in the presence of an axial load P, a terminal moment Mg
applied at A4 causes a rotation 64 at 4, and induces a restraining

F
P———-ofA A 0 / :‘g X
+F
]
Y L |
FiG. 2.2

moment Mg, at B. The uniform shear force F is obtained in
terms of M p and My, by taking moments about one end,
giving

_ Mg+ Mp,

F=
/

If y denotes the deflexion perpendicular to OX of a point on
the longitudinal axis distance x from end 4, the equation of
flexure becomes

El— = —Py — M5 — Fx. (2.4)
Substituting P = n% (k/I) and rearranging,

d2 2 1 X
87); ‘]—2"))’ =% [(A’[AB + MBA)_I - MAB]' 2.5
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The general solution of equation (2.5) is
y=4 SinW\/p)—lC + BCOSW\/pi;

/ x
+ 5 z |:(MAB + Mgy — MAB:I' (2.6)
= ]

The constants of integration 4 and B may be derived from the
two boundary conditions y = 0 when x =0 and y = 0 when
x =], giving
{
4ok
/

= G Man

A= [MAB cot 2a 4+ Mp 4 cosec Zoc:l,

where « = (7/2)+/p. Substituting these values in equation (2.6)
and differentiating with respect to x, it is found on rearrange-
ment that

dy . x x
4a2ka—x = M,p (1 — 2a sm2a7 — 2a cot 2 cos Zoc-l)

+ My, (1 — 20 cosec 2u cos 2a )76) 2.7

The boundary condition dy/dx = 0 when x = /leads to the evalu-
ation of the carry-over factor ¢, namely
Mg, 20 — sin 2o

c= =

M,y sin 2o — 20 cos 2o

Since M p = sk, and My, = cskl 4, the value of s may now
be obtained from equation (2.7), giving

_ (I = 2a cot 20)a

tan a0 — o



54 THE STABILITY OF FRAMES

The variation of s and ¢ with p is shown graphically in Fig.
2.3, and is tabulated in Tables Al and A2 (pages 158 to 169).
It is seen that as p increases from zero, s decreases from 4-0
to 0 at p ~ 2-046, thereafter becoming negative. The axial
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load corresponding to s = 0 (given by the condition 2« = tan 2a)
represents the critical load of a member 4B direction fixed at
B and pinned at A (Fig. 2.2), and it is evident that a member so
loaded would have zero stiffness for rotation at 4. At this same
critical value of p, the carry-over factor ¢ becomes infinitely
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large, that is M = 0 while My, is finite. At values of p >
2-046, the moment at 4 becomes a restraining moment, and this
explains why the stiffness becomes negative.

It may be noted that the shear force F in Fig. 2.2 is given by

k
F=————————=——s(1+c)—10A.

In Tables A4 and A5 (pages 172 to 175) values of s and c are
given for negative values of p, i.e. for axial tension. Increasing
axial tension causes a continuous increase in stiffness s and
a continuous decrease in carry-over factor ¢. The trigonometric
functions are replaced by the corresponding hyperbolic functions.
Thus if y = (m/2)v/(—p),

_ (1 — 2y coth 2y)y
$= tanhy — y ’

2y — sinh 2y
C = .
sinh 2y — 2y cosh 2y

2.4 The Function s”

The stiffness of a member for rotation at one end is reduced
when the remote end is free from rotational restraint. The
deformation is represented in Fig. 2.1(f), and if M 5z = s"k0,,
the modified stiffness coefficient s” may be obtained by a suitable
superposition of the operations in Figs. 2.1(a) and (b). This
may be represented in tabular form as follows.

TABLE 2.1
M, Mz,
Rotate 0, sk0 4 sckB
Rotate 0y sckly sk0 5
Rotate 04 and 8, sk(04 + cBp) sk(cO, + 0g)
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Since it is required to make My, = 0, the final column shows
that 6= —cfl,. Hence from the second column, M, p=
s(1 — c¢Hkb, and thus s”" = s(1 — ¢?). The modified stiffness
function s” is shown graphically in Fig. 2.3, and is tabulated
on pages 157-75.

As would be expected, s” = 0 when p = 1, i.e. at the critical
load for a pin-ended strut.

2.5 Sway Functions s(1 + ¢) and m

The functions s, ¢ and s” are all associated with a joint rotation
as the elementary operation. Another operation is that of sway,
Fig. 2.4(a). The ends 4 and B are restrained against rotation,
but one end is translated through a distance A (where A// is
small compared with unity) relative to the other. The angle
Ajl = ¢ is the angle of translation. The sway operation may
alternatively be regarded as the rotation of the ends 4 and B
through angles of —¢ (Fig. 2.4b), followed by a bodily rotation
of +¢, during which the terminal moments M ,p and Mp,
remain unchanged. (Strictly speaking, the axial load P’ in Fig.
2.4(b) differs from the axial load P in Fig. 2.4(a), but provided the
angle of translation ¢ is small, the difference between P and P’
may be neglected.) The table of operations for the calculation
of the terminal moments is as follows.

TABLE 2.2
M, Mg,
Rotate 6, = —¢ —sk¢ —sckd
Rotate 65 = —¢ —scké —sk¢
—s(1 + o)k¢ —s(1 + c)k¢

Hence Mz = Mg, = —s(1 + c)ké.
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In a translation such as that in Fig. 2.4(a), but with P = 0,
the shear force F is given by FIl = —(M,p + Mg,), whence
My p= Mg, = —FIf2. In the presence of axial load, this is
modified to M,z = My, = —mFl[2 where m is a function of p.
Taking moments about one end of the member in Fig. 2.4(a), it
follows that

Fl= —(M 5 + My,) — PA,

Substituting My = Mg, = —mFl2 = —s(1 4+ c)k¢ and P =
w2pk/l, it is readily shown that
2s5(1 + ¢)
m=_———
251 +¢)— =%
The shear force may also be calculated directly from the angle of
translation ¢, viz.

25(1 + o) k 25(1 + o)k
R i
Hence the sway stiffness for both joints fixed against rotation is
2s(1 + ¢) E )
m I?

The variation of m with p is shown graphically in Fig. 2.5.

2.6 No Shear Functions n and o

The joint translation depicted in Fig. 2.4(a) involves the intro-
duction of a sway force F. It is found convenient in some analyti-
cal procedures to introduce a unit operation which avoids any
change in shear force, and this is achieved by compounding a
sway with the rotation of one end only of the member AB, as
shown in Fig. 2.6. The terminal moments induced when end 4
rotates through 0, are expressed in the form M,y = nkl,
and My, = —ok0,, and the functions » and o so defined are
dependent only on p and are called no shear functions. The
following table of operations enables n and o to be expressed
in terms of s, ¢ and m.
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TABLE 2.3
Myp Mz, F
k
Rotate 0, sk6 , sck, —s(1 + ¢ 7 0,
- 2s(1 k
Sway"$ —s(1 + ké | —s(1 + Ok s—(f—c—) 794
nk0 4 —ok0 4 0

It follows from the last column that ¢ = (m/2)0,, whence n
= 5{1 — m(l + ¢)/2} and 0 = s{—c + m(1 + ¢)/2}.
The variation of n and o with p is shown graphically in Fig. 2.5.

F=0

N

TR Lop 1o

Mag=nk6, P

\ E
Mga=—-0k8,
- ey

F=0

Fic. 2.6

The introduction of m, n and o functions, and their use in deriv-
ing the sway critical loads of rigid-jointed frames, is due to Mer-
chant.(1®

2.7 Summary of Operations

A summary of the various elementary operations in terms of
stability functions is given in Fig. 2.7. In addition to those already
discussed, Fig. 2.7 gives at (d) the results for a joint translation
in which one end is pinned and the other end is fixed in direction.

Also given in Fig. 2.7 are results for members with rigid gusset
plates. These are discussed later in the chapter.
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UNIFORM MEMBER

UNIFORM MEMBER WITH GUSSETS
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(c) JOINT TRANSLATION

F1G. 2.7 (continued)

_ _ Fl
(SWAY). BOTH ENDS Map = —mas 7>
DIRECTION FIXED Myp = My = —s(l + Ok A
F Mzs= —mg 2’
f F .
= -—mEa Fe 2s(1 +C)l£‘é
m [
2s(1 + o)k
F= m 1 mya=m+ 2% g
g =m+ 2 515-
(d) JOINT TRANSLATION ; -
(SWAY). ONE END PINNED Mpy = —5"kd
F 7
f 5 st - ﬂzpFl,
— e _Mea -
P ?\\V\Z j
\é_% F=(" — = p) é,
B8 P
{F ba=(1 +0¢
(¢) NO-SHEAR TRANSLATION My = 7ikf,,
fF=0 O " A Mz = nkf,, Mgy = —0kOy,
=L A
— [ .7 o My = —okily, S T4y,
P A i 2
Mas B P m _ g4
*’ =50.4- A=n — ﬂzp-—’

o0=o0.

19



62 THE STABILITY OF FRAMES

2.8 Generalised Displacements

A generalised displacement (two end rotations plus a transla-
tion) may be established either in terms of s, ¢ and m functions
only, or in terms of n, 0 and m functions only. Using s, ¢, and m
functions, the table of operations becomes:

TABLE 2.4
Myp Mz, F
. k
Rotation at 4 sk6 4 sck0 4 —s(1 + ¢) 7 0,4
64
. k
Rotatleon at B sckBy skOg —s(1 4 ¢) 7 0z
B
i 251 + o)k
Transl;non —s(1 + oks —s(1 + Oké s( - )74’
Lateral load M 4p(m) M'pim) F sy, F'a(r)

For the sake of completeness, the components due to lateral
loads within the length of a member have been added on the
bottom line of the table.

Using #, o and m functions, the table of operations (excluding
lateral loads) becomes:

TABLE 2.5
My Mz é
Rotation at 4
s nkf —okf), “
Rotation at B
o —okb kb 2 0s
Applied shear Fl Fl m__H
force F M3 "3 310 +ok
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In Table 2.4, the operations 6 , and 6 introduce sway forces but
are unaccompanied by sway deformation. In Table 2.5, the opera-
tions 0, and 6 are accompanied by sway deformation, but do
not introduce any sway force. The functions » and o are more
convenient to use than s and ¢ functions when the equilibrium
conditions for the structure preclude the introduction or alteration
of the shear force in a member, as for example in the columns of a
symmetrical single bay building frame in the absence of sway
bracing.

2.9 Lateral Loads

As in structures where the effect of axial loads on flexure is
ignored, lateral loads may be allowed for by the introduction of
fixed-end moments. These are the moments incurred at the ends
of the members by the given lateral loads when the ends are
direction-fixed at zero slope. These fixed-end moments depend,
not only on the distribution and intensity of the lateral loads,
but also on the value of the axial loads as defined by the para-
meter p = P[Pg. Two cases will be considered—that of a load
uniformly distributed throughout the length of the member,
and that of a single point load applied anywhere within the span.
The case for any number of point loads may be solved by super-
position from the solution for a single point load.

2.10 Uniformly Distributed Load

The member 4B, of length / and uniform flexural rigidity EI
(Fig. 2.8), sustains an axial compressive load P and a uniformly
distributed lateral load of intensity w per unit length. The ends
A and B are fixed against rotation, the induced fixed-end moments
being My at each end. The equation of flexure is

d2 wx(l — x)

EI‘_"Z=MI4V_P}'— 2

T (2.8)
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M
07 Me /w/unﬂ length Fds
P—»%aa» —— ——
Z P
*' L =i

L wi

w
2

A
Y
FiG. 2.8

Integrating the equation, and substituting k& = El/l, P = =%k|l
and a = (7/2)4/p, it is found that
2ax

. 20x
y=Asm—7—+Bcos—l—

+ 2 ':MF Wi —;—vx(l-—x):l. 2.9)

402k T 8al

Inserting the boundary conditions y = 0 and dy/dx = 0 when
x = 0 gives

_ wid
~ 1603k
wi3 [ 8u? ]
B=gmw ! —wrMr )

Using these values of 4 and B, and introducing the boundary
condition y = 0 when x = / in equation (2.9) gives finally

wi?
MF=f."1"2"

where

3
f=5(—acota).

The coefficient f, a function of o and hence of p, is the factor by
which the fixed-end moment for zero axial load (w/?/12) has to be
multiplied to obtain the fixed-end moment when axial load is
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present. The fixed-end moment coeflicient fis shown graphically
in Fig. 2.3, and values are tabulated on pages 157-75.

It is to be noted that, in the application of these results in
equations (2.2) and (2.3) and in Table 2.4, M’ 5y = — My and
M'par) = Mg.

2.11 Concentrated Load

A concentrated load W acts transversely on a uniform member
AB, of length /, the point of application of W being r/ from
end 4 and (1 — r)/ from end B, as shown in Fig. 2.9(a). The

MFI +w MFZ
Ly c / ga_
P4 ) \F P

e 1 -—’-—— (ET—

(a)

Mac Ac F A Mgc
g |
- A =\
¢ ‘ Mcg 8
F

FiG. 2.9

fixed-end moments Mz, and Mp, are obtained by considering
the behaviour of the two parts of the beam, 4C and CB, as shown
in Fig. 2.9(b). The deflexion and rotation at C are denoted by
A, and 6, respectively.

Let p = P/Py where P is the axial load in the member 4B and
Pyp is the Euler load for 4B considered as a pin-ended strut.
If Py, and Py, are the Euler loads for AC and CB respectively
when considered as separate members, then Py, = Pg/r? and
Pgy = Pg/(1 — r)?. Ifp, = P[Py, and p, = P|Pg,, then p; = r%
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and p, = (I —r)%. The stability functions for AC and CB,
obtained from p, and p,, will be denoted respectively by sy, ¢,
my, etc., and sy, ¢5, My, etc. It is also to be noted that if k = ElJl,
then k; = Elfrl = kfr and ky = EI/(1 — )] = k/(1 — r).

To obtain the deformed states of 4C and CB depicted in Fig.
2.9(b), the initially straight members are subjected to a joint
rotation at C of 6, (as in Fig. 2.7(a)) followed by a joint transla-
tion of A, (as in Fig. 2.7(c)). The bending moments M,
M¢4, Mop and My (clockwise positive, Fig. 2.9(b)) resulting
from these two steps are shown in Table 2.6, the final values

TaBLE 2.6
Operation My Mgy Megp Mpo
Rotate C (8,) s, Ko s X Syt 0 CaSp T
2 1517 Ve 17 Y% A —=n ¢ 22—
kA kA k A k A
T - == - = = T el — = e
ranslate C (A 51+ ¢ 7 s (L +ep R R a+c G-mT|*%® a+ ) aQ=m7T

being obtained by addition of the two rows. Since for equilibrium
at C, My, + Mgy = 0, it follows that

51 S3 sl 4e) sl +c)] A,
,:7+1—r] 60_|: r? - (l—r)z:'—l—‘ (2.10)

Since Mz = — M 4, it follows from Table 2.6 that

k A, k
Mg =5;(1 + ¢) i G 6,. 2.11)

Using the last column of Table 2.4, the shear forces F; and F,
either side of the applied load W may be derived (see Fig. 2.9(b)),

1 A, 6]k
R0 +a) |- 5] @12
1

1 A, 06} k

I =rmy, I " 2J0=n¥ 2.13)

Fy = —=25(1 + ¢5) l:
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By vertical equilibrium at C,
W=F —F,. (2.14)

The elimination of 8,, A,, F, and F, between equations (2.10) to
(2.14) gives an expression for the fixed-end moment My, in the
form

Mg |:(1 4+ )4 — ¢ rB] 5
= - 2.15
wl 24AC — B? r? 215
where A= il + 52 >
r l—r
B= si(1 + ¢p) _ syl + ¢p)
oo (1—r2

_ sl + e) | s(1 + ¢p)

C
r3my (1 — r)®m,

Values of My/W!I are shown graphically in Fig. 2.10 for values of
p between —20 and +2 and of r between 0 and 1-0. By entering
the chart with » and (1 — r), the fixed-end moments at both
ends of a member due to a load placed anywhere along its
length may be derived. As mentioned before, the fixed-end mo-
ments due to a series of concentrated loads may be obtained by
superposition. In applying equations (2.2) and (2.3) and Table
2.4, due account must be taken of signs in substituting for
M’ pi and M'g . The shear forces F' 4z and F'ggy for
the fixed-end moment condition are best derived directly from the
fixed-end moments themselves by considering the equilibrium
of the loaded member (Fig. 2.1(d)).

2.12 Effect of Gusset Plates

It is usually convenient to work to frame centre lines, so that
the ends of members dealt with in a structural analysis actually
lie within the boundaries of the joints. Although the joints
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cannot be absolutely rigid, it is more accurate to assume complete
rigidity than to assume an effective rigidity equal to that of the
rest of the member. Complete flexural rigidity over given lengths
at the ends of members may be allowed for in the calculations by
introducing modified values of the various stability functions as
follows.

The member AB (Fig. 2.11(a)) is completely rigid over the end
lengths 44 =g, and BB =g, the central length 4B =1

F}-HJA - L ; Mga= ST,
b |
p

Mag=sk8, + S(|+C)kg—f'gA
{b)
Fic. 2.11

having uniform flexural rigidity EI. The terminal bending mo-
ments Mg, Mg, induced by a rotation 6, at 4 are expressed
in terms of modified stability functions § and é where M, = 5k0
and Mp, = 3¢k, k being based on the length I (i.e. k = EIJ]).
The moments at 4 and B (M4 and My, respectively) may be
derived from the standard stability functions s and ¢, as shown in
Fig. 2.11(b). The appropriate value of p is based on the length
I, ie. p = P[Py where Py = 71-2EI/I2 Taking moments about
Afor A4, Bfor BB and about A for the whole member, the follow-
ing three equations are obtained,

6
§k0 , = sk, + s(1 + ok QI-—A — Fg,— Pg 0, (2.16)
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s _ 8494
§¢k0, = sckl, + s(1 + C)k_T— —~ Fgg, .17

§k0, + Sck0, = —F(l + g4 + gp). (2.18)

Eliminating F,

§=s+%(1+ ) (2.19)

5¢=s5c+ s(1 + ¢) [ ng:| + ZgIA ng 4, (2.20)

5(1+E)=|:s(1+c)+%‘§—‘4Aj||: +glA g_ﬂ (2.21)

where 4 = s(1 + ¢) —(7?/2)p. The quantity 4 may be regarded
as a new function of p, and has been tabulated by Livesley and
Chandler,™” to whom this treatment of gusset plates is due.
Alternatively A may be calculated from the values of s(1 + ¢)
given in Tables A.1 to A.5.

