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ABSTRACT
In teaching an introduction to the finite element method at the undergraduate level, a prudent
mix of theory and applications is often sought. In many cases, analysts use the finite element
method to perform parametric studies on potential designs to size parts, weed out less desirable
design scenarios, and predict system behavior under load. In this book, we discuss common pit-
falls encountered by many finite element analysts, in particular, students encountering the method
for the first time. We present a variety of simple problems in axial, bending, torsion, and shear
loading that combine the students’ knowledge of theoretical mechanics, numerical methods, and
approximations particular to the finite element method itself. We also present case studies in
which analyses are coupled with experiments to emphasize validation, illustrate where interpre-
tations of numerical results can be misleading, and what can be done to allay such tendencies.
Challenges in presenting the necessary mix of theory and applications in a typical undergraduate
course are discussed. We also discuss a list of tips and rules of thumb for applying the method in
practice.

KEYWORDS
finite element method, finite element analysis, numerical methods, computational
analysis, engineering mechanics, mathematical modeling, modeling approximation
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Preface

WHAT THIS BOOK IS INTENDED TO BE
In undergraduate engineering curricula, a first course in finite element analysis (FEA) is routinely
required, but is often not taken until after the second year of study. Such a class typically includes:

1. an overview of the procedural aspects of the method;

2. a derivation of the mathematical theory for a variety of relatively simple one- and two-
dimensional element formulations;

3. practicing the finite element procedure by hand on select simple problems; and

4. employing the finite element method using some commercial software package as practiced
by engineers in industry.

Students are increasingly expected to apply this knowledge in other settings, particularly in
the context of their senior capstone design projects. However, students routinely commit a variety
of errors in applying FEA. In particular, they lack the maturity to make appropriate modeling
decisions and interpretations of their results. is, in turn, inhibits them from using FEA to
make sound judgements in their projects. Indeed, the twin abilities to conduct accurate analyses
and to make informed judgements lie at the heart of what it means to be a competent professional
engineer.

Many instructors are aware of this circumstance and recognize the need to coach their
students to perform FEA with greater maturity, but they are often mired in teaching strictly
according to the treatment of standard textbooks which emphasize underlying derivation and
theory. Indeed, there is a need for such deep, rigorous, and detailed study, but not at the expense
of learning mature habits. Many professors therefore develop means to teach around the text by
providing additional explanations, insights, approaches, and probing questions.

Our intent here is to provide just such an alternative resource for professors and instructors
of undergraduates who are looking for a fresh and novel approach to teaching FEA that prioritizes
the development of practical skills and good habits. Using material compiled from existing course
notes and exercises already in use by the authors and their colleagues, we lay a path through the
forest of details that an undergraduate or other novice can follow to discover the habits and secrets
of a seasoned user. We surmise that in this book already lie many ideas that match what many
instructors already intuitively understand and convey as they, on their own, teach around the text.
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In laying this path, we deliberately employ an approach to emphasize and exploit the natural
ties between classical Mechanics of Materials (MoM) and FEA, and which is motivated, in part,
by the philosophy articulated in Papadopoulos et al. [2011]. Of course, equally deep ties exist
between elasticity theory and FEA, but as our focus is developing expertise of undergraduates,
we appeal primarily to the ties between FEA and MoM.

In this approach, we provide examples in which FEA can be used to confirm results of
hand calculation, closed form solutions, or standard tables—and vice versa—helping students to
build confidence in all. e book then explores more advanced user habits such as formulating
expectations, making estimates, and performing benchmark calculations. Broadly speaking, this
book responds to the growing call to include simulation as a basic engineering competency, and
will help to promote the development of a culture of using simulation in the undergraduate en-
gineering curriculum.

As such, we envision this book being used as a companion to a traditional textbook in an
upper-level undergraduate FEA course and also as an instructional guide for practice in other
courses in which FEA is applied, including courses as early as freshman design and introductory
mechanics. Even at these early stages, instructors can judiciously draw from the book to plant
the seeds of good habits in their students. is book is written in language that is immediately
transparent to instructors and accessible to students who have completed a basic course in MoM.
Terminologies thatmight be advanced to the novice user are italicized and explained in the context
of their use.

PEDAGOGICAL APPROACH
e pedagogical strategy of this book is based in the educational theory of constructivism and
related research in misconceptions. e essence of constructivist philosophy to which we appeal
here is rooted in the work of cognitive psychologist Jerome Bruner, and is succinctly described
by Montfort et al. [2009]: “learning [is] a complex process in which learners are constantly read-
justing their existing knowledge and, more importantly, the relationships between the things that
they know.” Further, this readjustment process requires that the learner not just passively receive
information, but actively enter into the “discovery of regularities of previously unrecognized re-
lations and similarities between ideas, with a resulting sense of self-confidence in one’s abilities”
[Bruner, 1960].

One way to involve students in the processes of readjusting and discovering knowledge
is by anticipating their misconceptions and providing exercises and activities that force them to
reevaluate their original assumptions and conceptions. For at least three decades, science and
engineering educators have realized the importance of identifying and addressingmisconceptions,
suggesting that educators should directly address misconceptions by some combination of early
intervention and an infusion of activities that force students to face the misconceptions head-
on [Hake, 1998, McDermott, 1984, Montfort et al., 2009, Papadopoulos, 2008, Streveler et al.,
2008]. Broadly speaking, “active learning,” “problem based learning,” “inquiry based learning,”
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and “student centered learning” approaches aim to accomplish this. Ken Bain, in his book, What
the Best College Teachers Do, champions this view:

Some of the best teachers want to create an expectation failure, a situation in which
existing mental models lead to faulty expectations. ey attempt to place students in
situations where their mental models will not work. ey listen to student concep-
tions before challenging them. ey introduced problems, often case studies of what
could go wrong, and engaged the students in grappling with the issues those examples
raised [Bain, 2004].

Physics educator Lillian McDermott further adds that “students need to participate in the process
of constructing qualitative models and applying these models to predict and explain real-world
phenomena” [McDermott, 2001].

It is important to observe that this type of instruction requires a high degree of interaction
and feedback on the part of the teacher and a correspondingly high degree of self-inquiry on the
part of the learner. In this environment, teachers need to allow students to test ideas, and lend
support in tweaking those ideas into a more correct model of how things happen, and students
must eagerly participate in this process of discovery.

In the spirit of those instructors who have successfully accomplished this, we seek to provide
students with the support they need to cognitively rewire. Indeed, many of the examples and
exercises are deliberately designed to confront readers with expectation failures and to provide
them ample opportunity to developmodels that appropriatelymatch reality, but which also require
instructors to intervene as supportive mentors. With this approach, novices and students will
develop the good habits required of experienced users.

In the particular case of FEA, many of the common pitfalls repeatedly encountered by an-
alysts are rooted in a mixture of inadequacies in their understanding of MoM theory, modeling,
and the useful approximations particular to FEA, as well as their inability to integrate these areas
of knowledge. To address these matters, we aim to strike a prudent balance between theory and
practical application. We suggest that this is best accomplished by prescribing a minimal requisite
skill set, rooted in mastery of MoM, upon which the modeling decisions required in the finite el-
ement method are based. is mastery of the most rudimentary underlying theory helps students
make fewer of the errors in judgement when validating their numerical simulations.

Ultimately, our emphasis is to provide an instructional approach that is amenable to a prac-
ticing engineer rather than a mathematician. We attempt to cultivate the habit of care that is
necessary to perform good quality engineering analysis. When answering the question “What is
a university for?,” New York Times columnist David Brooks wrote:

[to obtain] technical knowledge and practical knowledge. Technical knowledge is for-
mulas…that can be captured in lectures. Practical knowledge is not about what you
do, but how you do it. It can not be taught or memorized, only imparted and absorbed.
It is not reducible to rules; it only exists in practice [Brooks, 2013].
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In view of this attitude toward practice, we provide guidance for using pre-programmed
software. Guidance is offered for both commercial software and academically developed finite el-
ement codes via the online video tutorials found at the wiki site SimCafe (https://confluence.
cornell.edu/display/SIMULATION/Home) [Bhaskaran, 2012]. e NSF-sponsored project
team at Cornell University [Bhaskaran and Dimiduk, 2010] has graciously supplied ANSYS tu-
torials for the collection of illustrative case studies presented here. All tutorials for this book can
be found at https://confluence.cornell.edu/display/SIMULATION/Prantil+et+al.

In summary, we write this book for student and faculty colleagues who are willing to un-
dertake

1. iterative learning in a supportive environment in which students are unafraid to make er-
rors, confront misconceptions, and revisit problems, and in which instructors are present to
provide support “when things go wrong;”

2. a strong navigational approach that is orderly and progressive, but not necessarily “top
down;” and

3. an approach in which MoM theory and FEA are intimately entwined.

WHAT THIS BOOK IS NOT INTENDED TO BE
Most current textbook treatments of the mathematical theory of finite elements draw on vari-
ational calculus and linear algebra. As suggested previously, we intend this book to serve as a
supplement for more advanced undergraduates and as a resource to inform teaching of earlier
stage students. Our focus is not on treatment of the mathematical rigor and underpinnings of the
finite element method, but rather a guide to good practice. erefore, this book is not intended to
be a reference or text on the formulation, theory, or mathematical underpinnings of the finite ele-
ment method. ere are many excellent treatments outlining the method [Cook et al., 2002, Kim
and Sankar, 2009, Logan, 2001, ompson, 2004, Zienkiewicz and Taylor, 2005, Zienkiewicz
et al., 2005]. Any one of these would be sufficient for an introductory course in an undergraduate
mechanical engineering curriculum.

is book is also not intended to be a tutorial guide for applying the method or a step-by-
step user’s guide to a particular commercial software package, e. g., Kurowski [2013], Lawrence
[2012], Lee [2012]. We assume that the instructor using this book is already providing such
tutorial instruction or that the reader already has a working knowledge of such. We emphasize,
however, that we do provide online video tutorials at the SimCafe wiki site, which include further
user guidance and suggested follow-up exercises. We encourage the student or novice reader to open
a tutorial or start an FEA session from scratch and directly attempt the exercises and examples that are
provided in both the tutorials and the book.

https://confluence.cornell.edu/display/SIMULATION/Home
https://confluence.cornell.edu/display/SIMULATION/Home
https://confluence.cornell.edu/display/SIMULATION/Prantil+et+al
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OUTLINE OF BOOK
Chapter 1 addresses why humans tend to have an optimism bias in which they think they are
correct in more situations than they really are [Conly, 2013]. Digital technology has most likely
added to this bias. We review a published list of ten common mistakes made in FEA practice,
and we argue that avoidance of these errors begins with the user adopting an attitude of skepti-
cism of numerical results until they have been validated. Most analysts agree this is best done by
comparison with relevant theory and experimental data. To apply theory, one must be fluent in
the very basic mechanics relationships.

In Chapter 2 we summarize essential topics from Mechanics of Materials and provide
corresponding examples that can be solved using simple, well-known relationships based on one-
dimensional modeling assumptions. While these problems do not require use of FEA, they are
excellent for offering a first exposure to FEA in which the user can quickly build confidence in
the method. Moreover, the theory underlying these examples forms the basis for the “minimal
requisite skill set” mentioned previously. With this in hand, the user can begin the crucial task of
understanding how to interpret FEA results by comparison with a trusted theory. is small set
of topics is remarkably useful due to the great number of situations in which they serve as good
models for practical situations.

However, as problems become more detailed and complex, the applicability of these ele-
mentary relations diminishes. Here, a more complex multi-dimensional theory of elasticity may
be required but FEA can still be used to obtain reasonable approximate solutions, and basic prin-
ciples from Mechanics of Materials can still be applied to interpret results, albeit with caution.
erefore, in Chapter 3, we illustrate several examples of problems whose analytical solutions
(where tractable) are more involved, and where FEA is eminently useful, although still relatively
straightforward.

Chapter 4 gets at the core of the list of the common mistakes made when pre-processing
the finite element model. Mistakes that plague many finite element analysts involve relatively
simple errors in input that seem intuitively correct, but which have strong adverse consequences
for numerical predictions of displacements and stresses.

Finally, in Chapter 5, we present a list of prudent practices as well as pitfalls to avoid in
order to achieve meaningful results and to make validation of one’s results a less onerous task.
is chapter can serve as an excellent reference as the reader begins to venture in his or her own
practice.

Vincent C. Prantil, Christopher Papadopoulos, and Paul D. Gessler
August 2013
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C H A P T E R 1

Guilty Until Proven Innocent
I repeatedly tell students that it is risky to accept
computer calculations without having done some
parallel closed-form modeling to benchmark the
computer results. Without such benchmarking and
validation, how do we know that the computer isn’t
talking nonsense?

Clive Dym
Principles of Mathematical Modeling

If you only make one predictive simulation, it will likely
be wrong.

Loren Lorig
CEO, Itasca International

1.1 GUILTY UNTIL PROVEN INNOCENT
One of the many advantages of the finite element method (FEM) is that it is relatively easy to
create a model and use the method to run an analysis. Often, for better or worse, the method has
become commonplace enough to be seen as a sophisticated calculator. In addition to enhanced
computational speed, this is due to the development and preponderance of graphical user inter-
faces (GUI) used as pre- and post-processors to nearly all commercial finite element software.

Yet a great hazard of FEM is also that, with the aid of commercial software, it can be
too easy to create a model and run an analysis. e ease of operation can foster “computational
complacency” [Paulino, 2000] in validating numerical results. It often appears that the myth that
“the computer must be right” is alive and well. While, indeed, algorithms in commercial codes are
well debugged and are unlikely to contain programming errors, the user is ultimately responsible
for making appropriate modeling assumptions and interpretations of the output.

Hand in hand with complacency is the “optimism bias,” in which people tend to believe
that they are correct in more situations than they really are [Conly, 2013]. In the context of
FEA, even honest users who intend to validate their work might mislead themselves, thinking
that results are correct because they appear to correspond to a simple theory that they might be
applying inappropriately (for example, out of its bounds of accuracy), or they might be missing
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a key theoretical idea altogether. Like a cancer, computational complacency and the optimism
bias can spread. ey can develop into bad habits that thwart the user’s comprehension of some
minimal requisite skill set on which use of the numerical method depends.

However, before exploring this minimum requisite skill set in detail, the user must first
realize that he or she should be skeptical toward all results of a numerical simulation until demon-
strating a sound reason to accept them. In short, we often tell our students—beginning with the
first lesson—that, like it or not, algorithmic simulation results are guilty until proven innocent.

1.2 WHATA MINIMALREQUISITE SKILL SET LOOKSLIKE
Once the analyst understands the need for providing proper input and validating the interpre-
tation of output, he or she is ready to learn the fundamental skills that will enable him or her
to perform responsible numerical simulations. To motivate this, we first provide an analogy with
driving an automobile.

We can all agree that while a driver need not understand scientifically the vehicle dynamics
or the thermodynamics of the combustion engine, any driver must have a basic sense of how
the vehicle and engine operate. For example, braking on ice is less effective than braking on
pavement; or maple syrup should not be placed in the fuel tank. Of course it cannot hurt to have
some theoretical knowledge, such as to understand that braking distance increases roughly as the
square of velocity, or in qualitative terms, “disproportionately.” at is why driving instructors
concentrate on teaching elements of automobile acceleration, cornering, smooth braking, and
field of vision rather than the theory of internal combustion engines. Moreover, the instructor
should be seasoned to anticipate and correct errors made by the learner. In the end, the student
develops some innate feel for what constitutes “good driving,” and learns to distinguish between
“good” and “bad” maneuvers based on experience.

Likewise, in the realm of FEA practice, we believe what is called for is the development of a
“gut feel” for what constitutes correct behavior and good modeling practice. We contend that the
minimal requisite skill set on which good FEA practice is based has two principal components:

1. the ability to apply basic theory of Mechanics of Materials; and

2. the ability to make good modeling decisions, including choice of dimension, element type,
mesh discretization, and boundary conditions, based on one’s knowledge of MoM and pre-
vious experience.

ese requirements are based on the intimate relationship between FEA and the theory of elas-
ticity, of which a minimal understanding is constituted by classical Mechanics of Materials. ey
also appeal to pedagogical theory that states that confronting misconceptions—particularly when
they are deeply held—is an effective means to eventually enable the learner to overcome them and
replace them with appropriate conceptions. is anticipates our further remarks in the next sec-
tion regarding how to help students confront their misconceptions directly.
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We note that the minimal requisite skill set does not contain an in-depth, rigorous, math-
ematical treatment of the theory underlying FEM. Such rigor, while necessary to program al-
gorithms or as a prerequisite for graduate studies, is not essential to operate and perform finite
element simulations and correctly interpret their results. For practical applications of FEA, what
is imperative is the ability to distinguish between good and bad methods for interfacing with the
tool.

Note To e Instructor

A treatment of the background necessary to use the finite element method effectively is given by
Papadopoulos et al. [2011]. Here we argue that a top-down, theory-first emphasis employed in many cur-
ricula may not be as necessary as has been thought. We believe that teaching the underlying mechanics can
be enhanced by introducing the finite element method as early as an Introduction to Engineering course in
the freshman year. We also feel that hand calculations in Statics and Mechanics of Materials can be reinter-
preted and made more appealing by emphasizing them as steps used to validate and benchmark numerical
simulations. Finally, in an upper division course in finite element theory, one may undertake a deeper learn-
ing of how to perform an informed computational analysis under the tutelage, guidance, and support of a
seasoned, experienced practitioner.

1.3 THE TEN MOST COMMON MISTAKES

Computational models are easily
misused…unintentionally or intentionally.

Boris Jeremić
University of California Davis

In accordance with our proposed minimal requisite skill set, we now present a useful list of com-
monly committed errors in FEA practice. While the advanced user will likely recognize many of
these errors (hopefully through direct experience!), the novice who has little or no FEA experi-
ence might not fully appreciate their meaning at this point. Nevertheless, they serve as a good
preview of issues that will arise, and as a reference to which the novice may return as he or she
gains more experience.

Recently, Chalice Engineering, LLC [2009] compiled an assessment of mistakes most
commonly made in performing finite element analysis in industrial practice. After 10 years of col-
lecting anecdotal evidence in both teaching undergraduates and advising capstone design projects,
we found this list to be nearly inclusive of the most common errors encountered by undergrad-
uate students in their introductory finite element method course. e list published by Chalice
Engineering is reproduced here verbatim.
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1. Doing analysis for the sake of it: Not being aware of the end requirements of a finite ele-
ment analysis—not all benefits of analysis are quantifiable but an analysis specification
is important and all practitioners should be aware of it.

2. Lack of verification: Not having adequate verification information to bridge the gap be-
tween benchmarking and one’s own finite element analysis strategy. Test data some-
times exists but has been forgotten. Consider the cost of tests to verify what the analysis
team produces, compared with the potential cost of believing the results when they are
wrong.

3. Wrong elements: Using an inefficient finite element type or model, e. g., a 3D model
when a 2D model would do, or unreliable linear triangular or tetrahedra elements.

4. Bad post-processing: Not post-processing results correctly (especially stress) or consis-
tently. Not checking unaveraged stresses.

5. Assuming conservatism: Because one particular finite element analysis is known to be
conservative, a different analysis of a similar structure under different conditions may
not be so.

6. Attempting to predict contact stresses without modeling contact: is might give
sensible-looking results, but is seldom meaningful.

7. Not standardising finite element analysis procedures: is has been a frequent cause of
repeated or lost work. Any finite element analysis team should have a documented stan-
dard modeling procedure for typical analyses encountered within the organisation, and
analysts should follow it wherever possible. Non-standard analyses should be derived
from the standard procedures where possible.

8. Inadequate archiving: Another frequent cause of lost work. Teams should have a master
model store and documented instructions about what and how to archive. Again, this
is a quality related issue. For any kind of analysis data, normal backup procedures are
not sufficient—attention needs to be paid to what information and file types are to be
archived in order to allow projects to be retraced, but without using excessive disk space.

9. Ignoring geometry or boundary condition approximations: Try to understand how in-
appropriate restraint conditions in static or dynamic analyses can affect results.

10. Ignoring errors associated with the mesh: Sometimes these can cancel out errors asso-
ciated with mistake 9, which can confuse the user into thinking that the model is more
accurate than it is. A convergence test will help.
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While it may come as no surprise, novice users commit many, if not all, of these errors.
But these errors continue to be committed routinely even by advanced users and engineers in
industrial practice. As suggested earlier, we attribute this to a lack of a minimal requisite skill
set (or an inability to apply such fluently). is lack of understanding is due, at least in part, to
computational complacency [Paulino, 2000] and the optimism bias [Conly, 2013] cited earlier.

Avoiding such errors is not simply a matter of telling and re-telling the student “how to do
it.” Most students learn by repeated attempts in the face of incorrect reasoning and results. It is
through repeated corrections in the face of practice that we learn, not simply by being presented
with how things ought to work. erefore, before a sense of good modeling practice can truly be
learned and internalized, the student must come to appreciate the value of being skeptical about
initial numerical simulations, i. e., that they are guilty until proven innocent. Students must realize
and care that their intuition might be incorrect. en they must actively work to deconstruct their
previously incorrect model, and replace it with a model with deeper understanding. Likewise,
the good instructor must provide a supportive environment in which students are encouraged to
explore problems in which they are likely to make errors, and then coach them to be self-critical,
to realize and understand the errors that they have made.

Indeed, as suggested by the attention on student misconceptions in the literature on peda-
gogy [Hake, 1998, McDermott, 1984, Montfort et al., 2009, Papadopoulos, 2008, Streveler et al.,
2008], when students are forced to work out a problem with judicious questioning and investiga-
tion where their initial reasoning was incorrect—again, in Ken Bain’s words, an expectation failure
[Bain, 2004]—their learning retention is greater, and their recall and critical thinking skills are
enhanced. We take up this point further in the last section of this chapter when we recommend
our pedagogical strategy for FEA.

1.4 MAN VS. MACHINE

It’s foolish to swap the amazing machine in your skull
for the crude machine on your desk. Sometimes, man
beats the machine.

David Brooks
e New York Times

It is noteworthy that many introductory texts for the study of finite element analysis make use of
some form or the other of the necessary procedural steps in applying the method in practice. en
students are provided exercises in applying these procedural steps by means of hand calculations.
e procedural steps that a typical finite element analysis should include are as follows:

Ask what the solution should look like: An analyst must have some idea of what to expect in
the solution, e. g., a stress concentration, and other characteristics of the solution, such as
symmetry.



6 1. GUILTY UNTIL PROVEN INNOCENT

Choose an appropriate element formulation: One needs to understand, from knowledge of the
expected solution, what elemental degrees of freedom and polynomial order of approxima-
tion are necessary to accurately model the problem.

Mesh the global domain: With knowledge of the expected solution and the chosen order of in-
terpolation—the estimation of the solution at a general location based on the computed
solution at the grid points of the mesh (the order of which could be linear, quadratic, etc.),
one can wisely select a number and arrangement of elements necessary to adequately capture
the response.

Define the strain-displacement and stress-strain relations: It is important to know what for-
mulation your commercial software code has programmed into the analysis module. Clas-
sical small strain relations are appropriate for linear, static stress analysis. e user must
provide a constitutive law relating stress and strain.

Compile the load-displacement relations: e element matrix equations are either derived in
closed form a priori or computed via numerical integration within the analysis code.

Assemble the element equations into a global matrix equation: is step is performed algo-
rithmically with knowledge of the element degrees of freedom and nodal connectivity. is
global equation relates externally applied conjugate forces and associated nodal point de-
grees of freedom. It represents a generalized form of nodal point equilibrium.

Apply loads and boundary conditions: Because there are multiple prescriptions of statically
equivalent loads and boundary constraints, their precise prescription must be justified based
on problem symmetry and proximity to internal regions where accurate stress results are
most desired.

Solve for the primary nodal degrees of freedom: Solve the appropriately reduced global matrix
equation.

Solve for the derivatives of primary degrees of freedom: is involves calculating generalized
reaction forces at nodes and strains and stresses within elements.

Interpret, verify, and validate the results: Based on comparisons with initial expectations, ex-
perimental data, analytical benchmark results, or other reputable numerical solutions, have
the calculated results converged and are they reasonable?

Again, the novice might not completely understand or appreciate the meaning of each
step at this time. However, he or she can still gain some sense and insight into the procedure.
In particular, it is very telling that the steps break down succinctly into those performed by the
analyst and those performed by the computer. Even the novice will appreciate the complementary
roles of the human and the machine from the very outset.
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With the advent of high speed computers, it is clear that the machine wins in the battle
of raw speed and avoidance of computational error. However, while speed and computational
accuracy are necessary, they are not sufficient—and not evenmost important—for producing good
FEA results. e machine cannot provide the intellect, strategy, and judgement of the human
mind, all of which are crucial to perform good analysis.

e myth that the “computer is always right” comes, in part, from the truth that yes, most
commercial finite element software has been sufficiently debugged, removing most or all internal
programming errors. Studies by Jeremić [2009] show that programming errors in commercial
codes persist only in a very small percentage of cases. In short, the computer, while working fast,
also works nearly flawlessly. It can therefore do the “heavy lifting” required to analyze complex
problems that lead to the solution of problems with thousands and even millions of degrees of
freedom.

But most errors encountered in finite element analysis are either due to incorrect user input,
i. e., garbage in—garbage out, or due to lack of prudent judgement regarding dimensional approx-
imations, active degrees of freedom, loading strategy, sensitivity to boundary conditions, or the
nature of the correct theoretical solution. at is, they can often be traced to one of two causes:
incorrect understanding of finite element modeling, or poor application of strength of materials,
and often both to varying degrees.

In most cases, therefore, it is operator error to blame for all of the top ten mistakes [Chalice
Engineering, LLC, 2009]. To correct these mistakes, the analyst must look for cause and effect.
And as remarked, most often, the code is not the cause, although sometimes the user should inves-
tigate if the model programmed in the algorithm is, in fact, the correct model for the application
at hand.

us, when the task at hand can be described in an efficient and robust algorithmic form,
the task should be owned by the machine. In those instances where the task requires judgement
and/or compromise, the mind trumps the processor. And this is where the practice of numerical
analysis most often goes awry. It perhaps comes as no surprise that the ten most commonly made
mistakes are found only in the procedural steps performed by the analyst and none involve the steps
performed algorithmically by the computer. is glaring reality is the driving force behind our novel
approach to learning the finite element method wherein we focus on user behaviors rather than
on derivations of algorithms.

1.5 PUTTING IT TOGETHER: TOWARD A NEW FEA
PEDAGOGY

We have reviewed common errors and standard procedure, in which we emphasize the need for
the analyst to be skeptical and to take responsibility for making good judgements. Recalling our
overall pedagogical philosophy based on constructivism and encounter of misconceptions, we now
outline our vision of a new FEA pedagogy that prioritizes user behaviors. We draw from our own
notes and examples to provide a set of exercises and case studies in which students can encounter
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common errors and expectation failures in a safe environment, and in which they can iteratively
address and correct their misconceptions. We promote three effective approaches to ferreting out
these misconceptions:

1. utilizing case studies that present commonly encountered expectation failures in students’
understanding of mechanics;

2. identifying specific user input, reasoning, or post-processing decisions that result in the
specific misunderstanding of the problem at hand; and

3. validation of results, such as by performing repeated convergence studies to verify numer-
ical simulations, comparison with benchmark solutions, or comparison with experimental
results.