The modified sway functions 77, and i give the terminal
moments M p = —ifi Fl[2 and My, = —mgFl/2 induced by
a shear force F (Fig. 2.12(a)), and from Fig. 2.12(b),

_F_ _H
Myp=—r4— 5= —m I Fgy,
2
ie. iy =m+ %- (2.22)
2
Similarly Fig = m + 25 (2.23)

/

The no-shear coefficients 71, and ¢4 (Fig. 2.13) define the ter-
minal moments M,y = k0, and Mg, = —i,k0, induced
by a no-shear rotation 0, at 4.
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F
* _mF? i
2&1 h A B 5eae 2AK

f 5
—-es==w “__}/L__ Mo —mEL
MAa=_m? —_— P =§_:_—=1— —
(o) {F
Fic. 2.12

6, LT

p-1i

- £ A
Mgg=nak 6, M,

5=nkB, B
Maf‘Ok@A
L—gA-+——— L ——+g§>‘
Fic. 2.13
Hence
' ~ 2 84
Hence g =n—mp=5 (2.249)
G4=0. (2.25)
The total sway A is given by
A= gleA +gb, = % 19,. (2.26)

Similarly, for a no-shear rotation 65 at B,
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where
fig=n —wng—fand o = 0.

A summary of modifications to stiffness functions to allow for
gusset plates is given in Fig. 2.7.

2.13 Limitations on the Use of Stability Functions

In this chapter, attention has been confined to the elastic
flexural behaviour of a prismatic member bending in one plane
only. Itis assumed that the centroid and the shear centre of any

Y Y
J st
S l
——. i X— —X

X G X G|
i i
Y Y Y
{a) (b} (c)

Fic. 2.14

cross-section both occur in that plane. This condition is satisfied
for plane frames with loads acting in the plane of the frame only,
the members all having axes of symmetry within that plane.
Thus suppose each of the members with the successive cross-
sections shown in Figs. 2.14(a), (b) and (c) has one principal
axis Y'Y in the plane of the frame containing the member. For
flexure in the plane of the frame, bending will in each case take
place about the other principal axis XX. The centroid of a cross-
section is denoted by G, and the shear centre by S, these being
almost coincident for the section in Fig. 2.14(a). The behaviour
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of the members in Figs. 2.14(a) and (b) for bending about axis
XX will be fully described in the elastic range by the functions
derived in this chapter. The same cannot be said of the channel
section in Fig. 2.14(c), since the shear centre S does not occur with
the centroid G in the plane YY. The stability functions may only
be applied to such a member if it is so constrained continuously
along its length that twisting about the longitudinal axis is every-
where prevented.

It should also be noted that stability functions are only valid for
small angles of slope relative to a straight line joining the ends of
a member, i.e. for values of dy/dx small compared with unity.
This means that they are inapplicable to a structure in which the
deformations are of an order comparable with the dimensions of
the structure.

2.14 Applications of Stability Functions

If it can be assumed that the axial loads in the members of a
structure are known within sufficiently close limits without the
necessity of performing a complete flexural analysis, the stability
functions enable the setting up of a set of linear equations which
express the equilibrium requirements in terms of the displace-
ments and rotations of the joints. The analysis may then proceed
exactly as for a structure in which the effects of axial loads or
bending moments are neglected, and any of the standard methods
of analysis may be applied. In particular, the methods of matrix
analysis may be used, and the reader is referred to the treatment
by Livesley.1” Matrix methods lead directly to computer solu-
tions, and offer thereby an escape from the enormous labour
encountered in the solution of stability problems by hand. While
this procedure is attractive and will frequently be the ultimate
goal, it is unwise to resort to it without first gaining some know-
ledge of the qualitative phenomena involved. The explanation
of these phenomena is the main purpose of this volume. Chapter
3 describes the application of stability functions to triangulated
frames, while Chapter 4 deals with non-triangulated frames. The
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behaviour of frames beyond the elastic limit is discussed in
Chapter 5.

Examples

2.1 The uniform member AB in Fig. 2.15 is subjected to an axial
load P, terminal moments M ,p and My, and a shear force F.
Show that
A Mup—cMgy,

0, — —
(@) 4 7T Tk

nM 5 + oMz, mkFl
(n? — 0k 2(n — o)k

(b) OA =

L |

TP

Fic. 2.15

2.2 The members 4B, BC are rigidly joined at B, and sustain axial

loads P, = (n% 4p/lap)pan In AB and Ppo = (n%kpe/lpclppe
in BC. 1If the deformations indicated Jin Fig."2.16} cause

{ | t N

Vrs 28 i BC i_
A
e ——
(Rg~Pagd 1 c IAac

Msc Pes

Mcs

Fig. 2.16

moments at A, B and C as shown, show that these moments
are related by the equation:

Mgy — capMap _ Mpc — cgeMop | Aup _ Apo _ 0
" ” -
5" 46k aB s"sckpe lup Ipe
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[Note. This corresponds to the “four-moment equation” of
Bleich. A possible method of analysing continuous frames is to
apply this equation repeatedly to adjacent members, each applica-
tion representing the satisfaction of the compatibility condition
for the rotations of the members at the joint.

It may also be noted that transverse loads acting between joints
may be allowed for by replacing the moments M 5, My, etc.,
by (Map — Mapw), (Mpa— Mpai), etc., where M g,
My 4, etc., are the appropriate fixed-end moments in the pre-
sence of the given axial loads.]

FiGc. 2.17

2.3 The vertical load W (Fig. 2.17) is supported by the tie AC
and the strut BC, both members being pin-ended. If failure
occurs by the buckling of the strut BC, the dimensions a and b
being fixed while # is undefined, show that W is a maximum
when h = b/+4/2. 1If the flexural rigidity of BC is EI, show that
the maximum value of W is

27?2 a £l
3v3(a+bp*

If a=05b=+/2h, and AC has the same flexural rigidity as
BC, show that the effect of making joint C rigid is to increase the
value of W at which buckling occurs by approximately 50
percent.
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2.4 A uniform member 4B, of length / and flexural rigidity
El = ki, carries an axial load P and is joined at 4 to members
which provide a restraining moment of ¢,kf, when 4 is rotated
through 6,. Show that the rotational stiffness at B is ggk

2
where i _ 1 ¢

s 1 + (q4/5)

A uniform member of length 8/is fixed in direction at each end
and is restrained against lateral movement at the ends and at
intervals of / within its length. Use the above result to show that
buckling occurs under an axial load P given by ¢ = /(4 — 24/2)
where c¢ is the stability function corresponding to p = PI?/=2EL

2.5 The end A of a member AB is held by another member
which provides a restraining moment of Q 0, when end 4 is
rotated through an angle 0,. Show that, in the presence of axial
load, the “no-shear” rotational stiffness at end B, after allowing
equilibrium to be established at A4, is Qp where

Q5 _, __ (o
nk [+ (Qulb)

A continuous vertical cantilever 4ABCD, where AB = BC
= CD = I, is held rigidly at 4 and carries equal vertical loads
W at B, C and D. The flexural rigidities are uniformly 3E[
over AB, 2EI over BC and EI over CD. Show that buckling
will occur when ofn = 1/(5/3) where the stability functions n
and o correspond to p = Wi3/n2EL

2.6 A pin-ended strut 4D consists of a central section BC,
of length 2/, and flexural rigidity EI;, and two equal end sections
AB and CD, each of length /, and flexural rigidity EL,. Show
that buckling occurs under an axial load P given by
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where k, = EL[l;, k, = EL/[l, and stability functions o,, n,
and oy, n, correspond to p, = PL3n2El, and p, = PL?/=2El,
respectively.

2.7 A pin-ended strut of constant P
cross-section is restrained at mid-
height against lateral deflexion by
a spring as shown in Fig. 2.18. If
the spring stiffness is 4, i.e. @ = A4,
show that for 4 small the critical load

»

i A
of th? strut in the plane of the D Mo
restraint is increased to

AL®
Py {1 + 48EI} approximately.

- .o

(Manchester, Honours B.Sc. Tech., P
Part 1T 1956.)

Fig. 2.18

(It may be assumed that the relation between stiffness and axial
load for the strut with respect to a central disturbing force is

very nearly linear.)
2.8 A composite strut consists of two portions AB and BC
as in Fig. 2.19. The length of BC is 4 times that of 4B and the
I B X1

c
g

1
L L AL 4!

Fic. 2.19

——

moment of inertia of BC is A% times that of 4B. Show that if the
composite strut is tested with pin ends at 4 and C its lowest
critical load does not depend on 4 and hence is equal to one-
quarter of the Euler load of the portion 4B.

(Manchester, Honours B.Sc. Tech., Part I1 1958.)



CHAPTER 3

Triangulated Frames

3.1 Introduction

The principles of structural analysis are the same for all frames,
whether or not axial loads in members are sufficient to affect
their stiffness, and amount to the simultaneous satisfaction of
the conditions of equilibrium and compatibility. With the assis-
tance of stability functions, analysis is straightforward provided
the axial loads in the members are known, and for this
reason structures in which axial loads are exactly or very nearly
proportional to the applied loads are the most easily dealt
with.

Pin-jointed, statically determinate frames present no problem,
since axial loads are directly proportional to the applied loads.
The inception of buckling is controlled by the readily ascertained
critical members. For finite deformations after buckling, since
a pin-ended Euler strut has finite stiffness with respect to axial
compression (Fig. 1.9), the structure as a whole may become
stable or unstable, depending on the particular geometry. This
subject has been discussed by Britvec,?” but is not of much practi-
cal significance since it concerns gross deformations which are
not usually acceptable in practice. Redundant, pin-jointed,
triangulated frames present greater difficulty. Initially, the axial
load distribution is controlled by the ordinary elastic stiffness
of the member, but after the inception of buckling, the stiffness
of the compression members is modified to the value given by
the slope of the curve HQ in Fig. 1.9 (cf. equation (1.11)).
Since in any practical frame, the compression members will cease
to behave clastically, certainly after the early stages of buckling
if not before, problems involving the post-buckling behaviour of

78
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such triangulated frames cannot be discussed at all usefully in
terms of elastic theory.

Rigid-jointed-triangulated frames which would be statically
determinate in the absence of the rigid joints (i.e. frames that are
statically determinate in their primary stresses) are the most
fruitful for discussion, both on account of their practical impor-
tance, and because of the light thereby shed on the phenomenon
of “secondary stresses”. To a close approximation, the axial
loads in such a frame are proportional to the applied loads, but
since the bending stiffnesses of the members will vary as these
axial loads change, the entire pattern of secondary moments must
depend on the load parameter. We illustrate this with a particular
example.

Rigid-jointed triangulated frames which are redundant in their
primary stresses form a special class as their axial force pattern
depends on their axial stiffnesses which in turn depend on the
amount of deflexion of the members. The class has certain
similarities to laterally loaded portal frames discussed in Chapter
4, but will not be treated further in this book.

3.2 Secondary Stresses

Consider the frame shown in Fig. 3.1. 4B and BC are prismatic
members with constant flexural rigidity ET rigidly jointed at B
and with fixed ends at 4 and C.

If there were pin-joints at A, B and C the frame would be
statically determinate and all the load would be transferred from
B to A and C by direct axial loads in the members. Owing to the
rigidity of the joints at 4, B and C some load can be transferred
by bending of the members. Although this is usually an extremely
small portion of the load it can cause important bending stresses.
It is conventional to assume that this secondary transfer of load
does not alter the axial forces in the members which can therefore
be calculated for the frame with pin-joints at 4, B and C.

Thus from the triangle of forces at B

PAB= W/ZandPBC= V3.W/2



80 THE STABILITY OF FRAMES

O=0=c

3,
g 28 3sc"
b

FiG. 3.1

The corresponding shortenings of AB and BC are

V3wl V3 wi
— =4
=odand dpo = 7 7%

b
Williot_diagram

and the deflexion of B can be found as shown in the Williot
diagram in Fig. 3.1. We imagine the frame moved to this position
with the joint B prevented from rotating. This requires moments
as shown in the table below. The moments due to an arbitrary

rotation of B are also shown.

A B C

Sway | — gsl(l +c) EI? + 45,(1 + ¢y) E#
- g s (1 + ¢) El_? 4s55(1 + ¢p) EI#S
Rot B s.¢, \2/ 0 51 é—E:;:jH Sy 2—1E10 550, 2—11519

For equilibrium Mz, + Mgo = 0 and so

2EI 2T ( ) 4EIS [sl(l +¢)
V3 g 3

Substltutmg for 4,

(\/3-!- )0=ﬁ-1[ﬁg—i@—s2(l+c2):l

2 AE 3

—5(1 + 6'2)]
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Let(Pg), be the Euler load corresponding to a member of length 4B

(PE)Z [ERS T 29 I3 12 19 99 99 [Y] 9 BC
with corresponding values of p, and p,
Then
3 W2 3w
PP=Q82El T 81 AE
/3 Wi V3w
P2="8 TEI~ 81 AE
w2l
Wh =2
ere A iE
Therefore = !
P2 = V3 P1
42py 511 + ) — 35(1 + )
Th 0 =—-. 3.1
en 3 5 + /35, G-
2ET
And Mgp = 5 [s50 + 2551 + ¢5)d/1]
Therefore
2E1
M == sall + 4301 + cpy] (3.2)

Graphs of 0/4 and IMyp[2EIL against p;, are shown in Fig.
3.2 and also a graph of Myz/(Mpe)y Where (Mpe), is the moment
that would be obtained if there were no stability effects, i.e.
(M), varies linearly with p,, and is tangential to Mpc for small
values of p;. The consequence of taking stability into account
is that My, does not increase linearly with P and even changes
sign as Pincreases. This is quite a normal consequence of stability
and shows how little value a linear elastic analysis may have in
predicting bending moments at high values of axial loads. Mg
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is zero at p; = 2-26; below this value BC is bending AB, above
this value BC is restraining 4B from bending and there is
reversal of the sign of My, 0, however, continues to increase
steadily until a vertical asymptote at s, + 4/3.5, =0, i.e. p;

10
1OM UMac),
Macl, 3EIn
s -
Mac
o 2EIA
@
4r S
b=
£
@
2 <
0 i 1 I 1 il 1
05 10 15 20 \ 25 30
_2 —
_al 5
4 N
_G -
_8 —
._|0 -
Fic. 3.2

= 2-62. Such a value of the load at which deflexions become
very large is known as a “critical load”. It corresponds to the
“Euler load” for pin-ended struts.

For this type of frame it would usually be accepted without
question for a linear elastic analysis that the axial forces are as
given by simple resolution at B. This procedure neglects the
shear forces in 4B and BC by comparison with the axial forces.
The shear forces are proportional to AW and for a normal value
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of 4 are less than 1 percent of W. This justifies this procedure
for the linear elastic analysis. For the stability analysis the
members become more flexible as W increases and this causes
the effect to be even less significant.

3.3 Internal Stresses

The same example can be used to show the effects of stability on
internal stresses due to lack of fit. Suppose that AB and BC are
built in first at 4 and C and that on coming to make the joint
at B it is discovered that there is an error in the angle of BC at B
of ¢. BC can be distorted to make the joint by applying a moment
(2EIs,/l)¢ and on making the joint and releasing the restraint the
joint will rotate through vy, where

2EI

2EI
V3 .l(sl + V3. sy = 7 520

2ET 2ET 5189

=AY T T arvis?

Finally Mg,

The moment at B due to lack of fit then also depends on the load
and a graph of /My ,/2EI$ against p, is shown in Fig. 3.3.

We note that, as in the case of secondary stresses, the sign of
My, can change as the load increases and that the lack of fit
moments have the same vertical asymptote as the secondary
stress moments.

In linear elastic structures a change in moment due to a change
in load can be calculated, but owing to the effects of lacks of fit
this is from an unknown initial condition.

We have now demonstrated that when stability effects are taken
into account then even changes of moment or deflexion cannot be
calculated owing to the fact that the internal stresses and deflexions
themselves change due to stability effects. In these circumstances
the “critical loads™ already mentioned remain the only invariant
of the framework that can be calculated.
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3.4 Critical Loads

In Chapter 1 it was shown that for a pin-ended strut there is a
series of critical loads Py, Poe, P, - - -, associated with a series
of buckling modes yy, ¥, Vs, - - ., such that for any initial distortion

Yo=ay Tyt ays+ ..,

each component is magnified independently

. . an a2 ) ds)s
o VS PPy T 1= PlPey 1= PlPgy T
In the region of the first critical load the corresponding magnifier

1
1 —P[Pcy
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dominates and we may write

h)h

=i_pp, T

Y

which leads to the Southwell plot. It has been shown that similar
results hold for complete frames!?1,2%23 where the axial loads
are proportional to the load parameter and as an example we
give in Fig. 3.4 the Southwell plots for the two cases we have

(a) Secondary _stresses

{b) Lock of fit

8-8o
¢P 1

[¢] 02 04 06 08 -0 12 4 B

860
)
Fic. 3.4

calculated. The critical loads as given by the inverse slopes of the
straight part of the graphs are both in good agreement with the
calculated value of p, = 2-62.

The deflexions é due to a disturbing force O may also be thought
of as arising from an initial imperfection

IV}
é‘o =@y + GYs + ays + ..
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ﬁ _ “ ) + a3)s
Q 1—=P/Py; 1—=P[Pg

and +...

The stiffness “K” corresponding to the disturbing force is defined
by the equation 0 = K¢ where 0 is the deflexion corresponding
to Q.

1 by by

+ +...