We strongly believe that for the novice user, it is prudent to focus on the procedural steps
that require interaction, judgement, and interpretation, particularly through repeated experience
confronting errors and making corrections. is is in contrast to traditional approaches in which a
significant amount of classroom time is spent teaching the underlying mathematical formulation
of routines that are ultimately performed without error by the computer, such as rote calculation
of element stiffness matrices, assembly of global stiffness matrices, and solution of the principal
degrees of freedom.

While we think it is important for students to know that such internal computations are
made, deriving such procedures should not be done at the expense of providing repeated expe-
riences in which students encounter and correct the errors and misconceptions that we already
know they will make. Rather, we believe this time would be better spent on discussions of, say,
how stresses vary within and between neighboring elements, and if the modeler’s decision cap-
tured this behavior correctly. As misconceptions are overcome, and good procedural habits and
intuitions are formed, then the student is all the more pre-disposed to learning and appreciating
important aspects of the underlying theory at later stages in their education.

In summary, we boil everything down to four concurrent practices.

1. Introduce students to the finite element method much earlier in their curriculum [Pa-
padopoulos et al., 2011], e. g., in elementary Mechanics of Materials.

2. Focus on applications that illustrate and highlight common pitfalls and ways to circumvent
them, e. g., choosing proper element formulations, correctly prescribing boundary condi-
tions, and validating solution results.

3. Keep mathematical derivations to a minimum and focus these primarily in areas directly
related to mechanics principles, e. g., equilibrium and approximation by interpolation.

4. Highlight a succinct list of commonly accepted good and bad practices in applications of
finite element analysis.
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Wenote in closing that there is a growing body of work on what modelers feel is appropriate
skepticism with which preliminary simulation results should be judged in both academic and
industrial environments. ere are a variety of research findings on the teaching of finite element
analysis to undergraduates [du Toit et al., 2007], computational complacency [Paulino, 2000],
and the reliability of simulation results [Hatton, 1999] which the reader may wish to further
explore.
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C H A P T E R 2

Let’s Get Started
Seek the model which is simple, but not too simple.

Albert Einstein

Essentially, all models are wrong, but some models are
useful.

George E.P. Box
Professor Emeritus, University of Wisconsin

Note To e Instructor

Here we detail the kind of knowledge, rooted in Mechanics of Materials, that is important for using FEA
effectively. While some finite element theory is important, it should not be considered to be a barrier to the
early incorporation of FEA in the curriculum; rather, the requisite knowledge is meant to be built throughout
the curriculum as the undergraduate student advances. Mechanics educators and practitioners have absorbed
some concepts so well that it is easy to forget that these concepts are relatively new to students. Many
technical areas must be learned in order to interpret FEA results, catch modeling errors, and guide design.
One essential kind of knowledge is comprised of concepts, simplifying physical assumptions, and critical
thinking that takes place throughout the undergraduate engineering curriculum. We do not advocate that
students learn less mechanics theory.With the advent of powerful analysis tools, we specifically advocate that
students should learn as much if not more—a holistic approach that promotes a qualitative understanding
of “what affects something else,” an expanded grasp of definitions and core concepts.

In the Preface and Chapter 1, we proposed that the kind of knowledge that is important for using
FEA effectively falls into two categories:

1. the ability to apply basic theory of Mechanics of Materials to formulate initial expectations
of results and related estimates, and to interpret or benchmark results and

2. the ability to make good modeling decisions, including choice of dimension, element type,
mesh, and boundary conditions, based on knowledge of MoM and previous experience.

In this chapter we explore the first of these categories, namely the synergy between Me-
chanics of Materials and Finite Element Analysis. We begin this chapter with a bird’s eye view of
some qualitative aspects of MoM that the reader should begin to appreciate, followed by a review
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of what we regard are the minimum essential elements of MoM theory required to undertake
study of FEA. We close with two examples that can be solved by hand calculation as a means to
illustrate the finite element method.

Some colleagues are concerned that use of FEA in early courses might supplant a strong
understanding of Mechanics of Materials principles because the effort normally done by hand
can now be done by “pressing a few buttons.” We insist that this is neither our point of view nor a
circumstance that is likely to occur under a pedagogy that is committed to ensuring that students
form good habits of understanding modeling assumptions and validation procedures. We insist
that use of FEA requires even more theoretical understanding so that it can be applied with skill.
e usual adjuration to “calculate problems first by hand” can then be re-interpreted as “take steps
to validate and benchmark your FEA solution.”

2.1 QUALITATIVE CONCEPTS OF MECHANICS OF
MATERIALS

Here we present a list of qualitative concepts that can be read at once by novices and experts,
motivated by ideas presented in [Papadopoulos et al., 2011]. While the expert will recognize
many of these ideas from experience, the novice can begin to appreciate the qualitative concepts
and ideas that a more seasoned practitioner uses with confidence and fluency. We recommend
that students periodically return to this list after doing some of the example problems so that they
can develop a better feel for how these ideas appear in practice. e presence of this list at the
beginning of the chapter should not be interpreted to mean that the student must master this list
all at once on first reading. Rather, practice itself is what will help the student to internalize these
ideas and develop the fluency of an expert. is list of qualitative concepts is as follows.

• All structures, no matter how strong, are deformable at least to a small degree. is means
that when loads are applied, the material points in the structure move or displace. Many
structural elements can be modeled as simple springs as a means to understand the relation-
ship of force to displacement in the structure.

• Studying the exact geometry of a structure and its actual displacements under loading can
be very complicated with many resulting equations being nonlinear. In many structures of
practical interest, however, the displacements will remain small compared to the overall size
of the structure, and simple small displacement approximations can be made that lead to
simpler, linear relations. Such linearity renders the ability to superpose basic solutions, or
to scale any solution in load or overall size.

• One has the ability to interpret a result in terms of basic ideas or elementary asymptotic
solutions. For example, the bending moment transmitted by a cross section; the force and
moment equilibrium of loads plus reactions; the maximum bending or twisting strain at an
outer fiber; and rigid body degrees of freedom of a body or system.
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• Stress is a tensor, a directional specification of tractions across arbitrarily oriented surfaces.
Principal directions exist on surfaces where the shear stress vanishes. ere are no tractions
on a free surface, so principal directions are parallel to the surface, and sometimes predictable
from symmetry.

• For isotropic material failure, we can ignore stress orientation and use a scalar invariant as
a failure metric.

• e source of stress concentrations is based on specific geometric features, such as re-entrant
corners or cavities.

• Structures with a single load path are determinate, and the resultants are known from the
load. Structures with multiple load paths are indeterminate, e. g., springs in parallel share
the load. Adding material generally increases the load carried by a support, and perhaps
even its peak stress.

• Indeterminate structures are often called redundant. ey obey the laws of static equilib-
rium, but these equations alone are insufficient to determine the force distribution in the
system. Additional equations enforcing compatibility are necessary. ese describe how the
displacements of material points in the structure must behave in order for the structure to
remain intact.

• An idealized pinned support neglects modest moments that exist in the actual physical
structure. Similar idealizations hold when modeling other classical localized boundary con-
ditions such as built-in or compliant constraints.

• Analysts must be aware that the world is not rigid, and particularly that prevention of lateral
strain is not always realistic.

• When calculating stress, users should exploit St. Venant’s principle, i. e., it may be possible
to ignore the actual compliance of an end support sufficiently far away from the point of
load application.

2.2 THE STRESS TENSOR
In Mechanics of Materials, one is introduced to the basics of stress and strain and their relation
in Hooke’s Law. Recall that external loads on a structure produce internal forces and moments
that result in internal stresses. e concept of stress describes how reactions of the structure to
external loads are distributed across arbitrarily-oriented planes in the structure. Recall that there
are fundamentally two basic types of stress: (i) normal stress, � , and (ii) shear stress, � , as illustrated
in Fig. 2.1.

Although it is common to refer to “bending stress,” “torsional stress,” “bearing stress,” “sin-
gle shear,” “double shear,” “punching shear,” etc., we emphasize that these names do not represent
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Figure 2.1: e concept of normal and shear stress and strain components is illustrated on infinitesi-
mal volumes.

other basic kinds of stress; rather, they are names assigned to internal stresses specific to commonly
studied load cases. All types of stress ultimately can be classified as either normal or shear. Normal
stresses result from:

1. axial loads and deformation of prismatic rods or bars,

2. transverse loads, moments, and the associated curvature in prismatic beams, and

3. approximations of bearing stress.

Shear stresses result from:

1. transverse shear forces and the associated lateral deformations in prismatic beams,

2. torsional loading and rotational deformation in prismatic shafts, and

3. approximations in single shear, double shear, and punching shear.

2.3 IDEALIZED STRUCTURAL RESPONSES
eories are like maps; the test of a map lies not in
arbitrarily checking random points, but in whether
people find it useful to (use it to) get somewhere.

Ronald Giere

Perhaps you have noticed that many of the problems studied in an elementary Mechanics of
Materials course consist of highly regular structural forms: rods or bars with uniform cross section;
circular shafts and pipes; and beams with uniform and prismatic cross sections. Perhaps you never
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thought much about just how simple these forms are, but they possess twin properties almost akin
to a lucky accident of nature:

1. they possess simple closed form stress-strain and load-displacement relationships that are
amenable to hand calculations and

2. they are widely useful and applicable in countless examples of engineering design and con-
struction.

Indeed, the determination of internal stresses in these basic elements follows very simple anal-
ysis that is highly accurate. Whether it is obvious or amazing that these common forms should
succumb to such simple analysis can be debated by the philosophically inclined. Regardless, this
wonderful situation enables engineers to prescribe the use of these objects widely with a high
degree of confidence in understanding their behavior. We now review these basic forms in detail.

2.3.1 AXIAL RESPONSE
A long slender bar, subjected only to axial end forces, and whose weight is neglected is a ‘two force
member’ whose internal forces are parallel to the bar itself. Bars are further assumed to undergo
small displacements and exhibit negligible out-of-plane effects, i. e., we assume no change in the
cross-sectional dimensions as the material element deforms under normal stress. e internal
normal stress can be produced by tensile and compressive axial forces, P , that act purely normal
to the cross section as shown in Fig. 2.2. e value of this stress, denoted by �axial, is a normal
stress given by the well-known relationship

�axial D
P

A
:

In addition, the axial displacement of a long bar of length L under uniform load P is given by

ıaxial D
PL

AE
:

2.3.2 LATERAL SHEAR RESPONSE
One way that a shear stress can be produced is by distributing a lateral (or transverse) force, V ,
in the plane of a cross section, as shown in Fig. 2.3. is stress will not, in general, be uniform
over the cross section. However, for certain regular shapes its intensity can be estimated using the
well-known formula

�lateral D
VQ

I t
;

where V is the resultant of the lateral force vectors, I is the second area moment of the cross
section, and Q and t are, respectively, the first area moment of the cross section and thickness
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Figure 2.2: Average normal stress distributions in a bar due to axial load on faces perpendicular to
the load.

(or width) of the cross section at the location where the stress is being evaluated. Because the
calculation of Q is sometimes involved, an approximation for the maximum shear stress in the
section due to this type of loading can be easily obtained by knowing the shape of the cross section,
where, for instance

�lateral, max D

(
4V
3A

for circular cross sections,
3V
2A

for rectangular cross sections.

4IFBS 4USFTT

Figure 2.3: Shear traction is distributed perpendicular to the normal of the cross section.

2.3.3 BENDING RESPONSE
Both tensile and compressive normal stresses can also be caused by bending moments, as shown
in Fig. 2.4. If the beam has a prismatic section and is symmetric about the transverse plane, the
pure bending assumption that ‘plane sections remain plane and normal to the neutral axis’ can be
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applied to yield the well-known formula to predict the bending stress at a given distance from
the neutral axis:

�bending D
My

I
;

where M refers to the resultant moment, I represents the cross-sectional property known as the
area moment of inertia about an axis passing through the centroid of the cross section, and y

represents the distance from the neutral axis toward the outer edge of the cross section where the
stress is being evaluated.e displacement of a beamdue to a transverse loading can be determined

/FVUSBM
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Figure 2.4: Stress distribution due to bending loads varies linearly through the cross section.

by integrating the fourth-order differential equation

d4
v

d x4
D �

w

EI
;

where E is the modulus of elasticity and w is the load per unit length applied transversely to the
beam. is basic theory of beam bending is often referred to as Euler-Bernoulli beam theory.

2.3.4 TORSIONAL RESPONSE
Shear stresses can also develop when a torque is applied to a shaft. If the shaft is circular or
annular in cross section, it can be assumed that cross sections remain parallel and circular. From
this assumption, the shear stress due to torsion can be predicted at a point at a given radial distance,
�, away from the center by the well-known formula

�torsion D
T�

J
;

where T is the total torque carried by the section and J is the polar moment of inertia of the cross
section. ese stress components are illustrated in Fig. 2.5. Under these conditions, the axial twist
(sometimes referred to as angular displacement) along such a shaft of length L can be calculated
from the formula

� D
TL

GJ
;

where G is the modulus of rigidity.
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Figure 2.5: Internal stresses due to torsion loads are distributed as shear tractions.

Example 2.1: Simple Truss Analysis

A weight is suspended by three bars as shown in Fig. 2.6. All three bars are made of
steel, a D 16 in, b D 12 in, c D 12 in, the diameter of each bar is 0:5 in, and W D 5000 lbf.
Determine the force carried by each bar.

y

x

a b

c

Q R S

W

(0; 0)
P

Figure 2.6: A three-bar structure supporting a weight forms an indeterminate truss.

A Free Body Diagram (FBD) of point P reveals that there are three unknown forces,
as shown in Fig. 2.7.

I
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Example 2.1: Simple Truss Analysis (continued)

P

FPQ
FPR FPS

W

x

P

�PQ�PR�PS

Figure 2.7: Free body diagram of point P with bar angle conventions.

However, there are only two equations of static equilibrium:X
Fx W FPQ cos �PQ C FPR cos �PR C FPS cos �PS D 0;X
Fy W FPQ sin �PQ C FPR sin �PR C FPS sin �PS D W;

where the angle for each bar is measured in the counterclockwise direction from the pos-
itive x-axis. Such a system is called statically indeterminate because the equations of static
equilibrium are insufficient to determine the forces in the structural elements. Analysis of a
statically indeterminate system requires additional equations that account for the structural
deformation, i. e., how the bars deform under their applied load.

Inverting the force-displacement relation from Section 2.3.1, F D .EA=L/ı, where
E is the modulus of elasticity, A is the cross-sectional area of the bar, and L is the (initial)
length of the bar, allows us to interpret each bar as a spring with equivalent stiffness

k D
EA

L
:

Denoting the stiffness of each bar by kPQ, kPR, and kPS , and the deformation of each
bar by ıPQ, ıPR, and ıPS , we can rewrite the equilibrium equations as follows:X

Fx W kPQıPQ cos �PQ C kPRıPR cos �PR C kPSıPS cos �PS D 0;X
Fy W kPQıPQ sin �PQ C kPRıPR sin �PR C kPSıPS sin �PS D W:

I
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Example 2.1: Simple Truss Analysis (continued)

After the load is applied, the point P , which is initially located at .0; 0/, will move to a new
location P 0.We use u and v to denote, respectively, the horizontal and vertical components of
the displacement from point P to point P 0, as illustrated in Fig. 2.8. Note that by convention,
we have illustrated the case such that u > 0 and v > 0, but in general, one or both of these
values could be negative.

y

x

a b

c

Q R S

W

(0; 0)
P

P 0

Figure 2.8: e structure deforms and point P displaces as the load is applied.

As suggested by Fig. 2.8, both the length and direction of each bar change after the load
is applied.However, undermany common circumstances, the displacements are small enough
such that the change in direction is negligible. erefore we will assume, as an approximation,
that each deformed bar is parallel to its original position. is is illustrated in Fig. 2.9 which
shows initial and deformed positions of the bar PS near point P , and how the deformation
ıPS is geometrically related to the displacements u and v.

I
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Example 2.1: Simple Truss Analysis (continued)

P

P 0

u

v
�PS

+ıPS

�ıPS

Figure 2.9: e displacement ıPS is comprised of components along x and y directions.

Using basic trigonometry, the deformation of the bar ıPS is related to the displacement of
P 0, .u; v/, by the equation

�ıPS D u cos �PS C v sin �PS :

Note the negative sign in front of ıPS accounts for the convention that positive ı corresponds
to the bar getting longer, but in Fig. 2.8, the bar is contracted.

Because the kinematic description of each bar is standardized (Fig. 2.7), the equations
for the other two bars are similar without requiring separate derivations:

�ıPR D u cos �PR C v sin �PR

�ıPQ D u cos �PQ C v sin �PQ :

ese equations are called compatibility equations because the deformations must be compat-
ible so that all bars remain connected at point P 0. In summary, we now have five equations
for the five unknown variables ıPQ, ıPR, ıPS , u, and v. Notice also that these equations
are linear in these variables. is is a consequence of our use of the approximation that the
direction of each bar remains unchanged. For this example, we have in mind that the reader
will solve the five equations using a numerical solver such as M or Excel, and then
develop a model of this problem using a commercial FE solver. We recommend assembling
the structure using beam or bar elements. Depending on the reader’s experience with FEA,
it may or may not be clear that both equilibrium and compatibility conditions are simulta-
neously enforced as part of a displacement-based finite element analysis. In our model, using
one-dimensional bar (or truss) elements in ANSYS, the finite element method obtains the
theoretical solution exactly (up to machine precision): the bar forces are 1287:5 lb in bar PQ,
3197:5 lb in bar PR, and 1456:6 lb in bar PS ; the displacements of the loaded point P 0

I
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Example 2.1: Simple Truss Analysis (continued)

are u D 6:00 � 10�4 in and v D �6:74 � 10�3 in. e deformed shape can be illustrated by
post-processing the finite element results, as shown in Fig. 2.10.

Figure 2.10: e structure deforms and point P displaces as the load is applied. e finite ele-
ment result matches the exact result for nodal displacements and bar forces.

is example is adapted from Papadopoulos et al. [2013] with permission.

2.4 WHAT DIMENSION ARE YOU IN?

e distribution of stress, strain, and displacement in an elastic body subject to prescribed forces
requires consideration of a number of fundamental conditions relating material constitutive laws,
material properties, geometry, and surface forces.

1. e equations of equilibrium must be satisfied throughout the body.

2. A constitutive law relating stress and strain must apply to the material, e. g., linear elastic
Hooke’s law.
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3. Compatibility must hold, i. e., the components of strain must be compatible with one an-
other or the strain must be consistent with the preservation of body continuity. is is a
critical matter for FEA that is not always discussed in mechanics of materials.

4. e stress, strain, and deformation must be such as to conform to the conditions of loading
imposed at the boundaries.

Realistically, all problems are three-dimensional, but satisfying all the conditions outlined
above can quickly become intractable. Indeed, closed form solutions to three-dimensional bound-
ary value problems in linear elasticity can be very involved or even impossible. When possible,
it is wise to take advantage of simplifications in which the displacement , stress, or strain fields
take on a one- or two-dimensional nature. ese opportunities afford themselves when a lower
dimensional model captures enough of the essential behavior.

For instance, in Example 2.1, we tacitly recommended that the 3-bar structure be modeled
with beam or bar elements. is was natural enough, but to elaborate, we assumed that behaviors
such as lateral contraction of the bars via the Poisson effect, bending, or other stresses not directed
along the axes of the bars were negligible. us, a model that resembles the behavior of a simple
axial bar, and its correspondingly simple behavior as described in Section 2.3.1, is sufficient. It is
unnecessary to develop a ‘true’ three-dimensional model that is more complicated.

In general, when modeling, the metaphor to not ‘throw the baby out with the bathwater’
is apt. e ‘baby’ is that which is essential, i. e., the dominant mechanics that we choose to keep
in the model, such as the dominant axial behavior of the bars in Example 2.1. e ‘bathwater’
is all of the other mechanics that we choose to neglect, such as the lateral effects in the bars of
Example 2.1.

ere are several other important situations in which it is appropriate to simplify the dimen-
sionality of a problem. is is evidenced when we realize that simple beam deflection solutions
resolve only the deformed shape of the neutral axis of the beam cross section. Indeed, in the
simplest beam bending theory that was reviewed in Section 2.3.2, referred to as Euler-Bernoulli
theory, the formulae for axial bending stress and maximum deflection are sufficient in the limit as
the beam length dominates over the remaining two cross-sectional dimensions. In other words,
Euler-Bernoulli beam theory holds only in the limit as the beam becomes “long and slender.” e
simplest bending relations become progressively more insufficient as the cross-sectional dimen-
sions grow and are no longer small compared with the beam’s length. In this limit, one can argue
that the beam becomes ‘hopelessly three-dimensional.’

Other opportunities afford themselves when two dimensions, say in a plane, are either com-
monly large or small compared with an out-of-plane dimension. In this limit, we have been taught
two-dimensional planar solutions for plane stress, plane strain, and axisymmetric conditions. We
explore these situations in the following sections.
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2.4.1 THE LIMIT OF THE THIN (PLANE STRESS AND PRESSURE
VESSELS)

ere are many problems of practical importance in which the stress conditions are ones of plane
stress. is occurs often in thin members, as shown in Fig. 2.11. In this limit:

1. e stress components �x , �y , and �z do not vary through the thickness, i. e., they are
functions of x and y only.

2. Externally applied forces are functions of x and y only.

3. e out-of-plane stress components are identically zero, i. e.,

�z D 0

�xz D �zx D 0

�yz D �zy D 0:

For such cases in FEA, a two-dimensional solid or continuum plane stress element is used.

x

y y

z
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(

�xy

O
Ty
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Figure 2.11: A state of plane stress will often result in thin sections with loads applied in the plane.

2.4.2 THE LIMIT OF THE THICK (PLANE STRAIN)
ere are many problems of practical importance in which the strain conditions are ones of plane
strain. For long, prismatic members subject to lateral loading in the x-y plane, as shown in
Fig. 2.12, a state of plane strain will result. In this limit:
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1. e strain components do not vary through the thickness, i. e., they are functions of x and
y only.

2. Externally applied forces are functions of x and y only.

3. e out-of-plane strain components are identically zero, i. e.,

�z D 0

xz D zx D 0

yz D zy D 0:

For such cases in FEA, a two-dimensional solid or continuum plane strain element is used.

x

y

zz

x

y

z

Figure 2.12: A state of plane strain will often result in thick sections with loads applied in the plane.

2.4.3 ANALOGY OF PLANE STRESS AND PLANE STRAIN
For similar cross sections, a solution derived for plane stress is strictly analogous to those for plane
strain when using the conversions listed in Table 2.1.
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Table 2.1: Conversions of two-dimensional assumptions

Solution To convert to E is � is
replaced by replaced by

Plane stress Plane strain E=.1 � �2/ �=.1 � �/

Plane strain Plane stress E.1 C 2�/=.1 C �/2 �=.1 C �/

2.4.4 THE LIMIT OF THE ROUND (AXISYMMETRY)
Finally, many practical problems exhibit azimuthal symmetry about an axis. When there is no
dependence of the deformation on the angle, � , in Fig. 2.13, the state of stress will not vary
in this direction and the stress and deformation fields reduce to functions of .r; z/ only. Such
conditions arise whenever:

1. all cross sections in the r-z-plane experience identical deformations;

2. externally applied forces are functions of r and z only; and

3. there is no �-variation of the deformation in the body, i. e., points in the transverse .r; z/

plane always remain in their respective transverse planes following application of the loads.

r

z

�

Figure 2.13: An axisymmetric geometry results when there is no variation in the azimuthal (�) direc-
tion.

For such cases in FEA, the body ismeshed in the r-z plane and an axisymmetric, two-dimensional
continuum element is chosen for the analysis.
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2.5 ST. VENANT’S PRINCIPLE
St. Venant’s principle, attributed to Barré de St. Venant, is a statement about the change in stress
distribution with respect to distance from a prescribed load or boundary condition. St. Venant’s
principle has significant implications for finite element analysis. It may be stated in a number of
equivalent ways.

1. e difference in stresses produced by two sets of statically equivalent forces acting on a sur-
face, A, diminishes with distance from A and becomes negligible at distances large relative
to the linear dimensions of A.

2. e detailed distribution of applied forces and moments on a boundary affects the internal
stress distribution in the vicinity of those applied forces and moments, but at several charac-
teristic dimensions away from the reactions, the internal stresses are essentially dependent
only on the applied external forces and moments, and not on how these forces and moments
are applied. A characteristic dimension is not an absolute dimension, e. g., “2 in,” but rather,
is a dimension that is meaningful in proportion to the given system, e. g., “1/3 the width of
the bar.” is is illustrated in Fig. 2.14.

3. Only stresses in the vicinity of loads are sensitive to the details of how those loads are applied.

4. If self-equilibrating forces act on a surface area, A, the internal stresses diminish with dis-
tance from A. e rate at which the stresses attenuate with distance may be influenced by
the shape of the body and must be estimated independently in each case.

5. Statically equivalent systems of forces and moments produce the same stresses and strains
within a body except in the immediate region where the loads are applied.

6. e localized effects caused by any load acting on the body tend to disappear in regions that
are sufficiently far away from the application of the load.

Many of the mathematical representations of the simplest loading conditions are them-
selves simple. But illustration of the concepts behind these relatively simple formulae are too
often lost on students exposed to them for the first time. A powerful teaching tool is the use of
quality graphical representations and illustrative examples, both of which appear in Steif [2012]
and Philpot [2010]. e reader may also find interesting two handbooks whose focus is a collec-
tion of formulae. ese references are useful for benchmarking solutions and providing bounding
cases used in preliminary analysis [Allain, 2011, Pope, 1997].
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Figure 2.14: Statically-equivalent sets of applied loads distributed differently over a boundary or part
thereof do not alter the internal stresses and their distribution several characteristic dimensions (here,
measured in terms of the width, w) away from the applied loads. Here, a compression specimen is
subjected to equivalent loads (P ) over different portions of its ends: (a) full end, (b) half end, and (c)
point load. Approximately one specimen width into the bar, the state of stress is a uniform constant
stress corresponding to P=A.

2.6 COMBINED LOADING

Note To e Instructor

While students may recognize these idealized loading cases and their respective simple formulae,
we often observe that how to linearly superpose these stress components under conditions of even simple
combined loading still eludes students even after exposure to the finite element method. Here we consider a
simple illustration for which finite element analysis is both straightforward and useful in framing students’
hand calculations as benchmarks for simulation results.

SimCafe Tutorial 1: Combined Loading in an Idealized Signpost

e purpose of this case study is to illustrate how combined loading is handled in a
straightforward manner using the finite element method. It presents a case study wherein
students can perform parametric studies varying the degrees to which the combined load-
ings are dominated by either axial, bending, torsional, or transverse shear response. It also
showcases how internal stresses from combined loads are superposed in a linear analysis.

I
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SimCafe Tutorial 1: Combined Loading in an Idealized Signpost (continued)

Follow the directions at https://confluence.cornell.edu/display/
SIMULATION/Signpost to complete the tutorial.

Example 2.2: Combined Loading in an Idealized Signpost

e cantilevered signpost shown in Fig. 2.15 has dimensions x1 D 6 ft, z1 D 4 ft, b2 D

13 ft, h1 D 28 ft, and h2 D 8 ft. e system is subjected to the external loads wz D 900 lbf=ft,
w0 D 700 lbf=ft, Fy D 8000 lbf, and Fz D net weight of the signpost.e signpost is made of
steel, and it is assumed that the signpost will remain in its elastic range. is means that when
the external load is removed, the material will return to its original shape without suffering
permanent deformation.