H Z =
ence KT 1=P/Pgy " 1—=P/Pe

A plot of K/K,, where K|, is the value of K when P = 0, against
the load parameter P provides a good technique for determining
the critical load. Providing the disturbing force excites any
component of the first buckling mode K, vanishes at P = Pg.
A linear plot is obtained if 0 = b, = b; = ... and in general
the best predictions are obtained by using disturbing forces which
excite as large a component as possible of the first buckling
mode. For our example let us use as disturbing force a moment
M at B. The corresponding rotation is given by

2EI
M= \/3'l(s1 + 1/3.5)0
2EI
Hence K= m(sl + 4/3.59)

K _si+4/3.5
Ky 41+ v/3)

A graph of K/K, against p, is also given in Fig. 3.3. Asis to be
expected it agrees with the previous determinations of the critical
load. Note that the critical load p, = 2:62 is greater than for a
strut fixed at 4 and pinned at B (p, = 2-045) because of the res-
traint afforded by BC. At the critical load all deflexions are
indeterminate; and it is wrong to think of just one member
buckling since the phenomenon involves the whole frame.
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3.5 Critical Loads—Example

Consider the symmetrical truss shown in Fig. 3.5 with member
properties as shown in the table below the figure. Py = 72EI[L*?
= w2|L and is therefore an alternative way of specifying the

O'IW‘
C

oW 0w
‘B ‘F

t P r r t
W W W

Member  B/W  Llin)  Peltod P/PW

AB 4443 292 3888 Oll4  Strut

BC 2:962 129-2 208l 0-142 Strut

AD 4125 120 1696 0-243 Tie
DE 4-125 120 16:96 0243 Tie

BD 000 48 51 0662 Tie

BE 148} 1292 798 0185  Strut

CE 2:100 96 350 0600 Tie
FiG. 3.5

stiffness of a member. The example is one treated by Allen?®
and the problem is to determine the value of W at the first critical
load. For any member say BC

MBC’ = skeB + Sckeo

LP;;
= (03 + c0¢)

w2

For a particular value of W we know the value of p = P/Py for
each member and hence the corresponding values of s and c.
For example at W = 9 we have

4
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Member LPgz/#* P|Pg s c sLPg|n* scLPg|a®

AB 510 1-03 2-41 1-03 1230 1270 Strut
AD 206 2:19 6-31 0-25 1300 325 Tie

Therefore

and for the complete truss we have

0, 0y 05 0z 0¢ Oy g Oy

M, = 2534 325 1267 0 0 0 0 0
My = 325 2670 10 325 0 0 0 0
My = 1267 10 1936 320 729 0 0 0
My = 0 325 320 3121 47 320 325 0
My = 0 0 729 47 1348 729 0 0
My = 0 0 0 320 729 1936 10 1267
My = 0 0 0 325 0 0 2670 325
My = 0 0 0 0 0 126 325 2534
3.3)

Note the reciprocal check on the coefficients. The demonstration
calculation is done with slide rule accuracy. The slightly different
values in the complete table are taken from Allen’s paper where
more significant figures are carried. Allen uses the notation
U = skV = sck. The table contains all the possible information
about the response of the truss to disturbing moments at the
joints. How one proceeds is a matter of choice. Livesley and
Chandler'! for a truss of the same general shape but different
member details use the stiffnessapproach and solve byrelaxation(2
for 0 with My = My and all other moments zero. Then My
= K05 and a plot of the stiffness K determines the critical load
by the value of W for which K = 0.
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Allen solves by successive elimination of the unknowns from
each end with all moments zero except My and M, until he
obtains the equations

My = 28646, — 3366,
My = —33605 + 5260,

The behaviour of the truss can thus be considered as that of an
equivalent member EC satisfying the above equations. In Allen’s
notation

Mg = Ugclg + Vidie

Mg = Vogh + Uggfc

He now puts M equal to zero and obtains

otz = (0o = 25 ) o
CE

He states that the truss is stable if the expression in the brackets
is positive, the critical load being given by the vanishing of the
expression. In our notation Mz = K0 and thus Allen’s method
is in effect the stiffness method. He performs the successive elim-
ination of the unknowns on a picture of the truss rather than by
the more usual algebraic methods.

To retain all the available information about the truss we will
give here the complete solution of the equations (3.3). It was
obtained using a digital computer but may be obtained by desk

calculations. Tt is

10%6 M, Mp Mg Mz M, My Mg Mg
0, = 79 —109 —776 125 623 —384 —38 197
0y = —109 395 117 —60 —100 72 12 -38
0p = —1776 117 1522 234 —1220 749 72 —384
0z = 125 —60 —234 377 240 —234 —60 125
0, = 623 —100 —1200 240 2052 —1220 —100 623
0 = 384 72 749 —234 —1220 1522 117 =776
0g = —38 12 72 —¢G —100 117 395 —109

197 —38 384 125 623 =776 —109 796
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Similar calculations were performed for W = 0, 3 and 10. These
enable the stiffness curves shown in Fig. 3.6 to be drawn. Thus for
W =9 and all disturbing moments zero except My we have 0
= 1522M 5 and similar information is available for the other
values of W.

1]
%0 08
06
04
Stiffness curves
o2k See fig.3:10
M
A4
o ! L I L ! ! ; ! LN
[ 2 3 4 5 6 7 8 10 1
w
~o-2b- .
FiG. 3.6

Figure 3.6 illustrates several of the important effects of stability.
Notice that the initial slopes of the stiffness curves depend on the
type of members intersecting at the joints concerned. Thus for D
which is at the intersection of three ties increase of W causes an
increase of stiffness. A similar although less marked effect is
shown for E which is at the intersection of three ties and two
struts and initially the gain in stiffness of the ties is greater than
the loss in stiffness of the struts. Joint A is at the intersection of a
tie and a strut and initially exhibits little change in stiffness with
load. Despite the initial increase in stiffness for D and E all the
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curves pass through zero at the critical load which is seen to be
given by W = 9-9. The buckling of the truss is not then a local
phenomenon but all the joints suffer large rotations and the truss
as a whole distorts. It is of interest to note that if W could assume
negative values there would also be a corresponding critical load
on the other side of the origin.

If, as in the Southwell method, we can write

1 b,
LA S
K= 1=pjp,, T P2 then

[%—(1 +z>][}%—(1+z)] =10+ 2

where A= 2

i.e. the stiffness curves should be rectangular hyperbolae passing
through P = P, at K =0 and having P/Po; =1+ 1 as an
asymptote. The nearness of the asymptote to P/Py =1 for
the stiffness curves for joints D and E indicate that for these
joints b, > b, and consequently the effect of the amplification
factor 1/(1 — P/P,) is swamped for small values of P and these
stiffness curves are far from rectangular hyperbolae.

3.6 Combination of Disturbances

At the critical load the truss as a whole distorts and all the
joints exhibit large rotations. To excite such a shape for W = 0
will require disturbances distributed along the members but it is
of interest to investigate how nearly the buckling shape can be
excited by disturbing moments applied only at the joints. From
Fig. 3.6 it is obvious that the most important disturbing moments
are those at B, F and C. From symmetry we would expect the
buckling mode to have 0 = 0 and therefore as a first step
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we will investigate the case of all joint moments zero except
Mp= My Thenat W=9

108 0 = 1522M, + T49Mp, = 2271 M,

and as before we can plot K/K, for the composite disturbance.
This curve is more nearly linear than those for any of the separate
joints and is also shown in Fig. 3.6.

Let us now incorporate a disturbing moment My = AMp = AMp
Then at W = 9 we have

10805 = 2271M 5z — 1220M = (2271 — 1220))Mp
1086, = —2440M; + 2052M = (—2440 + 2052)M 5
The work done in applying these disturbing moments
= 1078 M,% (2271 — 24402 + 102642

The disturbing moments are defined by the parameter Mp. If
we define a corresponding deflexion ® by the requirement that
the work done is the same

ie.  IM,® =3 1M0
Then LIMz@® = 10-5My2 (2271 — 24404 + 102612)

The stiffness K to the composite disturbance may then be con-
sidered as given by Mz = K® and thus at W = 9 we have

K = 10° (4542 — 48804 + 205222)7!
A similar calculation at W = 0 gives
K, = 10°% (690 — 3204 + 4694%)~!
and thusat W =9

K 690 — 3204 + 4692
K, 4542 — 48802 + 202642
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For A = 0 this agrees with our previous result for Mz = My
and M, = 0. For large values of 4, K/K, approaches the value we
have calculated for M acting by itself as shown in Fig. 3.6.
A graph of K/K, against A is shown in Fig. 3.7. The minimum
value is given by A approximately equal to —0-8 and then

Ql6 —
\\_/
02 -
K

Ko 008 |-
004 |-

{ ! | ! I I

0 02 04 06 08 0 2

2y
Fic. 3.7

K/Ky = 0-127. For My=0 and M= My we had K/K,
= 0-152. As was to be expected we have obtained a lower
stiffness and more nearly excited the buckling mode by including
a disturbing moment at C.

To obtain a still lower value of K/K, we must use disturbing
moments at more joints. Figure 3.8 shows the relative rotations
of the joints in terms of 65 for all moments zero except Mp
and Fig. 3.9 shows a sketch of the corresponding buckling shape.
The buckling shape at W = 9-9 is defined by approximately

0, =0y =—0546,
0, =0, =009 0,
0, = 6

0, = —023 0,

B = —1-30 0,
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FiG. 3.8

FiG. 3.9

The small values obtained for 8, and 05 confirm what we have
already deduced from Fig. 3.6 that the rotations of these joints
have the smallest components in the buckling mode. Notice
that, though we are using an unsymmetrical disturbing moment
system, the buckling mode itself exhibits symmetry as is to be
expected. The same buckling mode is excited whatever disturbing
moment is applied.
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We can evaluate the moment pattern corresponding to these
values of 0 at W = 0. Itis

M4 = My = —481 (Op),
Mp = Mg = —151 ()
My = My = 2266 (),
Mg = —198 (Og),

Mg = —1936 (6p),

At W = 9 we obtain for this pattern of moments
0y =0y = —4311(0g), =—0540 63
0p = 65 = 0642 (05), = 0.081 O
bz = 0p = 7975 (0p), = 1-00 05
b = —1-702 (6g), = —0-214 65
O = —10-105 (Bg)y = —1-27 64

Notice the very small changes in the 6/6y ratios. These small
changes are due to our assumed rotation pattern at W = 0 being
only a near approximation to the buckling shape. Treating the
complete pattern of moments as a composite disturbance in
exactly the same way as we did for Mg, My and M, acting to-
gether we obtain K/K, = 0-125. The same result is also obtained
by comparing directly the ratios of 6, and 6z at W =0 and 9
as in these cases there is no correction due to the small changes
in the rotation pattern.

We have now shown that if we use a disturbing moment pattern
which excites the buckling mode at W = 0 then this pattern is
preserved as W increases. Further the lowest value of K/K,
that can be obtained by any combination of disturbing moments
at the joints is 0:125 at W = 9 and this is very little less than can be
obtained by applying disturbing moments at B, F and C only.
If we had been able to excite the buckling mode exactly by disturb-
ing moments at the joints we would have expected a linear fall off
in stiffness with W. As the critical value of Wis 9-9 a linear varia-
tion in stiffness would give a value of K/K, = 0-100 at W = 9-0.
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The difference between this value and the minimum value of
K/K, that we have obtained must be attributed to the fact that
we have not applied disturbing forces along the length of the
members but only at the joints.

3.7 Approximate Methods of Calculation of Critical Loads

The reason for seeking approximate methods of calculation
is to reduce the time taken in the solution of sets of equations
such as equations (3.3). Approximate methods may be divided
into two classes:

(a) those that deal with the whole structure, and
(b) those that deal with a simplified structure.

In class (a) there are various methods of fitting an equation to the
stiffness curve from calculations at specific values. From a
knowledge of similar structures one can form an estimate of
P[P in the most heavily loaded member at collapse (in our case
(P/Pr)pr = 1-83). Two calculations in this region should allow
of linear interpolation, i.e. in our example the calculations at
W =9and W = 10.

Calculations for several values of the load parameter permit
of the fitting of a rectangular hyperbola to the stiffness curve.
Inspection of Fig. 3.6 shows that this is not likely to be successful
for such joints as D and E where the rectangular hyperbola
dominated by the critical load only prevails in the near region
of the critical load.

Unless special measures are taken, relaxation type solutions do
not usually converge in the negative stiffness region. The expan-
sion (1 —xy1=14+x4+x24+x34+... is only valid for
x < 1 although (1 — x)~1 exists and is negative for greater values
of x. Relaxation solutions can be considered as calculating by a
series expansion. For this reason Hoff (28 uses convergence of the
calculations as a test for stability and this method has been
elaborated by Bolton.(2?
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Method (b) using a simplified structure is a more practical one.
Our investigations of combined disturbances show that dis-
turbances at joints some distance from B do not have much effect
on the response at B. We shall therefore assume that the response
at Bcan be obtained by assuming that all the members one remove
from B have no change of slope at the far end when calculating
the response at B. The simplified structure thus obtained is shown
in Fig. 3.10 and the resulting equations for W = 9 are shown below.

[

: T~

~
/// = \\
e 1 ~

AL il = == H
F D E G
FiG. 3.10
0, 6, 0y 0z 0,
M, =0= 2534 0 1267 0 0
M, =0= 0 2670 10 0 0
My = 1267 10 1936 320 729
M; =0= 0 0 320 3121 0
M, =0= 0 0 729 0 1348

(3.4)

The equation for M, gives 0, in terms of 65 and similarly for
Mp, Mg and M. Substituting in the equation for My we obtain
My = 87605. The estimate of K obtained this way is therefore
876. The accurate value obtained by inversion of the equations
(3.3) is My = 6580,. Part of the (K/K,, W) relation for the
simplified structure is also shown on Fig. 3.6. It corresponds to an
approximate estimate of the critical value of W = 11 instead of
the accurate value of W = 9-9. The advantage of this approximate
method is that no formal solution of a system of simultaneous
equations is required. A better approximation would be obtained
by restricting the problem to the five equations (3.4) but filling
in the missing coefficients and thus requiring the formal solution
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of five simultaneous equations instead of the complete set.
This would correspond to putting 0 = 04 = 65 = 0 in the real
structure and thus introducing restraints at these points. It
would therefore still give an over-estimate of the critical load.

3.8 Effect of Rigid Gussets

In Chapter 2 we have shown how the stiffness s and carry-
over factor ¢ are modified by the presence of rigid gussets to
§ and ¢ and have shown how to calculate these modified values.
Therefore there is no difficulty in principle in determining the
critical load of a truss with gusset plates, but the calculations are
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rather longer than if there were no gusset plates. It is therefore
useful to have an idea of the extent to which critical loads are
likely to be increased by gusset plates and this can be obtained by
reference to three simple cases for an isolated member. In Fig.
3.11 the critical load of a member with symmetrical gusset
plates at either end is compared with the critical load of a pris-
matic member of the same overall length. There is almost no
difference between the two cases for the pin-ended strut. This is
because the gussets are in the region of low bending moment
and thus have little effect on the stiffness. The other two cases
give an almost linear increase due to g/l in the range considered.
Plotting the rate of increase divided by g// against the critical
load for the three cases shown we obtain the relationship shown
in Fig. 3.11(b). In default of complete calculations it is suggested
that this graph can be used to estimate the increase in critical
loads due to gusset plates.

Examples

3.1 Find the lowest critical load of the structure shown in Fig.
3.12 for the three cases given below. The members are straight

Fic. 3.12

and of constant cross-section, their moments of inertia being
shown on the figure. A4 and C are fixed ends and B is a rigid joint.

Case I I, is small compared with I,
Case I I, =+/31,
Case III 7, is small compared with 7.

(Manchester, Honours B.Sc. Tech., Part 1T 1953.)
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3.2 An equilateral rigid-jointed triangular plane framework
is tested in the arrangement shown in Fig. 3.13. The loads are
applied through pins at 4, B and C. Indicate how the critical

tZP
A
11 I[
B 5 ‘C
P P
Fic. 3.13

load of the frame can be obtained and sketch the buckling mode.
Determine limits for the critical value of P compared with the
Euler Load of the strut BC.

(Manchester, Honours B.Sc. Tech., Part II 1955.)

3.3 The rigid-jointed Warren girder shown in Fig. 3.14 is sub-
jected to a compression along the bottom chord. All the triangles
are equilateral and all the members are of the same cross-section.

ava

: N

Fic. 3.14

Determine the stiffness of the central joint against rotation when
the compressive load is equal to the Euler load of an individual
member. (At P = Py, s = 2-467, c = 1-0.)

(Manchester, Honours B.Sc. Tech., Part II 1959.)
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3.4 The cantilever bracket (Fig. 3.15) is made from a uniform
prismatic member. It is encastered at 4 and C and rigidly
jointed at B. Show that if buckling out of the plane of ABC is

C
- 450
A% B
t<—L ————l
w

Fig. 3.15

prevented and plasticity effects are negligible, then the rotation
of Bis given by

1 2

p S+ 20D sl + ) (FEY2)
AE S
81 + W

where 5; and ¢, are the stiffness and carry-over factors for 4B,
and s, and c, are the stiffness and carry-over factors for BC.
Hence determine the critical value of W.

(Manchester, Honours B.Sc. Tech., Part II 1963).

(Answers to the above questions may be found on page 154).



CHAPTER 4

Rigid-Jointed Frames

4.1 Introduction

In a triangulated frame, any set of loads, provided all loads
act at joints, could be supported in equilibrium by a system of
internal forces acting as axial loads in the members without
any bending action. Non-triangulated frames will support certain
load systems also in this way, but only if the load systems are
suitable. Examples are given in Fig. 4.1. The behaviour of frames
so loaded is similar to that of triangulated frames statically deter-
minate in their primary stresses, buckling modes being theoreti-
cally possible at a series of critical loads. The essential difference
from triangulated structures is the incidence of sway modes
involving the translation of one end of a member relative
to the other (Fig. 2.1 (e)). The calculation of critical loads of
this type is the first subject dealt with in this chapter. Just
as for a pin-ended strut, deformations due to imperfections
or disturbing forces are magnified as the first critical load is
approached.

Suppose that, in a frame subjected to proportional loading,
the elastic critical deflexion modes are represented by yy, vy, . ..
with critical load factors Agy, Agg, . ... Let the deformations y,
due to initial imperfections or disturbing forces, measured at
zero axial load level (A = 0) be expressed in terms of the elastic
critical modes, viz.

o=@+ ay, + ...

where a;, d,, . .. are constants. Then it has been shown21,22,23)
that, in the range of small deflexions, and provided the structure
102



RIGID-JOINTED FRAMES 103

is such that axial loads increase in proportion to the external
load parameter, the deflexions at any load factor 1 become

_ _Ah a3)2
y= 7 + 7 +...
l—— 1—-—
Acr Ay

While, therefore, no distinct bifurcation of equilibrium states
occurs at the lowest critical load factor A¢;, and the structure is

W w

I Ay

RN »~
Equal
- loads -

rd >

i A I \

(a) w (b)

(c)
FiG. 4.1

stable at all loads A < 4., the lowest critical load factor is im-
portant since the deflexions increase more and more rapidly as
it is approached.

A frame which sustains the applied loads entirely in axial
compression or tension is structurally the most efficient, but it is
not possible so to support any arbitrary combination of joint
loads acting on a rigid frame, and bending is necessarily involved.
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Examples of joint loads producing bending action are shown in
Fig. 42. Further, any structure (either triangulated or rigid
frame) which carries transverse loads within the length of any
member (Fig. 4.3) must contain primary bending moments.
In this class of problem, the critical load concept has no direct
significance, since as the load parameter increases, the relative

Z .

f !