4JHOQPTU $SPTT 4FDUJPO

di

do

x

y

z

'JYFE 4VQQPSU
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Fz1

h1

h2

b2

z1
x1

Fy1

wz
wx =

z
h1+h2

w0

Figure 2.15: Geometrical description of the signpost illustrating dimensions and loads.

epost diameters do and di must be designed so that the total combined normal stresses and
combined shear stresses do not exceed allowable values. Assume allowable stresses of 25 ksi
and 16 ksi for normal and shear stress, respectively, which already account for an appropriate
factor of safety. is example is adapted from Papadopoulos et al. [2013] with permission
and with credit due to Genock Portela.

https://confluence.cornell.edu/display/SIMULATION/Signpost
https://confluence.cornell.edu/display/SIMULATION/Signpost
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2.7 A CLOSING REMARK AND LOOK AHEAD
In this chapter we reviewed common structural elements and their usual analyses from Mechanics
of Materials. We then used these forms to illustrate broader qualitative concepts and to introduce
the finite element method. So far, no major surprises have surfaced, and all of the results are as
expected.

As we look ahead to the next chapter, we are now ready to examine problems that have
greater geometrical complexity and irregularities. While some aspects of the FEA procedure will
be the same as those introduced here, they must now be used with more caution, skepticism, and
refinement. Moreover, the user will need to learn some new techniques to completely capture
essential details in these new situations.
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C H A P T E R 3

Where We Begin to Go Wrong

When all you have is a hammer, everything looks like a
nail.

Anonymous

Note To e Instructor

We have often told our students that one of the advantages of finite element analysis is that it is relatively
easy to perform. We also add that one of the disadvantages of finite element analysis is that it can be too easy
to perform. As ease of use becomes more prevalent, it can belie the complexity of the actual solution to one’s
problem. Clearly, a distinct advantage has always been to give drudgery and repetitive tasks to the machine
to free up time for the analyst to spend critically thinking. So the computer is a fast, but not necessarily
intelligent, aid in obtaining sufficiently accurate solutions. e requisite intelligence lives primarily in two
places:

1. commercial software’s pre-programmed algorithms that approximately model theories with which
students may or may not be familiar and

2. an analyst’s pre-processing of a model formulation and interfacing this model with the commercial
software.
Where students go wrong can often be traced to one of these two lapses in intelligence. e first

appears when students attempt problems whose solutions they do not know a priori. In such cases, the
theory they know may or may not be relevant or sufficient to model the problem. Students often view this as
carte blanche for initiating a finite element analysis. One common pitfall is that it is more difficult to validate
a solution you do not know or understand a priori. In such cases, new learners often turn to the theory
they know when attempting to validate simulation results. Comparing the results of correct finite element
analysis with expectations using inadequate theory is a common mistake made by students in introductory
courses.is is particularly true in courses where commercial software is used as part of the student laboratory
experience. We illustrate this first “way to go wrong” with three illustrative examples.
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3.1 EXCEPTIONS TO THE RULE
If you’re running a fever, you will remain home and nurse it…to a point. If your fever reaches
104 ıF, however, you may consider visiting your doctor or local emergency room. Analogously,
the simple formulae discussed in Chapter 2 can suffer a similar fate in their predictability as one
deviates further from the simplifying physical assumptions on which they are based. Take the
model for normal bending stress developed in slender beams:

�bending D
My

I
:

is formula is sufficiently accurate when beams are “long and slender;” that is, they are beams in
which the length along the neutral axis is large compared with the dimensions of the beam cross
section. e transverse deflections under load must also, typically, be orders of magnitude lower
than the beam span. As with all good theory, Euler-Bernoulli beam theory is considered valid in
a field of geometric dimensions and deformation scales that are bounded by dimensionless ratios.
For example, simple beam theory is considered to be applicable when

v

L
� 1I

D

L
� 1;

where D is a characteristic linear dimension of the cross section. We may even estimate a range of
validity by specifying “lines in the sand” beyond which we can apply the results of the simplified
theory:

L

v
� 1000I

L

D
� 20:

What is important is that these dimensionless “limits of applicability” are somewhat arbi-
trary. ey serve only as user-defined risk limits in applying simplifying assumptions. ey serve
as warning posts beyond which wemay wish to consider whether the true internal bending stresses
are sufficiently modeled by such simple formulae. Of course, the deviations from the simple limit
occur gradually as one passes through their range of applicability. Much like the metaphor of a
fever, the severity of the dysfunction grows degree by degree. Only finally at “some limit” (that
generally varies from person to person) do we decide the formula is too sick to be used any fur-
ther. Like climbers on Mount Everest, if one ignores too many small increments in impending
bad weather, one could get caught on the mountain in conditions where equipment suitable for
milder weather is no longer appropriate to the task. As the applicability of our simplifications
falter, i. e., for sufficiently short beams, the predictions of models based on these simplifications
will agree less and less with results observed in practice and in the laboratory.

e moral of the story is simple. e formulae examined in Chapter 2 do not suddenly go
bad, no more than a fever jumps from mild to extreme. One tends to step out of the range of
applicability of these simple formulae slowly, one degree at a time, until we finally judge predic-
tions based on them to be “sufficiently wrong.” Practitioners of FEA must know the applicability
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of the theories that, in addition to comparison with experimental data, are used to validate any
numerical approximation of mechanical behavior.

While the applicability of any simple formula is limited, it is still useful because the range
of applicability can generally be large. However, no matter how large the region in which these
formulae hold, we must be aware of the fences that bound them lest we utilize poor validation
tools to benchmark our numerical simulations.

e following are some of the specific places where mechanics idealizations may either
break down or become sufficiently flawed to warrant treading with caution [Papadopoulos, 2008,
Papadopoulos et al., 2011]. is list is not inclusive, but we point out several instances where their
bearing on validation of FEA is paramount.

• While linearity is applicable for small displacements, it is a poor approximation when dis-
placements grow “sufficiently large.” Studying the exact geometry of a structure and its
actual displacements under loading can be very complicated with many resulting equations
being nonlinear. When this is the case, the advantages accompanying linearity are lost, e. g.,
the guarantee of unique solutions, ability to superpose basic solutions, and ability to scale
any solution in load or overall size.

• Stress concentrations based on geometry such as re-entrant corners or cavities are, in gen-
eral, not captured by formulae that describe homogeneous states of stress. Stress concen-
trations are rooted in the interplay of stresses in orthogonal directions and not describable
by one-dimensional simplifications.

• For loading that results in fully three-dimensional, inhomogeneous stress states, any and all
formulae that rely on lower-dimensional idealizations are often no longer valid.

• When three-dimensional variation occurs, neglect of warpage and lateral strain may not be
realistic.

• For loading and geometry that are fully three-dimensional, boundary conditions that are
idealized in lower dimensions can no longer be specified in unique terms. ere are a variety
of approximations to classic boundary conditions such as a clamped support.

3.2 THE LINES IN THE SAND
We do not intend to outline all the boundaries of the simplest theories. is has been undertaken
in sufficient detail in many good mechanics of material texts such as Philpot [2010], Steif [2012],
and Riley et al. [2007]. We wish here to illustrate a few salient examples. ese will serve to
highlight what happens in distinct crossings of “lines in the sand,” such as:

1. when stress concentrations defy one-dimensional idealization,

2. when previously-insignificant deformation modes become non-negligible, and

3. when geometric dimensions dictate three-dimensional stress states.
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3.2.1 A STEPPED AXIAL ROD

SimCafe Tutorial 2: Stress Concentration in a Stepped Axial Shaft

When geometries exhibit discontinuities along a loading path, stress concentrations
generally arise. Stress flow is analogous to fluid flow and steep gradients that result in navi-
gating sharp discontinuities result in enhanced stress intensity. What may not be evident is
that a discontinuity in geometry requires modeling the geometry in multiple dimensions in
order to capture how the stress flows through the domain. us, one-dimensional simplifi-
cations are not capable of capturing these important effects.

e purpose of this tutorial is to showcase perhaps the simplest stress concentration
and point out that it can be resolved in two- or three-dimensions. Simple one-dimensional el-
ements (i. e., simple axial bar elements) that capture constant stress within an element are in-
sufficient to capture stress concentrations, evenwhenmany elements are used. In other words,
the requisite theory is absent, so mesh refinement is of no utility in converging on the solu-
tion. When the element formulation does not contain the necessary physics, h-convergence,
or using more elements, captures no more of the solution than does a coarser discretization.
is tutorial is meant to highlight where it is relatively straightforward to apply FEA and
resolve a solution correctly that belies analytical treatment with uniaxial formulae (such as
�axial D P=A).

Follow the directions at https://confluence.cornell.edu/display/
SIMULATION/Stepped+Shaft to complete the tutorial.

Example 3.1: A Stepped Axial Rod

Consider a stepped shaft under uniform axial load, P , as shown in Fig. 3.1.

D

r

h

Figure 3.1: Geometrical description of a shaft with a discontinuous step.

Stress concentrations arise due to coupling of the stress response in multiple direc-
tions. In the axisymmetric geometry pictured in Fig. 3.1, simplified two-dimensional theory
of elasticity can be employed to derive approximate theoretical expressions for the observed
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Example 3.1: A Stepped Axial Rod (continued)

stress risers, by fitting such models to experimental data [Solverson, 1953]. Many stress con-
centration factors fit in this manner are collected in Young and Budynas [2002]. For a stepped
shaft with circular fillets:

h D 3 in
r D 1 in

D D 8 in
h=r D 3

2h=D D 3=4 D 0:75;

a simple fit formula for the axial stress concentration is accurate to within 5% and given by:

K D C1 C C2

2h

D
C C3

�
2h

D

�2

C C4

�
2h

D

�3

C1 D 1:225 C 0:831
p

h=r � 0:010.h=r/ D 2:634

C2 D �1:831 � 0:318
p

h=r � 0:049.h=r/ D �2:529

C3 D 2:236 � 0:5220
p

h=r C 0:176.h=r/ D 1:8599

C4 D �0:63 C 0:009
p

h=r � 0:117.h=r/ D �0:9654

) K D 1:377;

and

�max D K�nom D K
P

Amin
D K

4P

� .D � 2h/2
D 1376 psi:

e response of a circular stepped shaft in tension is axisymmetric. An axisymmet-
ric analysis undertaken in ANSYS predicts the stress concentration to within the order of
accuracy of the simple formula fit, as shown in Figs. 3.2 and 3.3.

I



36 3. WHERE WE BEGIN TO GO WRONG

Example 3.1: A Stepped Axial Rod (continued)

Figure 3.2: e finite element method predicts the axial stress concentration in a stepped shaft.

Figure 3.3: e local axial stress concentration is shown in the vicinity of the step fillet.

Because these effects arise from coupling of stress in different directions, one-dimensional theories
are incapable of modeling stress concentrations in the vicinity of geometric discontinuities such as
re-entrant corners or fillets. Users must be careful to remember that in such cases two- or three-
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dimensional simulations are required. Because multi-dimensional analysis is required to capture
stress concentrations, it is also required in numerical design considerations of how to alleviate
such stress risers. For instance, in the case of the stepped shaft, one might ask the question “Is
there any way to alleviate the stress concentration at the fillet without changing the diameter on
either side or increasing the radius of the fillet?” A three-dimensional analysis reveals that this
is actually possible by undercutting the larger diameter portion of the shaft in the vicinity of the
original step, as shown in Fig. 3.4.

Figure 3.4: It is possible to alleviate a stress riser without changing either diameter of a stepped shaft.
A multi-dimensional finite element analysis is required to capture these phenomena. is solution
is reproduced from [Papadopoulos et al., 2011] with permission, with particular credit due to Jim
Papadopoulos.

3.2.2 A SHORT, STUBBY BEAM
Euler-Bernoulli beam theory, as introduced in strength of materials courses, accounts for trans-
verse deflection due to bending only. Bending deflections can be said to dominate the deforma-
tion response when the span-to-depth ratio of the beam exceeds, say, 15. For progressively shorter
beams, the assumption that shear deformation can be neglected when compared with the bend-
ing deformation is no longer warranted. In these limits, the shear deformation should be taken
into account. Timoshenko beam theory accounts for explicit contributions of deformation due to
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shear. is is the theory one should apply when the span-to-depth ratio of the beam falls below
some prescribed limit.

SimCafe Tutorial 3: Stress and Deflection in a Timoshenko Beam

e purpose of this tutorial is to showcase where simple beam theory begins to break
down. In some commercial codes, simple one-dimensional cubic beam elements that capture
bending deflection do not capture shear deflection. Alternatively, Timoshenko beam theory
may be used by default in the element formulation (as with the BEAM188 element in ANSYS
v14). When shear deflection is accounted for in the one-dimensional element formulation,
results for the beam’s tip deflection will not agree with tip deflections predicted by simple
Euler-Bernoulli beam theory when the beam is relatively short. Again, attempts to capture
this effect with h-convergence will ultimately fail when the necessary physics is not contained
in the element formulation. When it is and the results are compared to simpler theory, the
disagreement may be substantial. Once again, h-convergence captures no more of the solu-
tion than does a coarser discretization. is tutorial is meant to highlight when it is relatively
straightforward to apply three-dimensional FEA and resolve a solution correctly that belies
analytical treatment with simple formulae (such as bending tip deflection v D PL3=3EI ).

Follow the directions at https://confluence.cornell.edu/display/
SIMULATION/Stubby+Beam to complete the tutorial.

Example 3.2: Large Depth-to-Span Ratio Beams

Consider a relatively short tip-loaded cantilevered I-beam, as shown in Fig. 3.5.

x

y

P

L

2c

Figure 3.5: A simple cantilever beam is loaded under transverse point tip load P .

e behavior of relatively short beams can be numerically approximated by either one-
dimensional beam elements that account for shear deflection or a fully three-dimensional
analysis. One should note, however, that while one-dimensional Timoshenko beam ele-
ments have interpolation functions for shear deformation, they do not capture the complete
three-dimensional state of stress within the beam. For instance, in short cantilever beams the
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Example 3.2: Large Depth-to-Span Ratio Beams (continued)

normal stress component at the clamped edge can no longer be predicted with the simple
bending formula in Chapter 2.

� JO������ JO

� JO

������ JO

��� JO

Figure 3.6: Cross section of a short I-beam and a corresponding three-dimensional solid model
that can be imported into many commercial finite element software packages.

e solid model is meshed for an I-beam whose span is 24 in. With a span-to-depth
ratio of only 3, the actual deformation and stress response will not be modeled well by Euler-
Bernoulli beam theory. ree-dimensional finite element simulations indicate that the shear
deflections are on the order of those from simple bending theory and the wall normal stresses
deviate substantially from those predicted by simple bending theory. Typical contours of
displacement and stress for the three-dimensional model are shown in Figs. 3.7 and 3.8 for
a tip load of 1000 lb.

I
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Example 3.2: Large Depth-to-Span Ratio Beams (continued)

Figure 3.7: Both shear and bending contribute to the total transverse deformation of short
beams.

Figure 3.8: e axial stress at the fixed wall deviates substantially from that predicted by one-
dimensional beam theory.
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Additional three-dimensional models can be run to examine the effects of the length of the
beam. Such analyses verify the dependence of both the tip deflection and normal wall stress on
the beam’s span-to-depth ratio, as evidenced by results in Figs. 3.9 and 3.10.
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Figure 3.9: e tip deflections in short beams predicted by Euler-Bernoulli beam theory become
progressively inaccurate for relatively short beams.
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Figure 3.10: e normal stress at the fixed end predicted using Euler-Bernoulli beam theory in short
cantilever beams can underestimate the actual normal stress substantially.

3.2.3 A THICK-WALLED PRESSURE VESSEL
e simple formulae outlined in Chapter 2 represent nearly all states of uniform or linearly vary-
ing stress. Radial and hoop stresses in pressure vessels become uniform through the thickness
as the radius-to-thickness ratio becomes large. Because these formulae are simple and because
the variation of both radial and hoop stress becomes nonlinear for thick vessels, analysts may be
tempted to push the limits of the simple formulae. Here we point out that, as with the other
simple formulae, the deviation from the uniform stress state occurs gradually. When the radius-
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to-thickness ratio falls below 10, errors arising from predicting stresses with thin-walled formulae
become appreciable and thick-walled formulae become increasingly necessary.

SimCafe Tutorial 4: Hoop Stress in a ick-Walled Pressure Vessel

e purpose of this tutorial is to illustrate how thin-wall pressure vessel theory grad-
ually loses applicability as the radius-to-thickness ratio decreases. As before, this happens
gradually as the vessel walls become thicker. is tutorial is meant to highlight where it is
relatively straightforward to apply three-dimensional or axisymmetric FEA and resolve a
solution correctly for thick-walled vessels.

Follow the directions at https://confluence.cornell.edu/display/
SIMULATION/Pressure+Vessel to complete the tutorial.

Example 3.3: A Hydraulic Test Stand

Consider a hydraulic pressure vessel used to apply loads to experimental fixtures in an
undergraduate statics and strength of materials laboratory, as shown in Fig. 3.11.

�BYJBM �BYJBM

b

a

p

Figure 3.11: Hydraulic test stands are typically moderately thick-walled pressure vessels.

Consider that the pressure vessel is verging on the limits of the thin-wall theory. e
outer diameter is 4 in with an inner diameter of 3 in and a 0.5 in wall thickness, giving an
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Example 3.3: A Hydraulic Test Stand (continued)

average radius-to-thickness ratio of 3.5. Exploiting symmetry, an axisymmetric analysis of
half the vessel is created. e vessel is internally loaded with a constant pressure of 1000 psi.
e axisymmetric deformed mesh and internal stresses indicate a stress riser in the bottom
of the tank where membrane and bending stresses coincide, as shown in Fig. 3.12.

Figure 3.12: Pressure vessel hoop stress maximum occurs in the bottom of a thick-walled vessel.

Far from the discontinuity of the vessel corner, the hoop and radial stress variations in the
axial direction in the cylinder wall vanish, as shown in Fig. 3.13.

Figure 3.13: Pressure vessel hoop stresses are no longer uniform through the wall of a thick-
walled vessel.

I
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Example 3.3: A Hydraulic Test Stand (continued)

Paths through the domain may be defined in many commercial finite element software
packages. Here, the variation of hoop stress through the wall thickness is not negligible. e
results shown in Fig. 3.14 show the maximum value on the inner diameter predicted correctly
by thick-wall theory.

Figure 3.14: Radial variation of hoop stress in the uniform section of the cylinder wall shows a
peak value at the inner wall that is underestimated by thin-wall theory.

When we vary the vessel thickness, the gradual degradation of the predictions using thin-
walled formulae become evident, as shown in Fig. 3.15.
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Figure 3.15: Hoop stresses in thick-walled pressure vessels are underestimated by relations based on
thin-walled pressure vessel theory.
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3.3 UTILITY OF THE FINITE ELEMENT METHOD
e deviations from the simplest stress states that occur in the examples of Sections 3.1 and 3.2
are easily handled by the finite element method. Deviations such as stress concentrations may
be predicted using approximate formulae, but these are almost always dependent on details of
the specimen geometry; FEA, in contrast, is simple enough to apply in all of these cases and
does a good job predicting the correct behavior for elastic deformation and stress. As the finite
element method becomes more pervasively used in industry, we feel there is utility in introducing
the method earlier in engineering curricula [Papadopoulos et al., 2011]. Distinct advantages to
introducing the method throughout one’s undergraduate studies include reducing the drudgery
and potential errors of computation, focusing on the theory of mechanics, while enabling students
to approach more complicated problems that escape the realm of closed-form solutions.

Now recall our earlier point that when using pre-programmed software, the majority of the
errors and their severity are attributable to the user. ese include faulty input, poor modeling,
poor pre-processing, and ignorance of the software protocol. Analogous errors of using a wrong
formula or remaining ignorant of a key formula can occur when using hand calculations [Jeremić,
2009, Papadopoulos et al., 2011, Prantil and Howard, 2007, 2008]. e potential for such error
in problems like the ones in this chapter is high because the theoretical solutions are likely beyond
what most undergraduate mechanical engineering students have learned.

Here FEA can be very beneficial to allow students to explore behavior beyond their basic
theoretical knowledge, and it can serve as a bridge for them to discover more advanced theoretical
treatments that appear, such as Gieck and Gieck [2006] and Young and Budynas [2002]. Such
books are good references for finite element analysts to have at hand for validating numerical
solutions for problems whose analytical or empirical solutions have been determined. Using these
solutions as benchmarks for FEA analyses helps reinforce the practice of finding published and
verified solutions for comparison with numerical simulations. is further underscores our earlier
point that we advocate early introduction of FEA in the curriculum, even when it appears to
precede the students’ current level of engineering knowledge [Papadopoulos et al., 2011].

While applying the finite element method in these cases is relatively straightforward, for
more complex geometries and boundary conditions, the prescription of model details leads to sit-
uations in which it can become progressively easier for analysts to go wrong applying the method.
We discuss illustrative case studies for two such boundary value problems in Chapter 4.
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C H A P T E R 4

It’s Only a Model

A model is a lie devised to help explain the truth.

Anonymous

e truth is always too complex.

Bruce Irons and Nigel Shrive
e Finite Element Primer

Note To e Instructor

e second lapse in intelligence in applying the finite element method occurs when users understand the
problem they want to solve, and understand the theory that they believe holds for the problem at hand. e
issue is whether the analyst properly poses the finite element formulation of the problem. ese types of
errors can occur when analysts pre-process a model and

1. apply loads or boundary conditions incorrectly,
2. use an inadequate element formulation for the solution desired, or
3. analyze the problem in an inappropriate dimension, i. e., pose the problem as two-dimensional when

three-dimensional analysis is required.
In this scenario, the user falls prey to an old adage wherein the computer is doing what they tell it to do
rather than what they want it to do. Here we pose two deceivingly simple problems that cause new learners
to often make these common mistakes in problem formulation.
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4.1 THE EXPECTATION FAILURE
We expect regularities everywhere and attempt to find
them even where there are none. Events which do not
yield to these attempts we are inclined to treat as
“background noise,” and we stick to our expectations
even when they are inadequate.

Karl Popper
Conjectures and Refutations: e Growth of Scientific

Knowledge

As we mentioned in the Preface and elsewhere, we strongly believe in using expectation failures as
part of our teaching strategy. Because they are crucial to the examples in this chapter, we repeat
the words of Ken Bain to remind the reader of their meaning and importance:

Some of the best teachers want to create an expectation failure, a situation in which
existing mental models lead to faulty expectations. ey attempt to place students in
situations where their mental models will not work. ey listen to student concep-
tions before challenging them. ey introduced problems, often case studies of what
could go wrong, and engaged the students in grappling with the issues those examples
raised [Bain, 2004].

Among the list of common errors made in FEA practice, in this chapter we address misconcep-
tions regarding either

1. the real physics governing the problem or

2. the construction of the finite element model approximating these physical mechanisms.

So an analyst harbors some misconception regarding underlying physical phenomena or
details of an appropriate numerical approximation. But, and this is critical, they begin to assure
themselves that they do understand. Perhaps they do not remember that “the truth is always too
complex” and either our broad simplifications of reality (the simple formulae) or the finite ele-
ment model approximations (say, lower-order interpolation finite elements) are insufficient for
the problem at hand. As we discussed in Chapter 3, analysts will proceed as if these simplifications
adequately represent the real behavior. In these cases, analysts may trust the incorrect numerical
analysis. Even when presented experimental evidence that does not validate the computational
results, analysts can still “cling with fervor” to these incorrect results. Such computational compla-
cency may be born of rationalizing that because the software has more theory programmed into it
than the user has learned, the computer is more likely right.

In finite element analysis, expectation failures can arise in the following ways.

1. One prescribes boundary conditions that either over- or under-constrain the boundaries by
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(a) not removing all rigid body translation and rotation or
(b) overly constraining degrees of freedom along a particular direction that preclude de-

formation and Poisson effects in orthogonal directions.

2. One chooses inappropriate finite element formulations, such as

(a) planar or one-dimensional elements that are not appropriate for the observed behavior,
(b) finite elements with inadequate degrees of freedom, or
(c) finite elements with inadequate order of interpolation.

3. Lower-order interpolations appear to predict behavior more accurately than higher-order
interpolations.

4. Meshes with fewer active degrees of freedom appear to predict more accurately than meshes
with more active degrees of freedom.

Wewish to illustrate these points with two examples where finite elementmodeling can go wrong.
Remember, whether or not simplified theory is appropriate, incorrect finite element results are
typically cases of analyst error.

4.2 PHILOSOPHY OF MATHEMATICAL MODELING
e great masters do not take any model quite so
seriously as the rest of us. ey know that it is, after all,
only a model, possibly replaceable.

C.S. Lewis

e game I play is imagination in a tight straightjacket.
at straightjacket is called the laws of physics.

Richard Feynman

S.L. Hayakawa is noted for pointing out that “the symbol is not the thing symbolized; the word is
not the thing; the map is not the territory it stands for” [Dym, 2004], echoing Richard Feynman
who recalled that his father “knew the difference between knowing the name of something and
knowing something” [Public Broadcasting System–NOVA, 1993]. When engineers attempt to
formulatemodels for systems and processes, it is incumbent upon us to remember that the process,
the system is “the thing,” “the territory.” e model is a symbol, word, or map that in some way
names the thing. ey are not the same. To model some process well requires recasting its real
nature into a simplified shell that allows its basic nature to be captured in mathematical form, a
set of equations whose solutions tell us something about how the model system behaves under a
given set of controlled conditions. An abstraction of the process is shown in Fig. 4.1.
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Figure 4.1: A mathematical model is devised by sufficiently simplifying a problem statement such
that its formulation can be cast in equation form.

Similar conceptualizations have been illustrated elsewhere and these overviews of model-
ing are well worth reading: Carson and Cobelli [2000], Dym [2004], Greenbaum and Chartier
[2012]. In order to numerically model a system, we must observe the system in nature. We must:

1. collect all information relevant to how the system behaves,

2. detail what we need to find out or predict,

3. specify how well we need to know or predict this behavior, and

4. seriously ask a singularly important question: “What do we expect to happen?”
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We should have a knowledgeable, informed expectation of how the system will respond to dis-
turbances, excitation, or loading based on practical experience, prudent observation, and one’s
understanding of the relevant physics.

In any given process, only a few physical mechanisms tend to dominate the behavior. Mak-
ing physically simplifying assumptions means deciding what physical mechanisms to retain (recall
the baby) and which to neglect (recall the bathwater). e modeler needs to retain the dominant
physics and neglect all higher-order effects, making the model as simple as possible, but no sim-
pler. Making appropriate simplifying assumptions is an art whose mastery comes only gradually
with continued experience.

After appropriate simplifying assumptions are made, application of a conservation or bal-
ance principle results in a differential equation for the boundary value problem. Finite element
methods provide a piecewise approximation to the solution of this differential equation. In con-
structing finite element models, the major inputs from the user are

1. the choice of finite element, which dictates the incremental solution interpolation between
nodes and

2. the specific prescription of boundary conditions for the global domain.