Fic. 4.2

bending stiffnesses of the members alter, and therefore the bending
moment pattern, and hence in turn the axial load pattern, also
alter. The axial loads do not increase in proportion with the load
parameter, and the ideas of analysing an initial deflexion in terms
of the buckling modes and each component being magnified by
its own factor are no longer applicable. Nevertheless, such
structures may become unstable in that at a particular value of
the load parameter they may cease to have any stiffness to a
disturbing force, for small deflexion theory, and thus exhibit
large deflexions. It is proposed to call such loads buckling loads
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and to reserve the name “critical loads” for the phenomena
exhibited by structures of the types shown in Fig. 4.1.

Buckling loads are more difficult to calculate than critical loads
as there is an interdependence between bending moments and
axial loads which requires an iterative method of calculation to

4 2
7/;, (o) 7777 (b)

(c)
FiG. 4.3

be used. Furthermore ideas of the Southwell plot and about the
shape of stiffness curves to which we have become accustomed
require modification. A simple example of buckling loads of this
type is discussed later in the chapter, but attention is first given
to frames loaded after the manner of those in Fig. 4.1.

4.2 Simple Portal

Consider the simple portal shown in Fig. 4.4 where all the loads
are applied at the joints and My, M, and F are small disturbing
forces. If there are no inaccuracies in manufacture, etc., there will
be no bending moments in the members and no axial force in
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BC. The operations table for rotations of B and C and a sway

18

A B C D

Rot. B | cski0p  ski0p | 4ky05 2ky0s | O 0
Rot. C 0 0 2k200 4k20(,' Skleg CSkleg

1) 1)

Sway |—s(1 + Ok, i 0 0 |—s(1 + o)k, i

I’}
—s(1 + o)k, %

)
—s(1 + o)k, A

and the equations of equilibrium are therefore

8
My = (sky + 4ka)0p + 2k — s(1 + o)k, ;

5
Mo = 2kl + (sky + 4kl — s(1 + )y 7

F1

—s(1 + o)k,0p — s(1 + )ky0, +

4
sA+0), 9
m

Fl

—s(1 + c)k,0p
—s(1 + o)k 0¢
4s5(1 + o)k, 6
T m R

f “.1)

L

provided Mp, M and F are such small disturbing forces that they
do not sensibly change the value of P[Py in the members.
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These equations (4.1) correspond to the similar equations we
found for triangulated frames except that for trusses only joint
equations are required and here we have two joint equations and a
shear equation.

As for trusses we could determine and draw the stiffness curves
for the response to the individual disturbing forces. We should
expect all these curves to pass through zero at the lowest critical
load. Because of the symmetry of the structure and loading it is
more convenient here to use composite disturbances.

Thus a particular solution of equations (4.1) is given by
bc= —0p 6 =0if

Mg = (sky + 2k,) 0p
My = —(sky + 2kp) Op
Fl=0

which we can write as M = K@

where K = sk; + 2k,
K ky
and %= k
0 2
- 44+2-=
+ k.,

m
if My = My = (sky + 6ko)0p5 — gs(l + Oky05
FI=0

or in the notation of Chapter 2

Mo = Mp = (nk, + 6k;) Op
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i.e. M = K0
where K = nk, + 6k,
+ 6k,
% n X
and — =
K, - 6k,
ky

A third solution of equations (4.1) is given by
s(1+¢) o

0, =0, = -
B O T s 6kofky B
Whel‘e MB=MC=0
6{2 s(l+c)}
d FI = 2s(1 ki |——————
an U+ Ok |~ Tt Gk,
ie FI—K(S
.e. =K
2 s(1+c):|
h = 2s(1 k| — — ————
where K s( +c)1!:m 5 Ok,
2 s(1+c):|
1 P LI
d K_s( +C),:m 8 + 6kofky
an K=

6
6 [2 T4+ 6k2/kj

Graphs of these three non-dimensional stiffness curves are shown
in Fig. 4.5 for k,/k, = 1-0.

They seem normal stiffness curves, the first indicates a critical
load at Po/Py = 2-56 and the other two at P/Py = 0-76.

We stated that the stiffness curve for any composite disturbance
should pass through zero at the lowest critical load and it is
important to understand how the symmetrical system of disturb-
ing moments has failed to indicate the lower of the critical loads.
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In Chapter 3 we gave a general expression for the stiffness curves
in the form
1 by b,

K- T=Ppg " 1=pPpe, T

and pointed out that providing a disturbing force excites any
component of the first buckling mode (i.e. providing b, exists,
however small) then K vanished when P = Pg,.

FiG. 4.5

The lower of the two critical loads indicated by Fig. 4.5 is a
sway mode and as the first disturbing system of moments does
not contain any sway component it fails to reveal the sway
critical mode. In practice if there were any unsymmetrical imper-
fection of the structure or the loading system then this would
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be magnified indefinitely at the lower critical mode and an
experimental stiffness curve would look like the one dotted.

The fact that the first disturbing system misses the lower
critical load is then a mathematical curiosity and is of no practical

P
P
ol

FiG. 4.6

significance. As the structure would have a negative stiffness to
sway disturbances above the lower critical load it would be unstable
and the load could not be increased past the critical load without
being provided with a lateral restraint to prevent sideways dis-
placements developing. In practice this may be provided by
bracing systems in the plane of the beams and the higher critical
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load (symmetrical case) has then a practical significance. The
four standard cases for single-storey portals are shown in Fig. 4.6.

4.3 Multi-storey Single-bay Portals

The sway and no sway critical loads of multi-storey portals
as shown in Fig. 4.7 are easily obtained.

P P

k2

Ky
k2

~ %

N-|
M
/'\2 kp G

f
h ki
LD ke T\
i )
hok
1

FiG. 4.7

Thus{for the sway case we have in succession

M, = Qnk, + 6 k;)0; — ok,6,
M, = —ok6, + (2nk, + 6 ky)by — ok,B;

My 1= —0kiOy o+ 2nky + 6 kp) Oy, — oky0y
My = —okiOy_1 + (nky + 6 ky) Oy
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At the critical load M; = M, = My =0 and writing X =
2nk; + 6 ky)/ok,

we have
0= X0, — 0,
0= —0, + X0, — 0,
0=—0,4+ X0, — 0,
0= —0y_o+ X0y, — Oy
0= —0y_; + (X —nfo)by
ie. 0, = X0,
by = (=14 X6,
0, = — X0; + (—1 + X?) X0,
= + X(—2 4+ X?) 6, and so on

If the portal is, for example, four stories high we also have:the
last equation

0= —0,+ (X — nfo)b,

=
] ///
%ﬁ Number of / /C /

storeys ~1
L

W

\

008 0-08 (4 o2 04 06 08 MO 0 40 €0 80 100
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and so 0=(0—-—X»0,—XQ2— X)X —nlo) 0,
ie. X(X2—2)(X —njo) = X2 —1 4.2)

Equation (4.2) is easily solved. For any particular value of
X it gives the corresponding value of #/o and therefore of » and o
separately. k/k; is then obtained from the expression for X.

The resulting P/Py curves are shown in Fig. 4.8; also shown
are results for various numbers of stories.(*®)

The corresponding no sway critical loads are even simpler to
obtain and are left as an exercise for the reader.

4.4 Multi-bay Multi-storey Portals

The sway deflexion characteristics of a single-bay portal can be
used to obtain the similar characteristics of a particular family of
multi-bay portals.

A series of identical portals under identical loads will have the
same deflexions. Adjacent columns can therefore be super-
imposed and fastened together without causing any redistribution
of stresses. All the portals shown in Fig. 4.9 will therefore have
the same sway deflexion characteristics and in particular the
same sway critical loads.

For all these portals the equivalent single-bay portal may be
obtained by the application of the following rules:

Y column stiffness of single = X column stiffness of multi-
bay bay
2 column loads of single bay = X column loads of multi-
bay
beam stiffness = 2 beam stiffness.

Now consider the application of these rules to form an equiva-
lent single-bay portal for a multi-bay portal which is not formed
in accordance with this “Principle of Multiples”(2® and in the first
place suppose that stability effects are negligible.
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.

The deflexions of the equivalent single-bay portal may be
calculated and if these are imposed as a composite disturbance on
the real frame then the accompanying bending moments can be
calculated. This is sharing the bending moments of the single-
bay frame amongst the members of the real frame in proportion
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to their stiffnesses. As the real frame is not proportioned in
accordance with the Principle of Multiples individual joints will
not necessarily be in equilibrium, but the bending moments as a
whole will satisfy the shear equations and at any floor the sum
of all the beam and column moments will be zero.

The deflexions of the equivalent single-bay frame therefore
give a solution of the real frame loaded with the right shear
forces and sets of self-equilibrating moments at each floor level.
By St. Venant’s principle a set of self-equilibrating moments can be
expected only to cause alocal perturbation and not to have an appre-
ciable effect on the overall sway of a structure. For purposes of
determining sway deflexion, although not for determining
moments in individual members, a multi-bay frame can therefore
be replaced by an equivalent single-bay frame.

If we use such a frame for stability calculations we make the
further assumption that it is sufficiently accurate to use a mean
value of P[Py at any storey given by (P/Pg)mean = % P[Py, for
all the columns instead of the values for each individual column.
It has been shown®® that these methods can be used to predict
the sway critical loads of multi-bay frames with considerable
accuracy.

These methods represent about the limit of what is at present
feasible by hand calculations. For more complicated structures
recourse must be had to computer methods, but no new physical
principles are involved.

4.5 Frames in which Members Carry Primary Bending Moments

Having dealt with loads capable of being transmitted through
the structure by axial loads only (Fig. 4.1), we now turn our
attention to frames in which bending action predominates (Figs.
4.2 and 4.3). We take as an example the symmetrical, uniform-
section portal frame shown in Fig. 4.10(a), and assume that
sway is prevented.

The only possible displacements are equal and opposite rota-
tions of B and C. Suppose equal and opposite bending moments
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(o)
FiG. 4.10

M are applied at these joints, as shown in Fig. 4.10(b). Introduc-
ing the fixed-end moments in the beam due to the uniformly
distributed load 2W (see Chapter 2), the operations table
becomes:

A B (o D
WL WL
reve = — A (F) A(F)] - -
Rotate Band C | 0  s5,"k,0 | s:k,0 —sokf | —s"k,0 O
—53Cak00 $3Coko0

Since ky = 2k,, the equations of equilibrium for the joints B
and C are both given by

WL) (4.3)

M = |:2s1” + s5(1 — cg)] kol — £, (T .
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The horizontal thrust at 4 and D is s,"k,0/L, whence

4 14
pr=—.5"0. (4.4)
w

Since the load in each column is W,

1 WL
L= = "7 (4.5)
T 1
P — N,
B I (Buckling load for pi=pa)
08
[ ” |{
Pogl—— — S~ p0-618
= l
e
| s

! ] ] I L1
0 02 04 06 08 0 12 14 6 I8 20
P2

Fic. 4.11

If there are no external moments acting at B and C, so that
M = 0, p; and p, are related by the equation

so(1 — ¢5)
%‘leh: [1 + 27‘%1} P2

(4.6)
obtained by eliminating W and 6 from equations (4.3), (4.4)
and (4.5). The numerical solution of equation (4.6) by iteration
leads to the relationship between p; and p, depicted by OAB
in Fig. 4.11. Tt is found that p; reaches a maximum value of



118 THE STABILITY OF FRAMES

0-618 when p, = 0-972, so thatp, = 0-618 or W = 0-618#%(EI/L?)
represents the buckling load. The variation of the rotation 0
with p, is given by curve OA4B in Fig. 4.12.

According to linear elastic theory (i.e. ignoring the effect of
axial loads on flexure), the axial load in the beam would be 1/4

KOp —— —— — —— ———————— =000
0.9[ E (Buckling load for py =p,)
D
0-8f- =
< so\“"‘°“ prbemr———"6
ot £ ——F
o6k f — /[ ry — —p=0-6I8
P osk s?,,: |
@D
o4l &
£
03F
o2k
o1 B
] 1 ! ] 1 J
0 05 0 5 20 25 30
]
Fic. 4.12

that in each column, whence p; = p, (OD in Fig. 4.11). With
this assumption, and putting M = 0 in equation (4.3), it would
follow that

N T — 4.7
37 s(1 — )3+ 20)
where the stability functions s, ¢ and f correspond to p = p,.
This results in the curve OCD in Fig. 4.12, the rotations 0
becoming infinite when ¢ = 1 or p; = 1, which therefore repre-
sents the buckling load for the assumption p; = p,. The stiffness
of the structure, at a given value of W, with respect to small
applied bending moments dM at B and C, assuming p; = p,,
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may be obtained by differentiating equation (4.3) with respect
to 6. Hence

dM "

35 = 28" 1 sl = o)k, 4.8
in which s,”, 5, and ¢, are all stability functions corresponding to
p1 = ps = WL/|w?,. The variation of dM/d0 with p; is repre-
sented by ABC in Fig. 4.13, and as would be expected, dM/d6
becomes zero when p; = 1.

Equation 49

Equation 4-8
Pt p2

__—Equation 4-8
PPz

i
ﬂ.lﬂ.
|z

T
m

o 1 ) 1 i 1 ] 1 ! !
O 02 03 04 05 0§] 07 08 09

P

I-OC

pFO-6I8=

G

_2 L.
FI1G. 4.13

It might seem reasonable to assume that the stiffness of the
frame, allowing for the variation of p, with p,, could be obtained
from equation (4.8) by substituting the appropriate values of
5", 8, and ¢,. However, when this is done, the curve obtained is
ADE in Fig. 4.13. When p, reaches the buckling value of 0-618,
equation (4.8) gives dM/df = 1-53k,. This apparently contra-
dicts the concept of zero stiffness as a property of a structure at
its buckling load. The anomaly is resolved by differentiating

5
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equation (4.3), but allowing in the differentiation for the depen-
dence of p, on 0 at stationary p;. Denoting ds/dp by §, dc/dp
by ¢ and dfjdp by f, and using k; = 2k, and dp,/d0 = 4s,"[m®
from equation (4.4), it follows that:

dM .,
W [ZS1 + s5(1 — cz):l K,

4 ” 3 b " g
+ ;T_zsl [S2(1 - 02) e 526'2] 0k2 - gplsl 2k2. (4.9)

The above modified stiffness is plotted as curve AFG in Fig.
4.13 and it will be seen that the stiffness becomes zero when
p1 = 0-618. It may be noted that the effect of including the dif-
ferentials of the stability functions (curve AFG compared with
ADE) is much greater than the effect of allowing only for the
variation of p, with p; (curve A DE compared with curve ABC).

The presence of the additional terms in equation (4.9) (compared
with equation (4.8)) implies that the stiffness of a frame carrying
loads which produce primary bending moments is not identical
with that of a frame supporting the appropriate axial loads only.
The discrepancy in stiffness only becomes appreciable, however,
when deformations become large. Thus, when 6 = 0-02 radian,
the discrepancy is about 1 percent, when 6 = 0-1 radian it is about
5 percent, and when 6 = 0-5 radian it is about 30 percent. The
effect of terms involving the differentials of the stability functions
or bucklingloads has also been discussed by Le-Wu-Lu.3?

We have included this dissertation in order that our results
should show mathematical consistency. The mathematics used,
however, have long ceased to represent the behaviour of the frame
before these effects become appreciable. We have been using
equations valid for small deflexions only in the region of large
deflexions where the effects of change of geometry and bowing
would have to be introduced before a mathematical analysis
was valid.

Despite the above limitations, the elastic critical load retains
its significance in the magnification factor 1/(1 — W/W) used to
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estimate the effects of axial loads on deformations. According
to linear elastic theory, the rotation 6 for the joints B and C
(Fig. 4.10(a)) is 0 = WL2/12EI = 7*,{12 giving the straight line
OE in Fig. 4.12. Applying the magnification factor 1/(1 — W/W)
where W, is obtained from the p, = p, solution (i.e. /; = 1-000 or
W = 72EI[L?), the corrected load-rotation relation is the dotted
curve OFG in Fig. 4.12, agreeing almost exactly with the correct
solution O4B up to /; = 0-5 and 6 = 0-8.

The practical conclusion is that for frames where bending
stresses form a large component of the total stresses then stability
effects will be small, and the concept of elastic buckling loads
will not be applicable. Where it is necessary to investigate stabi-
lity effects it will be sufficient to do so using the axial load pattern
obtained from a linear elastic analysis.

It is shown in Chapter 5 that nominal elastic critical loads
also have significance in the estimation of elastic—plastic failure
loads.

The above analysis of the frame in Fig. 4.10(a) has been carried
out on the assumption that buckling in a sway mode is prevented.
An approximation to the sway buckling load (neglecting stability
effects in the beam) may be obtained from Fig. 4.6, and gives
p1 = 0-15. A more complete analysis reveals that the finite defor-
mations induced by the loads before sway buckling occurs modify
the sway buckling load slightly, due to the presence of terms
involving the differentials of the stability functions. This type
of problem has been investigated extensively by Chwalla,3V
Chilver®® and Horne.®®® Again, such effects appear to have
little practical significance.

In multi-storey frames, although all loads may be applied
as beam loads or horizontal sway loads, instability effects increase
in importance with increase in number of storeys, because of the
build-up of axial loads in the lower column lengths. When such
frames are free to sway, the buckling load differs little from the
critical load obtained by dividing the beam loads equally between
the columns, and the effect of stability on deflexions is discussed
very accurately by assuming the linear elastic sway deflexions to
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be multiplied simply by the amplification factor 1/(1 — 4/4). In

multi-storey frames restrained against sway, stability functions

may have to be employed to obtain reasonable estimates of

elastic stresses, since the elastic critical loads may not be more than .
a few times the working load. It is found unnecessary to take

into account the effect on stiffness of the small axial loads in-

duced in the beams by bending action.

Examples

4.1 A rectangular portal frame ABCD has two vertical stan-
chions AB and CD of height L rigidly jointed to a horizontal
beam BC of length 2L/3. All members are of uniform flexural
rigidity. The stanchion feet 4 and D are encastré to a rigid base.
Equal vertical loads are applied at B and C. Show that the stiff-
ness of the frame in respect of sway disturbance is zero when

mysy(1 + ¢)—2s; = 18,
where s,, ¢;, m, are stability functions for the stanchions.

(Cambridge Mech. Sci. Tripos Part IT 1962.)

P P
c ke D
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B ke E
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Fic. 4.14
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4.2 Show that the critical loads of the symmetrical single-bay
rigid frame shown in Fig. 4.14 with side sway prevented are
given by the equation

2k, )( ky ) c?
=4+ 1l=+1)==
(s ky + sky + 2
(Manchester, Honours B.Sc. Tech., Part II 1954.)

4.3 Show that the sway critical load of the portal shown in
Fig. 4.15 is given by the equation

ky  ms(l1+c)
S T It o

B is a rigid joint and Cis a pin. A and D are fixed ends.
(Manchester, Honours B.Sc. Tech., Part IT 1957.)

P P
> C
B o
ki k;
A D
77777 777777
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4.4 Show that the sway critical load of the symmetrical single-
bay rigid frame shown in Fig. 4.14 is given by the equation:

el + 63
2 — 2 -2
o {n+6k1 2n+6k1

where n, o are no-shear stability functions and k,, k, the stiffness
of the beam and column members. Draw an approximate graph
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showing how you would estimate the sway critical load to vary
with the ratio of &, to k; and in particular determine the limit
when k,/k; approaches zero.

(Manchester, Honours B.Sc. Tech., Part I1 1960.)
4.5 Figure 4.16 shows a column, of constant cross-section of

second moment of area equal to I;, having pinned ends, which is
restrained against buckling by being pinned at its mid-point to a

I
P —— ‘ I P

Iz

FiG. 4.16

uniform simply supported beam of the same span as the column
and moment of inertia I, Show that for all values of LI,
greater than 3-28 the column will buckle at a load corresponding
to the Euler value for its half length.

Note. At P = Py, s=2467, ¢c=10, m= co.
(Manchester, Honours B.Sc. Tech., Part II 1961.)

4.6 Investigate the stability in the plane of the structure indi-
cated in Fig. 4.17 for which k, = 2k;, and determine the critical
load in terms of P/Py, where Py is the Euler load of a pin-ended
strut of stiffness k; and height 5. Tables of stability functions
are provided. The members are rigidly jointed at 4 and B. All
other joints are pinned.

(Manchester, Honours B.Sc. Tech., Part II 1962.)

4.7 The end A of a member AB, length / and flexural rigidity
EI is held by other members which together provide a restraining
moment of Q,0, when end A is rotated through an angle 6.
End B is restrained against rotation by a member of rotational
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stiffness gk where k = EIjl. The member AB carries an axial
load, and is subjected at end B to a “‘no-shear” rotation during
which equilibrium is maintained at end 4. Show that, for a joint
rotation of 0y at end B, the total moment applied at that joint

(”)

95 _ ( - z) __
rk n 14 Qy/nk
where o and r are stability functions for member 4B.
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The three-storey frame in Fig. 4.18 has uniform columns of
flexural rigidity EI and beams of flexural rigidity SEI. The feet
of the columns are fixed in position and direction, and the columns
each sustain a uniform axial load P. Using the above result or
otherwise, show that the frame becomes unstable in a sidesway
mode when

o 238 +an) [{ (68 +an)
n on A/(3(4/3 + an))

where # and o are stability functions corresponding to p =
Ph?|m2EL
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4.8 Figure 4.19 shows a compression testing machine consisting
of four circular equal members 4A4’, BB', etc., each of length /
and flexural rigidity EI, fixed into rigid end blocks. When testing
a short pin-ended specimen EF of length a, show that the machine
will become unstable when the compressive load in EF is given by

2
s+a) 7l

pm 2a

where s, ¢ and m are stability functions corresponding to p =
—PI2[4n?EL

ft
!
Op ¢cO _*'
. L F :
E Y
Oa 8O I
b2
A2

[is H

(a) A B

{b)
Fig. 4.19

4.9 A compression testing machine consists of two circular
equal members A4’ and BB, each of length / and flexural rigidity
EI, fixed into rigid end blocks. An elevation of the machine would
appear as in Fig. 4.19. Show that the testing machine would,
when used to test the pin-ended specimen EF, become unstable
by buckling out of the plane 44'B’'B when the compressive load
in EF was given by

-z ey
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where s and ¢ are stability functions corresponding to p =
— PI?/2m2EL

4.10 The rigid jointed frame shown in Fig. 4.20 is built on rigid
foundations and the surrounding structure provides an elastic
resistance to sway which is represented by a spring of axial

w w
[+ D
k3 k ¥
kg ki
B ks G ka

K, ki

EI
U

—

,——r——’—-—c—————

N

k=

Fic. 4.20

stifiness k at D. Enumerate and sketch the possible elastic
collapse modes of the structure and formulate equations which
express the instability condition by a sway mode. Do not attempt
to solve the equations.

(Manchester, Honours Engineering, Faculty of Science, Part II
1962.)

(Answers to questions 4.4 and 4.6 may be found on page 154.)



CHAPTER 5§

Elastic-Plastic Behaviour

5.1 Introduction

When considering elastic stability, the stiffness of each member
of a structure affects the buckling load, and it is incorrect (except
when the members are pin-jointed) to speak of the buckling load
of an individual member. The same is true in the elastic—plastic
range, but in many cases final failure may in fact take place in

Fic. 5.1

one member only, and it is then easier to think of the problem
primarily in terms of the behaviour of that particular member.
Thus in the simple structure in Fig. 3.1, ultimate failure might
involve the deformation of member 4B as a mechanism with
plastic hinges at 4, B and at some section near the mid-point
of AB, as shown in Fig. 5.1. After considerable deformation, a
fourth hinge would form at C, but this would be well after the
attainment of the peak load, and it is the stages leading up to the
formation of plastic hinges at 4, B and D that have to be studied
128



ELASTIC—PLASTIC BEHAVIOUR 129

in order to predict the failure load. It should be noted that the
behaviour of the “critical” member 4B is throughout affected
by the behaviour of member BC. Hence, failure is to be discussed
in terms of the influence of the remainder of the structure on the
failure of the “critical” member—leaving aside for the moment
the problem of how the “critical” member is to be identified.
The above approach to elastic-plastic buckling is applicable
wherever the “critical” member could sustain the applied load
by an axial compressive load only. The bending moments that

*xp *)\FP PP *)‘FP
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——— i —— 'R—» M
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‘ l
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R B Mp R Mg Me
e ———— B ——
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(@) {b}) {a) (b)
Fic. 5.2 FiGc. 5.3

actually arise in the “critical” members are due either to imper-
fections, axial deformations, lateral loads (‘“‘beam’ loads) applied
to adjacent members, or to combinations of these factors. The
three individual causes are illustrated in Figs. 5.2, 5.3 and 5.4
respectively.

Imperfections (Fig. 5.2) are always present in some degree,
due to lack of straightness or lack of fit or both, and may be
important in their effect on the failure loads of compression
members in triangulated structures, or of columns in multi-
storey frames restrained against sway. Ultimately a mechanism
will form as shown, with hinges at both ends and near the centre
of length. If the surrounding members are weaker than the failing
member, then hinges may form in these adjacent members.
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Axial deformations are important in triangulated frames, in
which they induce joint translations with accompanying double
curvature bending as shown in Fig. 5.3(a). Ultimate failure
involves the deformation of the member to one side of the
longitudinal centre line, and if in Fig. 5.3(a) M, > My, failure
will occur as in Fig. 5.3(b).

(a) (b)
Double curvature
(d)

(c)

Single curvature

FiG. 5.4

Beam loads have an important effect on the columns of multi-
storey frames restrained against sway. In the elastic range,
differing arrangements of beam loading cause double or single
curvature flexure in the columns, as shown in Figs. 5.4(a) and (c)
respectively, but ultimate failure is similar in mode (Figs. 5.4(b)
and (d)).

Although, in all the above cases, the final failure mode is much
the same, this does not mean that it is at all easy to obtain a rea-
sonable estimate of the maximum axial loads sustained by the
members before the final plastic hinge mechanism forms. At
the peak load the member is in an intermediate condition, being



ELASTIC-PLASTIC BEHAVIOUR 131

neither elastic nor having a fully developed plastic hinge mechan-
ism, and a laborious step-by-step elastic-plastic analysis is neces-
sary to obtain a theoretical failure load. Few such analyses
have been made, but a study of the behaviour of columns in
building frames has revealed interesting general results of a
qualitative nature, and these will be described. Some progress
has been made in empirical methods, and these will also be dealt
with.

I r I
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FiG. 5.5 FiG. 5.6

Although the final failure of the compression members in Figs.
5.2 to 5.4 involves bending, the primary loading is axial, and so
the members may all be described as “‘compression loaded”.
An entirely different type of member may be described as “lateral
loaded”. The simplest example would be a member which
itself carried lateral load in addition to axial load, see Fig. 5.5.
However, all the members in the frame in Fig. 4.2 may also be
referred to as “lateral loaded” in that their bending resistance is a
primary factor in the total rigidity of the structure with respect
to the applied loads. The ultimate behaviour of such a member
may be represented diagrammatically as in Fig. 5.6, but it is
here not at all useful to refer to the “failure” of the member, since
the bending moment distribution and the incidence of plastic
hinges depends primarily on the behaviour of the structure as a



132 THE STABILITY OF FRAMES

whole. There is another important difference between “compres-
sion loaded” and “lateral loaded” members. In the former,
since the bending moments are secondary, their distribution may
change radically, not only (as has been seen in Chapter 3) in the
elastic range, but also in the plastic range. In laterally loaded
members, on the other hand, the bending moment distributions,
while varying in detail, tend to remain recognisably similar,
even during plastic deformation, since they are dictated by overall
equations of equilibrium.

We first discuss structures in which elastic—plastic stability is
controlled by the behaviour of compression loaded members,
and subsequently we discuss structures that are lateral loaded.

5.2 The Elastic-Plastic Behaviour of Compression-loaded Members

In the course of a lengthy experimental investigation into
columns bent by beam loads into double and single curvature
(Fig. 5.4(a) and (c))‘33,3 a theoretical study was made of the spread
of plasticity in the columns as the axial loads were increased to
failure. The experimental test frames for single and double
curvature are shown in Figs. 5.7(a) and (b) respectively. The
beams were of high tensile steel, of width 0-75 in. and depth
1:25 in., so that plastic deformation was confined to the mild
steel columns, some of which were of rectangular cross-section
and some of I-section. The full beam loads were first applied,
and further direct axial load was then added to the top of the
column until complete failure occurred. The calculated sequence
of behaviour for one of the rectangular section columns (width
1:25 in., depth 0-375 in.) bent in single curvature about its minor
axis is shown in Fig. 5.8. The calculations have been performed
on the assumption that the material has an idealised elastic-
pure plastic stress—strain relation, with an upper yield stress of
229 ton/in? a lower yield stress of 20-3 ton/in? and a modulus of
elasticity of 13,000 ton/in% The load deflexion curve (for central
lateral deflexion of the column) is given by OEABCD in Fig. 5.9,
while the changes with axial load of the end and central bending
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moments in the column are shown in Fig. 5.10. Yield first occurred
at the centre of the concave face of the column at an axial load of
3-98 ton (Fig. 5.8(a) and points 4 in Figs. 5.9 and 5.10). As the
axial load increased (the beam loads remaining constant), the end

+ T Single curvature
10" column

I R

Double curvature
0" column

i

moments decreased, eventually changing sign, while the central
moment increased, causing plastic zones, first in compression
on the concave face, and then in tension on the convex face. The
reversed bending moment at the ends also caused first compressive
yielding and then tensile yielding. At the peak load of 6-82
ton (Fig. 5.8(c) and points C in Figs. 5.9 and 5.10), no yielding
had occurred in tension either at the ends or the centre, and a
“plastic hinge” was nowhere fully operative, although it is
evident that the degree of plasticity near the centre would seriously
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reduce the rigidity of the column. Since the plastic zones which
show increasing plastic flow have no rigidity, the peak load of
6-82 ton must be identical with the critical load of a structure
consisting of the beams and a column of varying section, the
cross-section of this column being the original section less these
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plastic zones. It will be seen from Fig. 5.8(c) that the cross-
section of this reduced column at mid-height is very small,
whereas the ends of the column are almost fully elastic. It would
therefore be expected that a rough approximation to this critical
load would be obtained by assuming a structural hinge at mid-
height in the column, as shown in Fig. 5.11. In fact, the critical
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load of this “reduced structure” is found to be 8-1 ton, compared
with 32-2 ton for the fully elastic structure. This explains why
the column fails at the stage at which full plasticity is approached
at mid-height.
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The theoretical failure load of 6-82 ton agrees very well with the
experimental failure load for this frame of 6-67 ton. An exact
elastic—plastic analysis of this nature, although instructive, is
however tedious, and it is desirable to investigate how closely
approximate methods will predict the result.®® The elastic
response of the frame for the given load sequence, derived from
s and c functions, is represented by OEAF in Fig. 5.9. The
rigid—plastic response is obtained from the plastic hinge mechanism
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in Fig. 5.12, and this leads to the mechanism line HJ in Fig.
5.9. The calculation of HJ is similar to that for a pin-ended
member, Figs. 1.18 and 1.19. Equations (1.33) and (1.34) apply,
and taking moments about one end for half the column, Py,
= 2Mp' where y, is the central deflexion (Fig. 5.12). Hence

d {bda,, P }

=3P ~ bdo,

(5.1)

where b X d is the cross-section of the member and ¢, is the
yield stress.

Without performing the labour of an “exact” elastic-plastic
analysis, a rough estimate of the failure load will be given by G,
the intersection of the elastic curve OEAF with the mechanism

#
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line HJ (Fig. 5.9). This gives a load P, = 7-93 ton, 19 percent
above the experimental value, and not a particularly close estimate.

The end and central moments vary, according to the elastic
solution, as shown by the thinner continuous curves in Fig.
5.10, and full plastic moment is in fact reached at mid-height
when the axial load is 6-40 ton, represented by points K in Figs.
5.9 and 5.10. Assuming that plasticity is confined to the plastic
hinge, a more accurate elastic—plastic analysis may be obtained
beyond point K with the help of stability functions by applying
these to the two halves of the column above and below the hinge.
The deflexions then increase according to the dotted curve KM
in Fig. 5.9, and if no further hinges formed, would tend to
indefinitely large values as the critical load for a column with a
central hinge (i.e. 810 ton) was approached. In fact, full plastic
moment is reached at the ends at an axial load of 7-3 ton, corres-
ponding to points G' in Figs. 5.9 and 5.10. Thereafter the theoreti-
cal load-deflexion curve follows the mechanism line G'J. The
approximate elastic-plastic load—deflexion curve OEKG'J thus
furnishes a high estimate of the failure load, but the analysis of
a number of columns shows that the overestimate is a consistent
one of about 10 percent compared with experimental values.
In a similar series of tests with columns of 125 X 0-25 in. cross-
section (i.e. 50 percent more slender than the above) the point
corresponding to K in Fig. 5.9 is found to lie above the reduced
critical load for a column with a central hinge, so that G’ lies
below K, and the load at K then becomes the best estimate of
failure. Again, this estimate is found to be about 10 percent
above the experimental value.

5.3 The Estimation of Failure Loads
of Compression-loaded Members

Although the above discussion has been with reference to a
compression loaded member disturbed by bending moments
induced by lateral loads in adjacent members, essentially similar
phenomena are observed when the disturbing moments are due
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to initial imperfections or lack of fit, or changes in the axial
lengths of members.

A complete plastic zone analysis for a rigid-jointed triangle, in
which the bending moments are those due to axial extension and
contraction only, has been given by Foulkes.‘3® Murray‘3? tested
a number of triangulated structures, and calculated loads P,
corresponding to point G in Fig. 59. Murray assumed that
bending was induced in the members by imperfections only,
and ignored the effects of changes in length; he found that failure
loads lay between 77 and 98 percent of P,. Since in practice
disturbing moments arise from a number of causes, each of which
may be important, it is readily seen that any attempt to perform
a theoretical analysis is bound to be difficult, and for practical
purposes, recourse must be had to empirical methods justified by
experimental data.

The most useful general method hitherto suggested is the
Rankine load Py already described in Chapter 1 in relation to
pin-ended members (equation (1.39))®. If A is the elastic critical
load factor for a structure containing a member which reaches
its “squash load” (area of cross-section times yield stress) at a
load factor of Ap, then what appears to be a satisfactory approxi-
mation to the failure load is given by the Rankine load factor
Ap where

1 1 1
Folal W (5.2)
The compression member chosen is that having the lowest
squash load factor for the given pattern of loads. For the
column illustrated in Figs. 5.7(a) and 5.8 to 5.10, the axial loads
in the column are:
Elastic critical, 32-2 ton

Squash load, 9-53 ton

32:2 x 9-53
Hence Rankine load Py, = 3221953 = 7-35 ton,

which is 10-2 percent above the experimental failure load.
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When the rigid-plastic load is thus interpreted (i.e. simply as
the squash load in the compression member), no influence of
beam loading appears. If the collapse load of a compression
member in a truss is estimated from equation (5.2), the failure
load will always be increased if the restraint offered by an adjacent
member is increased, since Ay then increases while Ap remains
unchanged. Neal and Mansell®® have shown, however, that
increasing the restraint on a compression member may reduce
the failure load. Merchant3® has proposed the use of a modified
rigid-plastic load in place of the squash load, so that allowance
is made for the deformations imposed on the compression mem-
ber by adjacent members that remain elastic. The deformation
is the elastic deformation calculated without reference to stability
effects. Applying this to the aforementioned frame in the Cam-
bridge series (Fig. 5.7(a)), the rigid-plastic load is taken at point
L on the mechanism line HJ (Fig. 5.9) corresponding to the elastic
central deflexion at full beam load but zero axial load. This
gives a load P;, = 8:74 ton, and substituting this in the Rankine
formula, the estimated failure load becomes

p 32 x 8-47 671
RS rear O

This is in excellent agreement with the observed failure load of

6-67 ton.

The correlation between experimental failure loads and Rankine
loads for single and double curvature columns of 1-25 x 0-375in.
cross-section in the Cambridge tests® is summarised in Tables
5.1 and 5.2.