We’ve already learned that beam behavior can be approximated using one-dimensional and three-
dimensional models. Here we will use both and compare the results to experimentally measured
values.

Recall that boundary value problems are described fully by a governing differential equa-
tion coupled with an admissible set of appropriate boundary conditions. For static analyses, the
boundary conditions must remove all rigid body translations and rotations.

Upon applying admissible boundary conditions, we solve for displacements throughout
the global region. Most commercial finite element software then post-processes the displacement
solution to compute

1. reaction forces corresponding to applied displacement constraints and

2. internal stresses which may be displayed or contoured.

One goal in model development is to start with the simplest approximation that captures
the physics and provides perhaps crude, but reliable qualitative predictions of system behavior.
We will seek to iterate on the model to provide more quantitative results, and then to validate the
numerical predictions with experimental observations and test results. All models are approxima-
tions whose errors most commonly arise from

1. expectation failures,

2. faulty simplifying assumptions,

3. poor discretization of the domain,



52 4. IT’S ONLY A MODEL

4. poor choice of element interpolation function,

5. incorrect post-processing, or

6. misinterpretation of results.

To validate a numerical solution, it is prudent to perform initial benchmark solutions on repre-
sentative problems with simplified geometries and boundary conditions. Preferably, these prob-
lems are ones whose solutions are known either in closed form or bounded by analytical solutions
from above and below. Beyond this, all system modeling employing numerical simulation requires
model iterations. Based on previous results, subsequent analyses must be entertained that:

1. relax simplifying assumptions,

2. refine the discretization, or

3. employ higher-order interpolation between solution grid points.

Such model iterations must be performed until the solution converges and independent validation
is achieved.

Finite element analysis is a numerical approximation in which the global solution to a large-
scale boundary value problem is approximated by a series of finite range functions that are them-
selves lower-order Taylor series approximations that approximate the local behavior of the solu-
tion with sufficient accuracy. ese local representations of the solution are based on the Lagrange
polynomial interpolation functions that characterize each finite element.

4.3 THE ART OF APPROXIMATION
Modeling and the approximations made therein are an art. When devising numerical approxi-
mations on top of the requisite simplifying assumptions, any model is never, strictly speaking,
correct, but (hopefully) correct enough. Nearly all numerical approximations in finite element
modeling are approximations to theoretical solutions characterized by high levels of continuity
and differentiability. But these approximations consist of piecewise, lower-order Lagrange poly-
nomial fits between grid points at which nodal equilibrium is explicitly satisfied. e levels of
continuity in displacement sacrificed in the weighted residual are the inherent penalty for the
approximation that allows average solutions to continuous differential equations to be obtained
from simpler algebraic matrix equations. In some crude sense, numerical analysis is the fine art of
lying by approximation.

e concept of piecewise polynomial interpolation of a solution over a finite domain is
rooted in appropriately truncated Taylor series expansions. In some defined neighborhood of the
nodes, a continuous function has an infinite number of truncated Taylor series approximations.
e applicable neighborhood over which each series is considered valid then depends on the order
of the truncation.
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Figure 4.2: A generic function is shown over some global domain.

Consider the function f .x/ D e�x sin.3x/, plotted in Fig. 4.2. In the vicinity of the point
x D 2, the second-order Taylor series approximation represents the function with some level of
accuracy in some prescribed neighborhood of x D 2, as shown in Fig. 4.3. e linear, first-order
Taylor series approximation is a reasonable representation over yet a smaller window. e zeroth-
order Taylor series allows for no interpolation. en it follows that the neighborhood over which
an element’s interpolation function approximates a known solution with acceptable accuracy will
determine the appropriate element size you want in your discretized domain. erefore, it follows
that you cannot know how to best discretize your domain without knowing what element inter-
polation, i. e., element type, you have chosen. As we will see, how well higher-order derivatives of
these interpolating functions represent the derivatives of the actual solution must be considered
in order to determine the accuracy of the stresses predicted by the numerical model.

4.4 WHAT ARE WE APPROXIMATING?
e primary solution variables in FEA are displacements at discrete grid points we call nodes. A
discrete solution using the finite element method always delivers an approximate overall solution
in the entire domain characterized by

1. maintenance of force equilibrium at all nodes and

2. sacrifice of inter-element force equilibrium in neighboring finite elements that share par-
ticular nodal points.
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Figure 4.3: Progressively higher-order truncated Taylor series approximations to an arbitrary function
model the function’s behavior well over progressively larger local neighborhoods.

e displaced configuration of an elastic body is precisely the set of nodal point displace-
ments superposed on the original undeformed configuration. e deformed body acts as an elab-
orate three-dimensional spring that, upon unloading, would return instantaneously to its original
size and shape. e set of nodal point displacements comprise a set of coefficients that each mul-
tiply basis functions whose collected weighted sum represents an approximation of the continu-
ous displacement field in three dimensions. Finite element analysis is, in one sense, a piecewise
Lagrange polynomial interpolation of this continuous field into many lower-order polynomials
whose continuity requirements at nodal points are dictated by the order of truncation of the local
Taylor series. It is, therefore, the order of the interpolation or shape function that dictates the
variation of displacement along the interior of the finite element.

Now let’s consider an idealized finite element analysis as an example of:

1. developing and solving a mathematical model,

2. showcasing where particular errors made in finite element practice might occur, and

3. illustrating where theory embedded in finite element formulations is no guarantee that using
finite element analysis will result in an accurate simulation.
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SimCafe Tutorial 5: Four-Point Bend Test on a T-Beam

e purpose of this case study is to showcase how the manner in which boundary
conditions are applied can changewith the number of dimensions in the analysis. Prescription
of a single unique “appropriate” set of boundary conditions may no longer exist in a three-
dimensional model vs. its one-dimensional analog. In the case study described here, multiple
prescriptions of a “simple support” lead to significantly different predicted bending stresses
even in the fairly benign circumstances encountered in a four-point bend test.

Follow the directions at https://confluence.cornell.edu/display/
SIMULATION/T-Beam to complete the tutorial.

Example 4.1: Four-Point Bend Test on a T-Beam

Consider that we are examining a long, slender T-beam loaded at two symmetric loca-
tions on its top surface while being simply supported at its ends along triangular knife-edge
supports as shown in Figs. 4.4 and 4.5. e load was applied with a hydraulic cylinder ap-
paratus. Strain gages mounted at several locations between the loading points (where the
moment was constant and the transverse shear force was zero) were monitored during the
test. We know that the beam is made of isotropic steel with a span of 30 in and constant
cross-sectional properties. We wish to accurately predict its peak bending stress.
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Figure 4.4: A T-section beam cross section is pictured, along with a schematic of the loads ap-
plied in a four-point bend test.
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Example 4.1: Four-Point Bend Test on a T-Beam (continued)

Figure 4.5: e T-section beam is simply supported along triangular knife edges at each end.

We assume the load is quasi-static. e material remains in the elastic range, the beam
is long and slender enough for Euler-Bernoulli beam theory to be a sufficient representation
of the deformation and internal stress response. We neglect contributions to the deformation
from shear deflection. We assume the vertical transverse loads from the hydraulic press can
be modeled as pressures over small contact patches. We also assume the simple support at
the ends of the beam constrain the transverse displacements at the beam’s bottom flange in
contact with the knife-edge support.

Having chosen a one-dimensional beam element, we are assuming a cubic interpola-
tion of transverse deflection between node points to represent a global solution that is cubic.
One would then expect to generate exact results [Irons and Shrive, 1983] as there are no trun-
cation errors in the approximation. A linear distribution of normal, bending stress through
the depth of the section would then be the expected result. e simplest discretization is
shown in Fig. 4.6.

Figure 4.6: Aone-dimensional finite elementmesh using beam elements is loaded with idealized
point loads.

Comparisons of the normal bending stress results of the one-dimensional analyses
with those determined from strain gage test data from the lab allowed for some interesting
comparisons, as shown in Table 4.1. Here we report the stresses in dimensionless form where

I
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Example 4.1: Four-Point Bend Test on a T-Beam (continued)

the actual stress is normalized with respect to the characteristic bending stress

O� D
PLh

2I
:

is illustrates a further point about the finite element method. It is entirely devoid
of any reference to the chosen system of units. ese are entirely at the discretion of the
user. One need only prescribe a consistent set of units in order to interpret results meaning-
fully. Because the units are discretionary, results from linear static analyses scale linearly with
load and dimensionless results are rendered independent of the actual specific load, section
properties, or material constants chosen.

Table 4.1: Results of one-dimensional beam analyses

�bottom= O� �top= O�

Experiment 0.1108 -0.2464
Euler-Bernoulli beam theory 0.1134 -0.2724
FEA: beam elements 0.1134 -0.2724

Based on these results, in which physical experiment, simple beam theory, and finite
element simulation are in good agreement, we could conclude that we have obtained an
accurate answer for the peak bending stresses in the beam, and in particular, that the use of
beam elements is an appropriate choice for the finite element model. We further comment
that the alert reader should surmise that the peak stresses occur at the midpoint (x D 15 in).

Recall that models are approximations of reality, and it is quite possible that more than
one model is capable of producing an accurate result. It is well worth asking if a fully three-
dimensional analysis would also verify these results. is may, in fact, be what one expects at
first glance.

To investigate this question, a three-dimensional model is created in which the hy-
draulic loads are approximated as pressure loads over the small contact areas. We also assume
that the knife-edge supports at the left and right ends can be modeled by constraining the
transverse (z-direction) and out-of-plane (y-direction) displacements at all points along left
and right edges of the beam’s bottom flange (that is, along the edge lines parallel to the
y-direction), as shown in Fig. 4.7.

I
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Example 4.1: Four-Point Bend Test on a T-Beam (continued)

All translational DOF �xed
for all nodes at the supports

Figure 4.7: Simple support boundary conditions used in the finite element model are applied
throughout the cross section.

Preliminary results indicate that the stress variation is fairly linear through the cross
section, as depicted in Fig. 4.8.

Figure 4.8: Axial stress distribution in the three-dimensional beam model varies linearly through
the section.

But the normal bending stress at the extreme fibers predicted by the three-dimensional
finite element model does not agree with experiment as outlined in Table 4.2. e stresses
are under-predicted on top by 11% and on bottom by 52%.

I
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Example 4.1: Four-Point Bend Test on a T-Beam (continued)

Table 4.2: Results of one- and three-dimensional beam analyses

�bottom= O� �top= O�

Experiment 0.1108 -0.2464
Euler-Bernoulli beam theory 0.1134 -0.2724
FEA: beam elements 0.1134 -0.2724
FEA: solid elements 0.0536 -0.2184

At this point we have arrived at an expectation failure, for the results from our “obvi-
ously correct” three-dimensional model do not match the accepted values from the previous
analysis. In the spirit of our pedagogical approach, it is now incumbent upon the student to
speculate as to why this has occurred, and likewise, it is imperative that instructors support-
ively coach their students toward a more correct understanding of the solution. For instance,
some possible reasons for our discrepancy include the following.

• e simple beam calculations were made with a cross section that neglected the fillets
between the web and flange. e solid-element model includes the fillets, resulting in
a stiffer structure. e error introduced by neglecting the fillets is less than 0.5% for
this geometry.

• Experimental errors, including reading of the applied pressure, locations of the sup-
ports and load application points, inaccurate modulus of elasticity, and strain gage er-
rors, caused the measured strains to be inaccurate. If only the three-dimensional model
were being compared to the experimental results, this might have been a reasonable
conclusion. However, the agreement of the simple beam calculations and beam finite
element model results with the experimental results may cast doubt on the accuracy
some particular aspect of the solid-element model.

• ere are not enough elements through the thickness in the solid-element model to al-
low for the bending stresses to be accurately calculated. While this is a possibility, closer
examination of the maximum and minimum stresses predicted by the solid-element
model shows that the neutral axis location (assuming a linear distribution of stress) is
more than 0.5 in away from the centroid of the cross section. is result suggests that
some other type of loading is being introduced into the beam.

Having considered and eliminated these possible explanations as likely, we are led to suspect
the boundary conditions. e three-dimensional model made use of boundary conditions
whose equivalent effect is to allow only rotation about the y-axis (along the knife-edge sup-
port). Indeed, the boundary condition illustrated in Fig. 4.7 seems to be a good representation
of the physical constraint, as the real beam rests on a support that extends across the entire

I
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Example 4.1: Four-Point Bend Test on a T-Beam (continued)

flange, and one is predisposed to visualizing this simple rotation condition. Note that the
portion of the beam that extends beyond the support is not included in the finite element
model.

However, the boundary conditions restrict displacements that are possible with the
three-dimensional model and which exceed the conditions imposed by the actual knife-edge
constraint. In particular, the flange of the beam does not remain perfectly flat. Rather, it
rests freely on the support and is free to deform in the direction transverse to the beam’s
neutral axis and throughout the entire depth of the beam. Since the axial strain varies with
distance away from the neutral axis, the transverse strain due to Poisson’s ratio also varies.
is variation of transverse strain, not accounted for in one-dimensional analyses, results in
curvature of the flange. You can easily visualize this effect by bending a rubber eraser between
thumb and forefinger and noticing the curvature transverse to the applied bending.

It nevertheless still seems reasonable that some three-dimensional model should work.
We can modify the boundary conditions to allow the model to curve in the transverse direc-
tion. ese alternative boundary conditions are relaxed to apply to the two corner nodes on
each end of the beam only. e deflected shape of a slice of the beam section with these new
boundary conditions applied is illustrated in Fig. 4.9. Although the deflections are greatly
exaggerated, the tendency of the beam flange to curve rather than sit flat on the support is
clearly evident. is relaxation of the constraint on the flange appears to have rather strong
effects on the predicted bending stresses.

x- and z-displacements !xed
All translational

DOF !xed

Figure 4.9: Modified boundary conditions applied to the finite elementmodel result in an altered
deformed shape of the beam at these supports.
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Example 4.1: Four-Point Bend Test on a T-Beam (continued)

As reported in Table 4.3, the new results for peak bending stresses using the relaxed
constraints are much closer to the experimental results than those using the stricter con-
straints.