For the single curvature frames, the Rankine loads are calculated
using both the squash load Pp and Merchant’s load P;, as the
rigid-plastic failure load. It is seen that the Merchant loads give
greatly improved correlation for the more heavily loaded single
curvature columns. The Rankine loads for the less heavily
foaded single curvature columns and all the double curvature
columns are conservative estimates of the actual failure loads.
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TABLE 5.1. CoLuMNS BENT IN SINGLE CURVATURE

Rigid Rankine Load Pr
Axial - i PpP Fr
Frame Beam Load at lElasgc g:ﬁg; Pr=3 £ ;‘; Py
No. Load Failure (I)’a S Load P+ Pg Pp
Fr a2l Pe Py = Ll Py
Py + Py
(ton) (ton) (ton) (ton) (ton)
2/48 4] 776 834 322 6:62 1-17
8:34 6:62 117
2/47 05 7-67 8-34 322 6:62 116
810 647 1-19
2/15 1-48 6-86 953 322 7-35 0-93
875 6.87 1-00
2/16 1-99 667 9-53 322 7-35 091
847 671 0-99
217 2:49 625 953 322 7:35 0-85
813 650 0-96
2/46 2:50 5-58 8-34 322 6:62 084
7-19 5-88 095
2/18 2:99 617 9:53 32:2 7:35 0-84
7-98 6:38 097
TaBLE 5.2. CoLuMNS BENT IN DOUBLE CURVATURE
Axial Elastic Rankine Load
Frame Beam Load at ng:flh Critical PP, Py
No. Load Failure P Load Pp= Y -
Pp P Py Pp + Pg Pg
(ton) (ton) (ton) (ton) (ton)
1/17 0 7-87 853 322 663 119
1/5 1-00 8:03 890 322 698 1’15
1/13 1-50 761 8-53 322 663 115
1/15 2:00 7-63 853 322 6:63 1-15
1/10 2:50 732 890 322 698 1-05

In view of the sensitivity of failure loads in columns to initial
imperfections, the general level of agreement is satisfactory.

The result of applying the Rankine load concept to derive the
failure loads of model triangulated frames is shown in Fig.
5.13.139 The results are plotted non-dimensionally, with Pp/Py
horizontally and Pj/P vertically. The ratio Pp/P is a measure
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of slenderness, while Py/Pp shows the extent to which the failure
load falls below the squash load. Only two of the fourteen results
shown fall below the Rankine load, which thus provides an accep-
table lower bound.
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In view of the many factors that affect the actual failure load of
a compression loaded member (lateral loads on adjacent members,
imperfections, lack of fit and accompanying internal stresses,
internal stresses due to methods of fabrication, and axial defor-
mations in the structure), it is unlikely that the Rankine load can
be much improved upon as a general method of assessing failure
loads.

In a triangulated frame which contains more than the minimum
number of members required to render it simply stiff as a pin-
jointed frame, the load carried by a compression member may
decrease without this causing a decrease in the loading level on the



ELASTIC-PLASTIC BEHAVIOUR 143

truss. The behaviour then becomes quite involved, and as has
been shown by Davies and Neal!4%:4?, dynamic jumps may occur.
The treatment of such frames is beyond the scope of this volume.

5.4 The Elastic-Plastic Failure of Lateral Loaded Frames
Behaviour of a Two-storey Frame

The subject is best introduced by taking a specific example,
and the theoretical results will be given for the two-storey,
single-bay frame illustrated in Figs. 5.14 and 5.15.® The dimen-
sions of the frame and the applied loads are shown in Fig.
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5.14(a), the loads AWp being such that rigid-plastic collapse of
the frame occurs when 4 = 1-00. All members are of the same
uniform symmetrical I-section with the web in the plane of the
frame. It is assumed that the area of the web is negligible com-
pared with that of the flanges, so that the cross-section has unit
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shape factor and all members remain fully elastic except at the
plastic hinge positions. (This assumption greatly simplifies
the analysis and leads to imperceptible error in problems of this
type.) The depth between the flanges is 2r where, therefore, r
is the radius of gyration for bending in the plane of the
web. All members are of the same length / where I/fr = 100.
The modulus of elasticity is £ = 30 x 10° Ib/in2, and the yield
stress (at which indefinite plastic deformation can occur) is
36 x 10% lb/in%. The variation of full plastic moment with
axial load is small in a frame of this slenderness, and is therefore
neglected.

Figure 5.14(a) shows the deformation of the structure according
to a linear elastic analysis, that is, ignoring the effect of axial
loads on the stiffnesses of the members. The ratio of upper to
lower storey sway A,/A,; is 0-88. When the total sway (4; + Ay)
is plotted against the load factor A, the straight line 4 (Fig. 5.15)
is obtained. Under axial loads only (Fig. 5.14(b)), the first
elastic critical load is obtained at A, = 3-37, the ratio A,/A;
being 0-67. Under the full loading, allowing for instability
effects, the elastic analysis gives curve B, in Fig. 5.15. Curve
B, is an approximation to the elastic response obtained from the
linear analysis (straight line 4) by multiplying the total sway
deflexion at any given load factor 4 by 1/(1 — 4/Ay). This is
equivalent to assuming that the modes of deformation in Fig.
5.14(a) and (b) are identical, and that only the first terms in equa-
tions (1.23) and (1.24) have non-zero coefficients. It will be seen
that the difference between the modes has negligible effect.

The rigid-plastic collapse mechanism (giving 1 = 1-00 and
AyJA; = 1-00) is shown in Fig. 5.14(c). Curve C in Fig. 5.15 is
the elastic-plastic load-deflexion curve, the order of hinge
formation being as shown in Fig. 5.14(d). The peak load occurs
on the formation of the third hinge at point F in Fig. 5.15, giving
Ay = 0-777. Hinge 5 (at the centre of the lower beam) ceases
to be operative when hinge 6 forms, while hinges 1, 4 and 7
also cease when hinge 8 forms. The final plastic collapse mechan-
ism is thus with hinges in the lower storey only, as shown in
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Fig. 5.14(e), and thus differs significantly from the rigid—plastic
mechanism, Fig. 5.14(c).

It is of some interest to trace the decline in the stability of the
structure with the progressive formation of plastic hinges. This
may be achieved by reference to the “reduced critical loads”,
obtained by assuming structural hinges at these sections. Results
are given in Table 5.3, which also shows the loads at which the
plastic hinges form in the loading sequence.

TABLE 5.3
Positions of Hinges w%l?ca;:ig :;t‘}’;ist R(e:d}-l?ed Elastic
(Fig. 5.14(d)) Forms £ l‘l%(:(l:lt;oad
Elastic — 337
1 0-613 202
L2 0-768 152
1,2,3 0-777 0-54
1,2,3,4 0-745 0-48

With the formation of the third hinge at Az = 0-777, the reduced
critical load falls to 4 = 0-54 so that the frame is unstable and
the load has to be decreased at higher deflexions to maintain
equilibrium. Similar results have been obtained by Wood for
two four-storey frames.?

5.5 The Elastic—Plastic Failure of Lateral Loaded Frames
The Rankine Load as an Approximation to Failure Load

The Rankine load again appears to be a sufficiently reliable
lower bound on failure loads. In this application 4, in equation
(5.2) is to be interpreted as the rigid—plastic failure load factor
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of the structure, and may be obtained by any of a number of
established methods.(3%:48 The elastic critical load factor Ag
refers to a distribution of axialloads in which there is some freedom
of choice, but it is found that the actual distribution selected has
little effect on the final result. When considering multi-storey
frames, it is sufficient to ignore axial loads in the beams and
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the effect of horizontal loads generally, and to divide beam loads
equally between columns. In pitched roof portal frames, it is
permissible either to take the distribution of axial loads obtained
as the result of a linear elastic analysis, or to assume axial loads
proportional to those obtained at rigid—plastic collapse.
Salem‘ has compared Rankine loads with theoretical failure
loads for a large number of single and two-storey frames, and his
results are summarised in Fig. 5.16. The Rankine load is a close
estimate of the failure load when the general forms of the first
elastic critical mode and of the rigid plastic failure mechanism are
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similar, as, for example, in the case of the two-storey frame analysed
above (Rankine load factor iz = 1-00 x 3-37/(1-00 4 3-37)
= 0-772, failure load factor Az = 0-777). When the side
load on a frame is small, so that rigid-plastic failure is confined
to a beam, the Rankine load may fall well below the failure load.
These features are illustrated by the plotted points in Fig. 5.16.
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It has been shown*? that there is some theoretical justification
for the Rankine load when the rigid—plastic mechanism and first
elastic critical mode are similar in form. Initial imperfections
and lack of fit have, for such frames, negligible effect on failure
loads, and need not therefore be considered in the argument.

In Fig. 5.17, in which the vertical scale is that of load factor
and the horizontal scale is for a typical deflexion, HJ represents
the elastic critical load level for a structure, and LN the rigid—
plastic collapse load level. The elastic load—deflexion relation
ignoring instability and change of geometry is the straight line
OC. Similarly, it would be possible to calculate an elastic—
plastic load—deflexion curve ORS which also ignored instability
effects and change of geometry. This theoretical curve would
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either meet, or become asymptotic to, the line LN. If the rigid-
plastic failure mechanism and the elastic critical mode are closely
similar, the following construction may be used to derive the
true elastic-plastic response curve OFD from the curve ORS.

Let A be the deflexion obtained on the linear elastic line OC
at load factor 4. From point G at a deflexion — A, on the hori-
zontal axis draw GT to any point T on ORS, intersecting the ver-
tical axis at U. Then point ¥, where TV and UV are vertical and
horizontal respectively, is on the true elastic-plastic load—deflexion
curve OFD. The more the rigid—plastic mechanism and the elastic
critical modes differ the more will the derived curve fall below the
true curve. An estimate of the failure load factor is obtained by
drawing the tangent GF to the curve ORS, and this estimate must
be conservative.

The Rankine load may now be derived by taking, as an approxi-
mation to the curve OES, the two straight lines OEN in Fig.
5.18. From similar triangles GUO, GEE’,

p _ Ag+ Ao
iy A

and from similar triangles OEE’, OCC’,

)LC’_AC’

Ap Ag
Eliminating As/Ag, it follows that

1 1 1

—_— s — ——

Ar o n

i.e. Ap so derived is the Rankine load.

Since OEN in Fig. 5.18 is always an upper bound to ORS in
Fig. 5.17, a consistent tendency for the Rankine load to over-
estimate the failure load is here superimposed on the tendency
inherent in the construction of Fig. 5.17 to lead, due to differences
between the rigid-plastic mechanism and the elastic critical mode,
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to an underestimate. It is the cancellation of these contradictory
effects that causes the Rankine load to be a close estimate of
failure except when the elastic critical mode and the rigid-plastic
mechanism are completely different in form.

It should be remembered that actual failure loads depend on
internal stresses and cannot, therefore, be expected to be invariants
for nominally identical frames. Refined detailed analysis can
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therefore hardly be justified and the test of formulae should be
empirical. Unfortunately, complete frame tests are rare and most
of those done have been performed at model scale.

Design codes dealing with stability effects are at present (1964)
largely out of date and indeed some are at present undergoing
revision. It is not the aim of this book to explain or comment on
particular codes but rather to give a perspective of the phenomena
involved in the behaviour of frames. It is hoped that it will be
found useful for this purpose.

As a further comment it is worth emphasising the low sway
critical loads of portal frames. It is certainly desirable to provide
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sway stiffness to tall buildings by shear walls or such devices
and tall skeletal buildings should not be erected without a proper
understanding of the phenomena described in this chapter.

5.6 Ultimate Loads of Structures in Strain-hardening Material

The use of the tangent modulus concept to obtain estimates of
ultimate loads for pin-ended compression members has already
been mentioned in Chapter 1. It was emphasised there that,
because of the importance of imperfections, this is essentially
an empirical procedure, but that it has been found highly success-
ful for a number of materials. The application of the same
concept to structures containing compression loaded and tensile
loaded members involves trial calculations at increasingly high
load levels until the critical load, calculated using the tangent
moduli of the individual members, drops to the level of the applied
load. This is a straightforward if tedious process, but is the only
general method at present available. Little progress has been
made in calculating the failure loads of structures in strain-
hardening material when lateral loading predominates.

Examples

5.1 The uniform rectangular portal frame 4ABCD shown in
Fig. 5.19 is subjected to axial loads W in the columns and a shear
load of 0-2 W. With W equal to 4000 1b, 10,000 Ib, and 20,000
1b the elastic lateral deflexions A at B would be 1:378 in., 4:5 in.
and 18-3 in. respectively. The frame is made of a 2in. X 2 in. solid
rectangular section throughout with an E-value of 30 x 10 Ib/in?
and a yield stress of 30 x 103 1b/in?.

Plot the elastic stability line for the structure in terms of W
against A showing the elastic critical load. Also plot a plastic
collapse line on the assumption of a rigid-plastic behaviour of
the material, taking into account the change of equilibrium of the
collapse mechanism with finite deflexions. Ignore the reduction

6
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of plastic moment due to end load and assume negligible axial
load in the beam.

Using an empirical formula calculate the maximum value of W
which the structure will carry and sketch in a probable line to
describe its real behaviour.

{Manchester, Honours Engineering, Faculty of Science Part II

1962.)
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5.2 A member of length L is contained in a triangulated plane
frame. Linear elastic analysis shows that, when the frame is
subjected to working loads applied at nodal points only, secondary
moments cause terminal bending stresses in the member of o
and o, where, when oy and o, are of like sign, the terminal mo-
ments act in like sense. If the extreme fibre distance is ¢ and the
modulus of elasticity is E, show that the central lateral deflexion
of the member at load factor 4 is A(o; — 0,)L%/16 Ec.

The member has an additional central deflexion of a, = 7r?/c
where r is the radius of gyration and # is the imperfection co-
efficient (see Section 1.14). The full plastic moment under a mean
axial stress Ac may be expressed in the form

Ac Ao
MP‘—‘O‘ySz l—g S3+'('7-y—

where o, is the yield stress and S, and S; are constants. The stress
o is the mean axial stress in the member at working loads. Show
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that, with a central deflexion of {a; + A(o; — 0,)L2/16 Ec},
rigid—plastic failure occurs with plastic hinges at both ends and
at the centre at a load factor Ap given by the solution of the quadra-
tic equation

(o) 1 7 lea = 0 47}
o] 32 ooy ¢S,

Yy
lPG): nArz}
—|— Nl =S ——=—S5=0
(a 528, 3

Yy
where oy is the mean axial stress corresponding to the Euler
buckling load for the member treated as a pin-ended strut, and 4
is the area of cross-section.

For such a member, 4 = 5-88 in2, r = 1-20 in., ¢ = 263 in.,
L =150 in., » = 0-003 L/r, S, = 10-45 in3, S5 = 0-383, 0 = 4-5
ton/in?, oy = 3-5 ton/in%, ¢, = 0, E = 13,000 ton/in?% ¢, = 16
ton/in%. At the elastic critical load of the truss, the stress in the
member is 2:140y. If failure of the truss occurs due to elastic—-
plastic failure of the member, use the rigid-plastic failure load
as derived above together with the elastic critical load, to obtain
an estimate of the load factor at failure.

(Answers to the above questions may be found on page 154.)



1.3
1.6

Answers to Examples

Chapter 1
9-45 ton/in2.
10% x 2-227 < o5 < 10* x 2:326 1bfin2.
10* x 1-965 1b/in2.

Chapter 3
32 _EL 2:045 x 8 _ EI, 32 | EI
30 W= g2 22 w=2"""""00 70 gy T2 e L
V3T Ie 3 I 37 12
32 /3Py <P <443 Pg.
3.3 10-8 EI/L.
34 Wy =322 EIL2

4.4
4.6

5.1

5.2

Chapter 4

P|Py — 1/16 as ky/k; — 0.
PIP, = 0-492

Chapter 5

Intersection of elastic line and plastic mechanism line at
W = 8800 Ib.

Elastic critical load = 29,200 1b.

Rankine load = 8500 1b.

Ap = 310, Ao = 3-89, Ay = 1-73.
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TABLE Al STABILITY

p | s c s sc

0-00 4-0000 05000 3-0000 2-0000
—132 25 —198 33

0.01 3-9868 0-5025 2:9802 2-0033
—132 25 —199 33

0-02 3:9736 0-5050 2-9603 2:0066
—132 25 —200 34

0-03 3-9604 0-5075 2:9403 2-0100
—133 26 —202 33

0-04 3-9471 0-5101 2-9201 2-0133
—133 26 —202 34

0-05 3-9338 0-5127 2-8999 2:0167
—134 26 —204 34

0-06 3-9204 0-5153 2-8795 2-0201
—134 26 —205 34

0:07 3-9070 0-5179 2-8590 2-0235
—134 27 —206 35

0-08 3-8936 0-5206 2-8384 20270
—134 27 —207 34

0-09 3-8802 0-5233 2-8177 2-0304
—~—135 27 —209 35

010 3-8667 0-5260 2-7968 2-0339
—136 28 —210 35

0-11 3-8531 0-5288 2-7758 2:0374
—135 28 —211 36

0-12 3-8396 0-5316 27547 2-0410
—136 28 —213 35

0-13 3-8260 0:5344 2-7334 2-0445
-—137 28 —214 36

0-14 3-8123 0-5372 27120 2-0481
—136 29 —215 36

0-15 3-7987 0-5401 2:6905 2-0517
—138 29 —-217 36

0-16 3-7849 0-5430 2-6688 2-0553
—137 30 —218 37

0-17 37712 0-5460 2-6470 20590
138 30 —219 36

0-18 3-7574 0-5490 26251 2:0626
—138 30 -221 37

0-19 3-7436 0-5520 2-6030 2-0663
—139 30 —222 38

0-20 3-7297 0-5550 2-5808 2-0701
—139 31 —224 37

0-21 3-7158 0-5581 2-5584 2-0738
—139 31 —225 38

022 3-7019 0-5612 2-5359 20776
—140 32 —227 37

0-23 3-6879 0:5644 2-5132 2-0813
—140 32 —228 39

0-24 3-6739 0-5676 2:4904 2:0852
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FUNCTIONS p = 0 to 1-00

s(t+0 f m n o P

6-0000 1-0000 1-0000 1-0000 1-0000 0-00
—99 16 83 —331 166

5-9901 1-0016 1-0083 0-9669 1-0166 0-01
—99 17 85 —336 171

5-9802 1-0033 1-0168 0-9333 1-0337 0-02
—99 17 86 —340 174

5-9703 1-0050 1-0254 0-8993 1-0511 0-03
—99 16 89 345 179

59604 1-0066 1-0343 0-8648 1-0690 0-04
—99 17 20 —350 182

5-9505 1-0083 1-0433 0-8298 1-0872 0-05
—100 17 92 —355 188

5-9405 1-0100 1-0525 0-7943 1-1060 0-06
—99 17 93 —359 192

5:9306 1-0117 1-0618 0-7584 1-1252 0-07
—100 17 96 —366 196

5:9206 1-0134 1-0714 0-7218 1-1448 0-08
—100 17 98 —370 202

5-9106 1-0151 1-0812 0-6848 1-1650 0-09
—100 17 101 —377 206

5-9006 1-0168 1:0913 0-6471 1-1856 010
—100 18 102 —382 212

5-8906 1-0186 1-1015 0-6089 1-2068 0-11
~101 17 105 —388 217

5-8805 1-0203 1-1120 0-5701 1-2285 012
—100 18 107 —395 223

5-8705 1-0221 1-1227 0-5306 1-2508 0-13
—101 17 109 —401 229

5:8604 1-0238 1-1336 0-4905 1-2737 0-14
—100 18 113 —407 235

5-8504 1-0256 1-1449 0-4498 1-2972 0-15
—101 17 114 —415 241

5-8403 1-0273 1-1563 0-4083 1-3213 0-16
—101 18 118 —422 248

5-8302 1-0291 1-1681 0-3661 1-3461 0-17
-102 18 120 —428 254

5-8200 1-0309 1-1801 0:3233 1-3715 0-18
-101 18 123 —437 261

5-8099 1-0327 1-1924 0-2796 1-3976 0-19
~101 18 127 —445 269

5-7998 1-0345 1-2051 0-2351 1-4245 0-20
—102 18 129 —452 276

57896 1-0363 1-2180 0-1899 1-4521 0-21
—102 19 133 —461 284

57794 1-0382 1-2313 0-1438 1-4805 0:22
—102 18 136 —470 293

5:7692 . 1-0400 1-2449 0-0968 1-5098 0-23
—~102 18 140 —479 300

5-7590 1-0418 1-2589 0-0489 1-5398 0-24
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TABLE Al (continued)

P s c s sc

0-24 3-6739 0-5676 2-4904 2-0852
—141 32 —230 38

0-25 3-6598 0-5708 2:4674 2-0890
—141 33 —231 39

0-26 3-6457 0-5741 24443 2-0929
—141 33 —233 39

0-27 3-6316 0-5774 2:4210 2-0968
—142 33 —235 39

0-28 3-6174 0-5807 2-3975 2:1007
~143 34 —-237 39

0-29 3-6031 0-5841 2:3738 2:1046
—142 34 —238 40

0-30 3-5889 0-5875 2-3500 2-1086
143 35 —239 40

0-31 3-5746 0-5910 2-3261 2-1126
—144 35 —242 40

0-32 3-5602 0-5945 2:3019 2-1166
—144 36 —243 40

0-33 3-5458 0-5981 2:2776 2-1206
—144 36 —245 41

034 3-5314 0-6017 2:2531 2-1247
—145 36 -—247 41

0-35 3-5169 0-6053 2-2284 2-1288
—145 37 —249 41

0-36 3-5024 0-6090 2-2035 2-1329
—146 37 —251 42

0-37 3-4878 0-6127 2-1784 2-1371
—146 38 —252 41

0-38 3-4732 0-6165 2:1532 2:1412
—146 38 —255 42

0-39 3-4586 0-6203 2:1277 2-1454
—147 39 —256 43

0-40 3-4439 0-6242 2-1021 2:1497
—147 39 —259 42

0-41 3-4292 0-6281 2:0762 2:1539
—148 40 —260 43

0-42 3-4144 0-6321 2-0502 2-1582
—149 40 —263 44

0-43 33995 0-6361 2-0239 2:1626
—148 41 —265 43

0-44 3-3847 0-6402 1-9974 2-1669
—149 41 —267 44

0-45 3-3698 0:6443 1-9707 2:1713
—150 42 —269 44

0-46 3-3548 0-6485 1-9438 2-1757
—150 43 —272 44

0-47 3-3398 0-6528 1-9166 2-1801
—151 43 —273 45

0-48 3-3247 0-6571 1-8893 2-1846
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s 4+ o) ¥ m n o P
5-7590 1-0418 1-2589 0-0489 1-5398 0-24
—102 19 143 —489 310
5-7488 1-0437 1-2732 0-0000 1-5708 0-25
—103 19 148 —498 319
5-7385 1-0456 1-2880 —0-0498 1-6027 0-26
—102 18 151 —509 328
5-7283 1-0474 1-3031 —0-1007 1-6355 0-27
—103 19 155 —520 339
5-7180 1-0493 1-3186 —0-1527 1-6694 0-28
—103 19 160 —530 349
57077 1-0512 1-3346 —0-2057 1-7043 0-29
—103 19 165 —542 359
56974 1-0531 1-3511 —0:2599 1-7402 0-30
—103 19 169 —554 372
56871 1-0550 1-3680 —0-3153 1-7774 0-31
—103 19 174 —567 383
5-6768 1-0569 1-3854 —0-3720 1-8157 0-32
—104 20 179 —580 395
56664 1-0589 1-4033 —0-4300 1-8552 0-33
—103 19 185 —594 409
56561 1-0608 1-4218 —0-4894 1-8961 0-34
—104 20 190 —608 422
56457 1-0628 1-4408 —0-5502 1-9383 0-35
—104 19 196 —623 437
5-6353 1-0647 1-4604 ~0-6125 1-9820 0-36
—104 20 202 —638 451
56249 1-0667 1-4806 —0:6763 2:0271 0-37
—104 20 209 —655 467
56145 1-0687 1-5015 —0-7418 2:0738 0-38
—105 20 216 —672 484
5-6040 1-0707 1-5231 —0-8090 2:1222 0-39
—104 20 222 —691 501
5-5936 1-0727 1-5453 —0-8781 2-1723 0-40
—105 20 231 —709 519
5-5831 1-0747 1-5684 —0-9490 2-2242 0-41
—105 20 238 —729 539
5-5726 1-:0767 1-5922 —1-0219 2-2781 0-42
—105 20 246 —750 558
5-5621 1-0787 1-6168 —1-0969 2:3339 0-43
—105 21 255 —772 580
5-5516 1-0808 1-6423 —1-1741 2-3919 0-44
—106 20 265 —796 603
5-5410 1-0828 1-6688 —1-2537 2:4522 0-45
—105 21 274 —820 626
5-5305 1-0849 1-6962 —1-3357 2:5148 0-46
—106 21 285 —845 651
5-5199 1-0870 1-7247 —1-4202 2:5799 0-47
-—106 21 295 —874 678
5-5093 0-0891 1-7542 ~1-5076 2-6477 0-48
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TaBLE Al (continued)

P s c s sc

0:48 3-3247 0-6571 1-8893 2-1846
—151 43 —276 45

0-49 3-3096 0-6614 1-8617 2-1891
—151 45 -279 45

0-50 3:2945 0-6659 1-8338 2:1936
—152 45 —281 46

0-51 3:2793 0-6704 1-8057 2-1982
-153 45 —283 46

0-52 3-2640 0-6749 1-7774 2-2028
—153 46 —286 46

0-53 3-2487 0-6795 1-7488 2:2074
-—-153 46 —288 47

0-54 3-2334 0-6841 1-7200 22121
—154 48 —291 47

0-55 3-2180 0-6889 1-6909 2:2168
-—155 48 —294 47

0-56 3-2025 0-6937 1-6615 2:2215
—155 49 —296 48

0-57 3:1870 0-6986 1-6319 2-2263
—155 49 -—299 43

0-58 3-1715 0-7035 1-6020 2-2311
—156 50 —302 48

0-59 31559 0-7085 1-5718 2-2359
—156 51 —304 48

0-60 3-1403 0-7136 1-5414 2-2407
—157 51 —308 49

0-61 3-1246 0-7187 1-5106 2-2456
—158 52 —311 50

0:62 3-1088 0-7239 1-4795 2-2506
—158 53 —313 49

0-63 3-0930 0-7292 1-4482 2-2555
—159 54 =317 50

0-64 3-0771 0-7346 1-4165 22605
—159 55 —320 51

0:65 3-0612 0-7401 1-3845 2:2656
-159 55 —323 50

066 3-0453 0-7456 1-3522 2-2706
—160 57 —326 51

0-67 3-0293 0-7513 1-3196 22757
—161 57 —330 52

0-68 3-0132 0-7570 1-2866 2-2809
—-161 58 —333 52

0-69 2-9971 0-7628 1:2533 2-2861
—162 59 —336 52

0-70 2-9809 0-7687 1-2197 2-2913
—163 59 —341 53

0-71 2:9646 0-7746 1-1856 2-2966
—163 61 —344 53

0-72 2-9483 0-7807 1-1512 2-3019

162




s(1 4+ ¢)

f m n 4 p

5-5093 0-0891 17542 —1:5076 2-6477 0-48
—106 21 307 —902 706

5-4987 1-0912 1-7849 —1-5978 2:7183 0-49
—106 21 321 —932 737

5-4881 1-0933 1-817 —1-691 2:792 0-50
—106 21 33 -97 77

5-47175 1-0954 1-850 —1-788 2-869 0-51
—107 21 35 —~100 80

5-4668 1-0975 1-885 —~1-888 2-949 0-52
—106 22 36 —-103 83

5-4562 1-0997 1-921 —1-991 3-032 0-53
-107 21 37 —108 88

5-4455 1-1018 1-958 —2-099 3-120 0-54
—107 22 40 —111 92

5-4348 1-1040 1-998 —2:210 3-212 0-55
—108 22 41 —116 96

5-4240 1-1062 2-039 —2:326 3-308 0-56
—107 22 43 —121 100

5-4133 1-1084 2-082 —2-447 3-408 0-57
-107 22 45 —126 106

5-4026 1-1106 2-127 —2:573 3-514 0-58
-108 22 47 —132 111

5-3918 1-1128 2:174 —2-705 3-625 0-59
—108 22 49 —137 116

5-3810 11150 2-223 —2-842 3-741 0-60
—108 23 53 —144 123

5-3702 1-1173 2:276 ~2-986 3-864 0-61
—108 22 55 — 105 130

5-3594 1-1195 2-331 —3-136 3-994 0-62
—109 23 58 —158 137

5-3485 11218 2-388 —3-294 4-131 063
—108 23 61 -165 145

5-3377 1-1241 2-449 —3-459 4-276 0-64
—109 23 65 —175 153

5-3268 1-1264 2-514 —3-634 4429 0-65
—-109 23 68 —183 163

5-3159 1-1287 2-582 —3-817 4592 0-66
—109 23 72 —194 173

5-3050 1-1310 2-654 —4-011 4-765 0-67
—109 23 77 —205 183

5-2941 1-1333 2-731 —4-216 4-948 0-68
—110 24 82 —218 197

5-2831 1-1357 2-813 —4-434 5-145 0-69
—109 23 87 —~230 209

5:2722 1-1380 2-900 —4:664 5-354 070
—110 24 94 —246 224

5-2612 1-1404 2-994 —4-910 5-578 0-71
—110 24 100 —262 241

5-2502 1-1428 3-094 —5172 5-819 0-72
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TABLE Al (continued)

P 5 ¢ 5 sc
072 2-9483 0-7807 1-1512 2-3019
—163 62 —347 53
073 2-9320 0-7869 1-1165 2:3072
—164 63 —-351 54
074 2-9156 0-7932 1-0814 2:3126
—165 63 -~356 54
075 2-8991 0-7995 1-0458 2-3180
—165 65 —359 54
0-76 2-8826 0-8060 1-0099 2-3234
—166 66 —363 55
0-77 2-8660 0-8126 0-9736 2-3289
~166 67 —368 56
0-78 2-8494 0-8193 0-9368 2-3345
—167 68 —371 55
0-79 2-8327 0-8261 0-8997 2-3400
—168 69 —376 56
0-80 2-8159 0-8330 0-8621 2-3456
—168 70 -381 57
0-81 2-7991 0:8400 0-8240 2-3513
—169 72 —385 57
082 2-7822 0-8472 0-7855 2-3570
—169 72 —390 57
083 2-7653 0-8544 0-7465 2-3627
—170 74 —394 58
0-84 2-7483 0-8618 0-7071 2:3685
—171 75 ~400 58
0-85 2-7312 0-8693 0-6671 2:3743
—171 77 -~ 404 59
0-86 2-7141 0-8770 06267 2-3802
—172 78 —410 59
0-87 2-6969 0-8848 0-5857 2-3861
—172 79 —415 60
0-88 2-6797 0-8927 0-5442 2-3921
-173 81 —420 60
0-89 2-6624 09008 0:5022 2-3981
—174 82 —426 61
0-90 26450 0-9090 0-4596 2-4042
—175 83 —431 61
0-91 26275 0-9173 0-4165 2-4103
—175 85 —438 61
0:92 2-6100 0-9258 0-3727 2-4164
—176 87 —443 62
0-93 2-5924 0-9345 0-3284 2-4226
—176 88 449 63
0-94 2-5748 09433 0-2835 2-4289
—178 90 —456 63
095 2-5570 0-9523 0-2379 2-4352
—178 92 —462 63
0-96 2-5392 0-9615 0-1917 2-4415

164




st + o) f m n o P
5-2502 1-1428 3-094 —5-172 5-819 0-72
—110 24 107 —281 259
52392 1-1452 3-201 —5-453 6-078 0-73
—110 24 115 —301 279
5-2282 1-1476 3316 —5-754 6357 0-74
—111 25 125 —324 302
52171 1-1501 3-441 —6-078 6659 0-75
—111 24 136 —349 327
5-2060 1-1525 3-577 —6-427 6-986 0-76
—111 25 147 —379 357
5-1949 1-1550 3-724 —6-806 7-343 077
—111 24 160 —411 389
5-1838 1-1574 3-884 —7-217 7-732 0-78
—111 25 176 —450 427
51727 1-1599 4-060 —7-667 8:159 0-79
—111 25 193 —492 471
5-1616 1-1624 4-253 —8-159 8-630 0-80
—112 26 213 —534 520
5-1504 1-1650 4-466 —8-702 9-150 0-81
—112 25 237 —601 578
5-1392 1:1675 4-703 —9-303 9-728 0-82
—112 25 265 —670 648
51280 1-1700 4968 —9973 10-376 0-83
—112 26 298 —752 729
51168 1-1726 5266 —10-725 11-105 0-84
—112 26 338 —850 827
5-1056 1-1752 5-604 —11-575 11-932 0-85
—113 26 386 —969 946
50943 1-1778 5990 —12-544 12-878 0-86
—112 26 446 —1-116 1:093
5-0831 1-1804 6436 —13-660 13-971 0-87
—113 26 520 —1-299 1276
50718 1-1830 6956 —14-959 15-247 0-88
—113 27 614 —1-532 1:508
5-0605 1-1857 7-570 —16-491 16755 0-89
—114 26 737 —1-835 1-812
5-0491 1-1883 8-307 —18-326 18-567 0-90
—113 27 — — —

5-0378 1-1910 9-208 —20-57 20-78 0-91
—114 27 — —_— —

5-0264 1-1937 10-334 —23-36 23-55 092
—114 27 —_ — —_

5-0150 1-1964 11-781 —2695 27-12 0-93
—114 27 — — —

5-0036 1-1991 13-711 —31-73 31-87 0-94
—114 28 — — —_

4-9922 1-2019 16-413 —38-41 38-53 0-95
—-114 27 — — —

4-9808 1-2046 20-47 —48-43 48-53 0-96
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TABLE Al (continued)

P s c s sc

0:96 25392 0-9615 0-1917 2-4415
—178 94 —469 64

0-97 2-5214 0-9709 0-1448 24479
—179 95 —476 65

0-98 25035 0-9804 0-0972 2-4544
—180 97 —482 65

0-99 2-4855 0:9901 0-0490 2-4609
—181 99 —490 65

1-:00 2:4674 1-0000 0-0000 2-4674

TABLE A2 STABILITY

P s c s” sc

1-00 2:467 1-000 0-000 2-467

—184 111 —534 69
1-10 2:283 1-111 —0-534 2-536

—193 138 —635 74
1-20 2-:090 1-249 —1-169 2-610

—201 175 —775 81
1-30 1-889 1-424 ~1-944 2-691

—211 232 —978 88
1-40 1-678 1-656 —2:922 2779

—221 317 —1293 96
1-50 1-457 1-973 —4:215 2-875

—233 462 —1817 105
1-60 1-224 2-435 —6-032 2-980

—246 731 —2793 116
1-70 0978 3:166 —8-825 3-096

—261 — — 128
1-80 0-717 4-497 —13-783 3-224

—278 — — 143
1-90 0-439 7-661 —25-352 3-367

—296 — — 158
2:00 0-143 (24-68) (—86-86) 3-525

-319 — — 177
2-10 —0-176 (—21-07) (77-83) 37-02
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s+ o) f m # 0 ,
4-9808 1-2046 20-47 —48:43 48-53 0-96
—-115 28 — — —

4-9693 1-2074 27-22 —65-11 65-19 0-97
-—115 28 — — —
4:9578 1-2102 40-73 —98-47 98-51 0-98
—~115 28 — — —_
4-9463 1-2130 81:26 —198-48 198-51 0-99
-115 28 — — —
4-9348 1-2158 © w0 ') 1-00
FUNCTIONS p = 1-00 to 4-00
s(1 4+ ¢) f m n ] P
4-935 1-:216 © w0 5 1-00
—117 29 — _ —
4-818 1-245 —7-902 21-32 —21-57 1-10
—118 32 — —_ —
4-700 1-277 —3-847 11-13 —11-65 1-20
—120 33 — — —
4-580 1-310 —2-495 7-60 —8-40 1-30
—123 36 — — —
4-457 1-:346 —1-818 573 -—6-83 1-40
—125 39 — —_ —
4-332 1-385 —1-411 4-51 -—593 1-50
—128 42 272 —89 56
4-204 1-427 —1-139 3-62 —35-37 1-60
—130 46 195 -72 35
4-074 1-473 —0-944 2-90 —502 1-70
—133 49 146 —6l 22
3-941 1-522 —0-798 2-29 —4-80 1-80
—135 54 115 —55 13 |
3-806 1-576 —0-683 1-74 —4-67 i 1-90
—138 60 92 —51 6 |
3-668 1-636 —0-591 1-23 —4-61 2-00
—142 66 75 —50 [ ]
3-526 1-702 —0-516 073 —4-61 2-10
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Tasre A2 {continued overleaf)



TaBLE A2 (continued)

P s c s sc
2:10 —0-176 (—21-07) (77-83) 3-702
—343 — — 199
220 —0-519 —7-511 28-781 3-901
—374 — — 226
2-30 —0-893 —4-623 18-185 4-127
—408 — — 256
240 —1-301 —3-370 13472 4383
—449 697 —2718 295
2-50 —1-750 —2-673 10-754 4-678
—499 442 —1806 340
2-60 —2-249 —2:231 8-948 5-018
—560 303 —1317 397
2:70 —2-809 —1-928 7-631 5-415
—636 220 -~1025 469
2-80 —3-445 —1-708 6:606 5-884
—-731 165 —839 560
2-90 —4-176 —1-543 5-767 6-444
—856 127 —714 680
3-00 —5-032 —1-416 5-053 7-124
—1020 100 —629 838
3-10 —6-052 —1-316 4-424 7-962
—1245 80 —568 1059
320 —17-297 —1-236 3-856 9-021
—1566 63 —527 1374
3-30 —8-863 —1-173 3-329 10-395
—2045 51 —497 1847
3-40 —10-908 —1-122 2-832 12:242
—2811 40 —479 2607
3-50 —13-719 —1-082 2353 14-849
— 31 —467 —_
3-60 -17-87 —1-051 1-886 18-79
— 23 —463 —_—
3-70 —24-68 —1-028 1-423 25:39
— 16 —465 _
3-80 -—38-17 —1-012 0-958 38-65
—_ 9 —473 —
3-90 —178-34 —1-003 0-485 78-58
— 3 —485 —_
4-00 - —1-000 0-000 @
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s(1 + ¢) f m n 4 p
3:526 1-702 —0-516 0-73 —4-61 2-10
—144 72 64 —48 —6
3-382 1774 —0-452 0-25 —4-67 2:20
—148 81 54 —50 —10
3-234 1-855 —0-398 —0-25 —4-77 2-30
—151 91 46 —51 —16
3-083 1-946 ~0-352 —0-76 —4-93 2-40
-~155 103 41 -53 —20
2-928 2-049 —0-311 —1-29 —513 2-50
—159 118 36 —58 —-27
2-769 2-167 —0-275 —1-87 —5-40 2-60
—163 135 32 —62 —33
2-606 2-302 —0-243 —2-49 -573 2:70
—167 158 29 —69 —42
2-439 2-460 —0-214 —3-18 —6°15 2-80
—171 186 26 -78 —-51
2-268 2-646 —0-188 —3-96 — 666 2:90
—176 223 23 —90 —64
2-092 2-869 —0-165 —4-86 —7-30 3-00
—181 272 22 -106 —80
1-911 3-141 —0-143 —5-92 —8-10 310
—187 339 20 —127 —103
1-724 3-480 —0-123 —7-19 —9-13 3:20
—192 436 19 —159 —135
1-532 3-916 —0-104 —8-78 —10-48 3:30
—198 581 18 —207 —182
1-334 4-497 -—0-086 —10-85 —12-30 3-40
—-204 813 16 —283 —259
1-130 5-31 —0-070 —13-68 —14-89 3:50
—211 — i5 — —_

0-919 653 —0-055 —17-84 —18-81 3-60
—218 — 15 — —_

0-701 8-56 —0-040 —24-67 —25-40 3-70
—225 —_ 14 — _—

0-476 12-61 -—0-026 —38-17 —38-66 3-80
—234 — 13 — —_

0-242 24-77 —0-013 —178-33 —78-58 3:90
—242 — 13 — —

0 e 0 — 0 — 4-00
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TABLE A3 RECIPROCAL

1 1
P = o
[ S
0-80
0:90
1-00 1-0000
—998
1-10 0-9002
—994
1-20 0:3008
—988
1-30 0-7020
—980
1-40 0-6040 —0-3422
—972 1050
1-50 0-5068 —0-2372
—961 714
1-60 0-4107 —0-1658
—949 525
1-70 0:3158 —0-1133
—934 407
1-80 0-2224 —0-0726
—919 332
1-90 0-1305 —0-0394
—9500 279
200 0-0405 —0-0115
—880 243
2-10 —0-0475 0-0128
—856 219
220 —0-1331 0-0347
—832 203
2:30 —0-2163 0-0550
—804 192
240 —0-2967 0-0742
—774 188
2:50 —0-3741 0-0930
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STABILITY FUNCTIONS

1 1 1
= = - p
m n (4
0-2351 —0-1226 0-1159 0-80
—1147 680 - 620
0-1204 —0-0546 0-0539 0-90
—1204 546 —539
0-0000 0-0000 0-0000 1-00
—1266 469 —464
—0-1266 0-0469 —0-0464 1-10
—1333 429 —394
—0-2599 0-0898 —0-0858 120
—1410 418 —-332
—0-4009 0-1316 —0-1190 1-30
—1493 430 —274
—0-5502 0-1746 —0-1464 1-40
—1587 470 —222
—0-7089 0-2216 —0-1686 1-50
—1692 548 —175
—0-8781 0-2764 —0-1861 1-60
—1811 683 —131
—1:0592 0-3447 —0-1992 170
- 1945 922 —93
—1-2537 0-4369 —0-2085 1-80
1-90
2:00
210
2:20
2:30
2-40
2:50
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TABLE A4 STABILITY FUNCTIONS FOR

”

p s ¢ s sc

—0-¢c0 4-000690 G-5000 3-6000 2-0000
1299 —235 1921 -319

—0-10 4-1299 04765 3-1921 1-9681
1268 —212 1822 ~301

—0-20 4-2567 0-4553 3:3743 1-9380
1237 —193 1736 —284

—0-30 4-3804 0-4360 3:5479 1-9096
1209 —177 1658 —267

—0-40 4-5013 0-4183 3-7137 1-8829
1181 —162 1588 —254

—0-50 4-6194 0-4021 3-8725 1-8575
1157 —149 1526 —239

—0-60 4-7351 0-3872 4-0251 1-8336
1132 —137 1469 -—227

—0:70 4-8483 0-3735 41720 1-8109
1110 —127 1417 —216

—0-80 4-9593 0-3608 4-3137 1-7893
1088 —118 1370 —204

—0-90 5-0681 0-3490 4-4507 1-7689
1067 —109 1327 —195

—1-00 5-1748 0-3381 4-5834 1-7494
1047 —102 1287 —185

—1-10 5-2795 0-3279 4-7121 1-7309
1029 -96 1249 —176

—1-20 5:3824 0-3183 4-8370 1-7133
1011 —89 1216 —167

—1-30 5-4835 0-3094 4-9586 1-6965
993 —84 1184 —160

—1-40 5-5828 0-3010 5-0770 1-6805
978 —-79 1154 —153

—~1-50 5-6806 0-2931 5-1924 1-6652
961 —~74 1127 —146

—1-60 5-7767 0-2857 5-3051 1-6506
947 —70 1101 —140

—1-70 5-8714 0-2787 5-4152 1-6366
931 —66 1076 —134

—1-80 5-9645 0:2721 5-5228 1-6232
919 —-62 1053 —128

—1-90 6-0564 0-2659 5-6281 1-6104
904 -59 1032 —~122

~2-00 6-1468 0-2600 5-7313 1-5982
892 —56 1011 —118

—2-10 6-2360 0-2544 5-8324 1-5864
879 —53 992 -113

—2-20 63239 0-2491 59316 1-5751
868 —51 974 —108

—2:30 6:4107 0-2440 60290 1-5643
856 —48 956 —104

—2-40 6-4963 0-2392 6-1246 1-5539
845 —46 940 —101

—2-50 6-5808 0-2346 62186 1-5438
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NEGATIVE p VALUES 0 to —2-5

s1+ 0 S m n 0 p

6-0000 1-0000 1-0000 1-000 1-0000 —0-00
980 —161 —749 309 —1473

6:0980 0-9839 0-9251 1-309 0-8527 —0-10
967 —153 —625 276 —1190

61947 0-9686 0-8626 1-585 0-7337 —0-20
953 —147 —531 250 —975

6:2900 0-9539 0-8095 1-835 0-6362 —0-30
941 —141 457 228 —809

6-3841 0-9398 0-7638 2-063 0-5553 ~0-40
929 —134 —397 211 —677

64770 0-9264 0-7241 2:274 0-4876 —0-50
917 —130 —348 197 —573

6-5687 0-9134 0-6893 2:471 0-4303 —0-60
905 —124 —309 185 —488

66592 0-9010 0-6584 2:656 0-3815 -0-70
894 —119 —275 174 —419

6-7486 0-8891 0-6309 2-830 0-3396 —0-80
883 —115 —247 166 —362

6-8369 0-8776 0-6062 2:996 0-3034 ~0-90
873 ~111 —223 157 —314

69242 0-8665 0-5839 3-153 0-2720 —1-00
863 —106 —203 151 —274

7:0105 0-8559 0-5636 3-304 0-2446 —1-10
852 ~—103 —185 144 -—240

7-0957 0-8456 0-5451 3-448 0-2206 —1-20
843 —96 —170 140 —211

7-1800 0:8357 0-5281 3-588 0-1995 —1-30
833 —96 —156 134 —187

7-2633 0-8261 0-5125 3722 0-1808 ~1-40
825 -93 —144 129 —166

7-3458 0-3168 0:4981 3-851 0-1642 —1-50
815 —-90 —134 126 —147

7-4273 0-8078 0-4847 3-977 0-1495 —1-60
807 —87 —124 121 —132

7-5080 0-7991 0-4723 4-098 0-1363 —1-70
798 —84 —116 119 -117

7-5878 0-7907 0-4607 4-217 0-1246 —1-80
790 —81 —108 115 ~106

7-6668 0-7826 0-4499 4-332 0-1140 —1-90
782 —79 —102 112 —95

7-7450 0:7747 0:4397 4:444 0-1045 —2:00
774 —-77 —96 110 —85

7-8224 0-7670 0-4301 4-554 0-0960 —2:10
767 —74 —89 107 -77

7-8991 0-7596 0-4212 4-661 0-0883 —220
759 —72 —85 104 —70

79750 0-7524 0-4127 4-765 0-0813 —2-30
751 —71 —80 102 —64

8-0501 0-7453 0:4047 4-867 0-0749 —2-40
745 —68 -76 101 —57

8:1246 0-7385 0-3971 4-968 0-0692 —2-50
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TABLE A5 STABILITY FUNCTIONS FOR

P s c s sc

—0-0 4-000 0-5000 3-000 2-0000
1175 —1619 1583 —2506

—1-0 5175 0-3381 4-583 1-7494
972 —781 1148 —1512

—2:0 6:147 0-2600 5-731 1-5982
841 —455 935 —991

—3-0 6-988 0-2145 6-666 1-4991
749 -297 806 —691

—4-0 7737 0-1848 7-472 1-4300
680 —209 719 —504

—5-0 8-417 0-1639 8-191 1-3796
627 —156 654 —383

—60 9-044 0-1483 8-845 1-3413
583 —121 604 —300

—70 9-627 01362 9-449 1-3113
548 —-97 564 —241

—80 10-175 0-1265 10-013 1-2872
519 —80 530 —198

—9-0 10-694 0-1185 10-543 1-2674
492 —67 504 —166

—10-0 11-186 0-1118 11-047 1-2508
471 -57 479 —140

—11-0 11-657 0-1061 11-526 1-2368
451 —50 458 —122

—12:0 12-108 0-1011 11-984 12246
434 —43 440 —105

—13:0 12-542 0-0968 12-424 1-2141
418 —38 424 —93

—14-0 12-960 0-0930 12-848 1-2048
404 —35 409 —82

—15-0 13-364 0-0895 13-257 1-1966
392 —31 396 —74

—16-0 13-756 0-0864 13-653 1-1892
380 -27 384 —67

-—17-0 14-136 0-0837 14-037 1-1825
369 —26 373 —60

—18-0 14-505 0-0811 14-410 1-1765
360 —23 363 —-55

—19-0 14-865 0-0788 14-773 1-1710
351 —22 353 —50

—20-0 15216 0-0766 15-126 1-1660

Greater negative values of p. The following approximations

o2 — 1) 5 4o
s=—"—7 > s—s(l——c)—za_l,
1 o
CT2—-1 =YL=
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NEGATIVE p VALUES 0 to —20

s(1 4 ¢) f m n o P
6-000 1-0000 1-0000 1-000 1-0000 0-0
924 —1335 —4161 2:153 —7280
6-924 0-8665 0-5839 3-153 0-2720 —1-0
821 —918 —1442 1-291 —1675
7-745 0-7747 0-4397 4-444 0-1045 —2:0
742 —677 —753 998 —574
8-487 0-7070 0-3644 5-442 0-0471 —3-0
680 —525 —473 841 —236
9-167 0-6545 0-3171 6283 0-0235 —4-0
629 —420 —329 742 —110
9796 06125 0-2842 7-025 0-0125 —50
589 —347 —245 670 —55
10:385 0-5778 0-2597 7-695 0-0070 —60
554 —293 -192 617 —29
10-939 0-5485 0-2405 8312 0-0041 —7-0
524 —251 —155 574 —16
11-463 0-5234 02250 8-886 0-0025 —8:0
498 —218 —128 539 —10
11-961 0-5016 0-2122 9-425 0-0015 —9-0
476 —192 —109 510 -5
12-437 0-4824 0-2013 9-935 0-0010 —10-0
457 —171 —94 485 —4
12-894 0-4653 0-1919 10-420 0-0006 —11-0
438 ~153 —81 463 -2
13-332 0-4500 0-1838 10-883 0-0004 —12-0
424 —138 —-72 444 —1
13:756 0-4362 0-1766 11-327 0-0003 —13-0
409 —126 —65 428 -1
14-165 0-4236 0-1701 11-755 0-0002 —14-0
396 —115 —57 412 -1
14-561 0-4121 0-1644 12-167 0-0001 -—150
384 —106 -52 399 0
14-945 0-4015 01592 12-566 0-0001 —16-0
373 —-98 —48 387 0
15-318 0-3917 0-1544 12-953 0-0001 —170
364 —9t —43 376 —1
15-682 0-3826 0-1501 13-329 0-0000 —18-0
354 —84 —40 365 0
16-036 0-3742 0-1461 13-694 0-0000 -—19-0
346 —-79 —37 356 (1}
16-382 0:3663 0-1424 14-050 0-0000 —20-0

are sufficiently accurate—Let o = g V(=p).

s(1+ 0=

f=

o—1

3o — 1)

aZ
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Index

Allen, H. G. 87, 89
Amplification factor

in rigid frames 109, 121, 145

in struts 19

in triangulated frames 84
Ariaratnam, S. T. 85, 102

Baker, J. F.
Berry, A. 51
Birfurcation of equilibrium

in frames 103

in struts 13, 40, 42
Bleich, F. 15,20, 75
Bolton, A. 27, 141
Bracing 110
British Standard 449 (1958) 34
Britvec, S. J. 78
Buckling loads, definition
Bull, F. B 48

132

104

Carry-over factor 48
Chandler, D. B. viii, 51, 70, 88
Chilver, A. H. 121
Chwalla, E. 121
Compression loaded members 131
Critical loads
experimental determination 21
pin-jointed trusses 78
reduced 135, 146
rigid frames 105
rigid-jointed trusses 82
strut 8
Critical member 129
Critical modes
rigid frames 109
rigid-jointed trusses 94
strut 8

Davies, G. 143
Davies, M. J. viii

1
|
|
|
I

Deformations, large
in portal frames
in struts 10

Disturbing forces 85
combinations of 91, 107

Double curvature bending, in

columns 130, 132

Double modulus load 37

Dynamic jump 143

120

Eccentric loading of strut 29, 33, 43
Effective length of strut 8
Elastic critical loads, see Critical
loads
Elastic critical modes, see Critical
modes
Elastica 10
Elastic-plastic behaviour
columns 132
rigid frames 143
rigid-jointed triangulated frames
141
struts 26
Ellis, J. 29
End conditions in strut 8
Engesser, F. 41
Equilibrium, stable and unstable 14
Euler load 7
Experimental determination of
critical load 21

Factor of safety 44
Failure load, elastic
portal frame 117

strut 5
Failure load, elastic—plastic
columns 132

rigid frames 143
rigid-jointed triangulated frames
141

177



178

Fixed-end moments 50
concentrated load 65
uniformly distributed load 63

Flexural shortening 12

Foulkes, J. 139

Fourier series, use in strut 16

Four-moment equation 75

Gardner, N. J. viii
Generalised displacements 62
Gusset plates
effect on critical loads 98
effect on stability functions 67

Heyman, J. 132
Hinges, plastic 30, 128, 135, 143
Hoff, N. J. 96

Imperfections
effect on elastic-plastic failure
loads 129, 139, 148
in portal frames 109
in struts 21, 28, 33, 43
in triangulated frames 83
Inelastic behaviour, see Elastic-
plastic behaviour
Internal stresses 83, 150

James, B. W. 51
Kroll, W. D. 51

Lack of fit 83, 148

Lack of straightness 21

Lateral loaded members, in rigid
frames 129

Lateral loads, in struts

Le-Wu-Lu 120

Linear analysis 1

Livesley, R. K.

Load factor 44

Lundquist, E. E. 51

15, 36, 63

vii, 51, 70, 73, 88

Magnification factor
in rigid frames 109, 121, 145
in struts 19
in triangulated frames 84
Mansell, D. S. 140

INDEX

Moment distribution 48
Moment of resistance, plastic 31
Moments, fixed-ended 50
concentrated load 65
uniformly distributed load 63
Murray, J. 139

Neal, B. G. 140, 143, 147
No-shear functions 58
Non-linearity of deflexions 2
Non-uniform members 20

Operations, general tables of 60, 62
Orthogonal relations 20

Perry-Robertson formula for struts
33
Pitched roof portal frames 147
Plastic hinges 30, 128, 135, 143
Plastic moment of resistance 31
Plastic zones
in columns 133
in struts 29
in triangulated frames 139
Portals
multi-storey, multi-bay 113
multi-storey, single bay 111
single-storey, single bay 105, 115
Potential energy 14
Primary deflexions in struts 17
Primary moments, effect on stability
115
Primary moments in struts 15
Proof stress 44

Rankine load

in columns 139

in lateral loaded struts 37

in rigid frames 146

in struts 35

in triangulated frames 141
Rankine, W.J. M. 35
Rashid, C. A. 141
Reduced critical loads
Reduced modulus 39
Reduced structure 136
Relaxation 88

135, 146



INDEX

Rigid-plastic behaviour
in columns 136
in rigid frames 143
in struts 30, 36
Robertson, A. 33
Roderick, J. W. 132

Safety factor 44
Salem, A. 141, 147
Secant formula for struts
Secondary stresses 79
Shanley, F. R. 42
Shear centre 72
Shear deformation, effect on critical
loads 14
Shear walls 150
Shortening, axial, due to flexure 12
Single curvature bending, in columns
130
Slope-deflexion equations
no axial load 50
with axial load 51
Southwell plot 22, 85, 105
Southwell, R. V. 10, 22, 88
Squash load 28, 139

33

179

{ Stability functions 48 ff
sand ¢ 52
s’ 55
s +¢),m 56
n,0 58
tables 157
with gusset plates
Stiffness
member under terminal couples 5
negative 7, 110
rotational 48
translational 50
Strain hardening 24, 151
Stress factor 44
Superposition 49
Sved, G. 48
Sway functions

67

56

25, 38
151

Tangent modulus
load of frames
load of strut 43

Unloading, of inelastic material 25

Wood, R. H. 146