Table 4.3: Results of alternate beam analyses

�bottom= O� �top= O�

Experiment 0.1108 -0.2464
Euler-Bernoulli beam theory 0.1134 -0.2724
FEA: beam elements 0.1134 -0.2724
FEA: solid elements,
loosely-pinned supports 0.0946 -0.2230
FEA: solid elements,
fully-pinned supports 0.0536 -0.2184

ere are several important lessons to take away from this exercise.

1. With the loosely pinned supports, the error in maximum bending stress on the bottom
of the beam is reduced from 52% to 16%, while the maximum bending stress on the
top of the web is now even more accurate than the one-dimensional results.

2. For beams whose depth-to-span ratio is not small, Poisson effects on stresses may be
significant. Furthermore, these effects are accentuated because the end constraints are
placed along the beam flange surface which is not on the neutral axis. Beam theory
inherently assumes that all constraints are placed at the neutral axis.

3. e one-dimensional results may agree well with experiment because of the proximity
of the flange, where actual boundary conditions are placed in the experiment, to the
actual neutral axis.

4. While a three-dimensionalmodel can account for out-of-plane effects, the precise form
of the boundary conditions can have strong effects on stresses.

5. Solid elements are not always the best choice for an analysis when this choice is made
irrespective of the boundary conditions. Often, realistic deformations result that may be
outside of the realm of one’s limited experience. With easy access to a part or assembly
modeled with a solid modeling program, it may seem logical to import and analyze the
structure with three-dimensional elements for no more important reason than ease for
the analyst.

I
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Example 4.1: Four-Point Bend Test on a T-Beam (continued)

6. Very often the part or assembly modeled with a solid modeling program has been cre-
ated without previous knowledge of where and how loads and boundary conditions will
need to be applied in a subsequent finite element analysis. Often, analysts will struggle
with wanting to import these solid model part or assembly files nonetheless. is may
lead or even force them to place less than optimal loadings and boundary conditions
where they otherwise might not.

7. Constraints that produce only negligibly small differences in strains can result in sig-
nificant differences in internal stresses.

8. In this example problem, an analysis with over 14,000 three-dimensional solid elements
produced inferior results compared to an analysis with four simple one-dimensional
beam elements.

Use of three-dimensional analysis does not guarantee more accurate results. Because
there are still discrepancies between the three-dimensional stress predictions and experimen-
tal results, we suggest that, as an exercise, students should further relax the boundary con-
straints along the flange to allow displacement along the beam’s longitudinal axis. Since the
flange is below the neutral axis, and there is bending, a compressive force will develop along
the bottom of the flange if both ends of the beam are fixed in the axial direction. In this way,
the extent to which this additional axial force does or does not affect the maximum bending
stress can be explicitly determined.

SimCafe Tutorial 6: Large Depth-to-Span Ratio Beams

e purpose of this case study is to illustrate how assumptions of planar behavior affect
numerical simulation of simple beam bending. e plane stress and plane strain assumptions
lead to bounds on the actual three-dimensional behavior. While this analysis is simple to
perform, the results are not so readily validated by those who are not ready to question when
the planar approximations are reasonable to apply. Such reasoning can lead analysts to con-
clude that numerical results have “converged” on a result which is inaccurate by over 100%.
e point of this exercise is to have analysts convince themselves that simplified theories are
often bounds and that geometries that do not cleanly and unambiguously lend themselves
obviously to either (thin or thick) limit, may still be ones for which one limit is reasonable
and applicable. Also, an intuitive feel for making and applying these simplifications often still
eludes users of the finite element method. is case study is an exercise in boundary condi-
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SimCafe Tutorial 6: Large Depth-to-Span Ratio Beams (continued)

tion prescription, choosing appropriate finite element formulations, simulation convergence,
and applying caution in interpreting one’s results.

Follow the directions at https://confluence.cornell.edu/display/
SIMULATION/2D+Beam to complete the tutorial.

Example 4.2: Large Depth-to-Span Ratio Beams

A simply supported beam of rectangular cross section is point loaded at some arbitrary
point along its length as shown in Fig. 4.10. Consider a beam where L D 100 in, a D 25 in,
h D 8 in, b D 3 in, and load P D 1000 lbf.

y

x

P
a L � a

b

h

Figure 4.10: A beam with rectangular cross section is simply-supported while an off-center point
load is applied.

While, in general, a finite element analysis will more accurately predict deflections
than, say, internal stresses (we will discuss this in more detail in Chapter 5), this example
illustrates a case in which even the deflections can be poorly modeled. We wish to examine
the implications of analyzing the problem with one-, two-, and three-dimensional element
formulations. Analysts must choose and defend their method of analysis including all im-
plications that dimensional space imposes on the results. Examples of the simplest meshes
for either plane stress or plane strain analyses using continuum elements are illustrated in
Fig. 4.11.

Analysts may suppose that Euler-Bernoulli beam theory applies for these long, slender
beams, presumably because it is the theory with which they are most familiar, and/or because
it seems to work in other apparently similar examples, such as our previous example with the
T-beam. However, while this assumption is intuitively appealing, we will see that it leads to
a variety of pitfalls. Perhaps other expectation failures are in the offing.

Let us proceed with a narrative of this example assuming that the Euler-Bernoulli
theory holds, although this has not yet been verified. Under this assumption, the curious
analyst, in light of the previous example, might simulate the beam with several models. Due
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Example 4.2: Large Depth-to-Span Ratio Beams (continued)

to the rectangular section of the beam, one-, two-, and three-dimensional models might be
appropriate.

	C


	B


Figure 4.11: Typical mesh discretizations using (a) linear 3-node triangular elements and (b)
bi-linear 4-node quadrilateral elements.

eanalyst proceeds to simulate the beam using a variety of elements: one-dimensional
beam elements, plane strain triangles, plane strain quadrilaterals, plane stress triangles, plane
stress quadrilaterals, and three-dimensional brick elements (using what the analyst believes
to be sufficiently relaxed end constraints, as per the previous example). e results for max-
imum deflection are reported in Fig. 4.12. All results are reported in dimensionless form,
normalized by the characteristic deflection

Ov D
PL3
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:

According to these results, and still believing that Euler-Bernoulli beam theory is cor-
rect, the analyst would see that the maximum converged transverse deflection predicted by
plane stress conditions underestimates the deflection predicted by Euler-Bernoulli beam the-
ory by nearly 50%; by comparison, themaximum converged transverse deflection predicted by
plane strain conditions overestimate the prediction of Euler-Bernoulli theory by 40%. e
analyst also realizes that the converged results from the three-dimensional brick elements
appear to be in agreement with the converged plane stress results, but that a coarse mesh in-
stance of the plane strain model seems to agree well with the expected Euler-Bernoulli beam
theory. How does the analyst sort out these mixed messages?
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Example 4.2: Large Depth-to-Span Ratio Beams (continued)
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Figure4.12: Maximumdeflection predicted by finite elementmodels assuming two-dimensional
plane strain, two-dimensional plane stress, three-dimensional, and idealized one-dimensional
behavior are compared with predictions from Euler-Bernoulli beam theory.

ere is now a subtle point to make about this problem in comparison to the previous
problem with the T-beam. Whereas in the previous problem the neutral axis was near the
bottom of the beam, in this case it is not. Rather, it lies at mid-depth, and is hence far away
from the location of the support pins that are at the bottom of the beam. is gives our first
clue that regular Euler-Bernoulli beam theory is not applicable here.

Secondly, given that a fully three-dimensional analysis using solid elements can prop-
erly be specified to match the given boundary conditions, and given further that the three-
dimensional formulation can account for the Poisson effects and out-of-plane curvature
(which turn out to be significant), the three-dimensional analysis appears to give an accurate
result. Because the converged plane stress solution agrees with the three-dimensional theory,
and because the plane stress elements do not preclude out-of-plane Poisson effects, we have
even further indication that the three-dimensional (and hence two-dimensional plane stress)
solutions are valid.
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Example 4.2: Large Depth-to-Span Ratio Beams (continued)

We can use this example to raise the general point that simple beam theory is not suf-
ficiently accurate for beams with high depth to span ratios where the pinned boundaries are
placed at the bottom surface of the beam cross section. Nevertheless, too often even experi-
enced analysts too often take for granted that it applies universally as an accepted solution
for slender beam problems.

We point out that this type of qualitative reasoning is not trivial. e analyst’s ability
to undertake this reasoning correctly depends on two key issues that have been articulated
repeatedly throughout this text:

• the analyst is willing to anticipate, confront, and let go of misconceptions, even when
they appear to be intuitive and based on prior understandings; and

• the analyst has sufficient understanding of Mechanics of Materials and understands
how to think through the differences in the models considered.

e consequences of getting this analysis wrong, in this case, can be far reaching. e
analyst who insists on sticking with the Euler-Bernoulli beam theory not only will persist
with that error, but as a consequence might make other poor judgements, such as believing,
as is apparent in this case, that a relatively coarse mesh under plane strain conditions is also
generally correct! is could, in turn, lead to the analyst to not performing sufficient mesh
refinement studies in other problems, and to accept other erroneous plane strain solutions.

In closing this example, we note that elementary beam theory would, in fact, be rea-
sonable if one were to take in account the nature of the support boundary conditions. Some
users will notice that the plane stress solutions converge to a maximum deflection nearly half
that obtained by simple beam theory. In this case, they may investigate the possibility of pin-
ning the end supports of the two-dimensional mesh at the mid-plane location of the neutral
axis. is, of course, lowers the area moment of inertia by close to a factor of two, bringing
the theory and two-dimensional analysis into very good agreement. Alternatively, they can
apply beam theory employing offset neutral axes, i. e., one-dimensional beam element line
models with a moment of inertia about some point well below the neutral axis as will be
the case for pin supports on the bottom edge of the beam. is exercise illustrates the rather
strong dependence of the solution of the boundary value problem on the precise prescrip-
tion of the support boundary conditions, as well as the bounding nature of two-dimensional
continuum approximations for truly three-dimensional problems.

When one accepts that the three-dimensional analysis is accurate, users can become under-
standably frustrated that a two-dimensional analysis is always an approximation whose accuracy
they have to be prepared to verify. While a three-dimensional analysis may be accurate for this
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particular problem, it requires substantially more computational effort and cost than the corre-
sponding two-dimensional plane stress approximation.

4.5 LESSONS LEARNED
ese two case studies point out several realities in application of the finite element method.

1. When one proceeds to higher dimensions, while Poisson effects, i. e., lateral dimensional
changes and out-of-plane warping, are captured, the precise manner in which classical
boundary conditions such as simple supports or clamped supports are applied can have
significant influence on the numerical results.

2. Improper boundary conditions can lead one to purposefully choose poorer element formu-
lations and coarser meshes in attempts to validate a solution.

3. While one- and two-dimensional idealizations help reduce computational effort, they must
be understood and substantiated.

ese lessons illustrate several of the common errors encountered in using the finite element
method [Chalice Engineering, LLC, 2009]. ese include:

1. using wrong elements for an analysis,

2. incorrectly prescribing boundary conditions,

3. incorrectly applying theory for solution validation,

4. assuming finite element analysis is conservative, and

5. using finite element analysis for the sake of it.

ere are arguably only two types of errors made in numerical simulation: either in faulty
assumptions regarding the relevant physics governing the engineering system or discretization
error in the numerical solution algorithm employed. Good analysts must understand and take
responsibility for both. Modeling is, therefore, necessarily an iterative enterprise involving re-
assessing the validity of one’s physical assumptions as one hones in on an acceptable solution.
Because our numerical simulations are only approximations, this book has emphasized that users
should be skeptical of their solutions prior to validating them. Further interesting reading re-
garding modeling approximation and anomalies can be found in Deaton [2010, 2013], Dvorak
[2003], Fleenor [2009], Grieve [2006], and Kurowski [2001, 2002a,b,c].
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C H A P T E R 5

Wisdom Is Doing It
In theory, theory and practice are the same. In practice,
they are not.

Albert Einstein

Do you know the difference between knowledge and
wisdom? Wisdom is doing it!

Dan Millman
A Peaceful Warrior

Sometimes it is said that the application of science or a theory is “as much an art as a science.”
e practice of the finite element method fits the bill. Several authors have collected their own
practical tips for application of the method. But, in general, books primarily about finite element
theory do not present details regarding use of the method in practice. Books that attempt to
address practical advice about applying the method in practice [Budynas, 2011, Kim and Sankar,
2009] almost always address issues that can be traced to the original list of ten most common
mistakes presented in Chapter 1. Consider that the method is comprised of the following.

1. Preliminary analysis, which may entail:

(a) simplifying the problem to obtain an analytical solution or estimation based on theory,
(b) obtaining theoretical solutions representing upper or lower bounds for the solution, or
(c) calculating the order of expected values for deflections and stresses and locations for

their respective maxima/minima.

2. Pre-processing, which usually includes:

(a) choosing an appropriate finite element formulation,
(b) discretizing the domain globally,
(c) refining it locally in areas of interest, and
(d) applying loads and displacement constraints.
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3. Solving the equations.

4. Post-processing the solution variables to compute

(a) reaction forces and

(b) internal stresses.

5. Interpreting and validating numerical solution results.

Referring to the list of most commonly made mistakes reported in Chapter 1, we attempt
to correlate this list with the steps performed in the finite element method in Table 5.1. Five of
the ten common errors might be avoided by paying particular attention to a well-performed pre-
liminary analysis. Errors in pre-processing result in four of the typical errors. ere is substantial
overlap as preliminary analysis directly affects the most substantial step in pre-processing, which
is discretizing the domain. Finally, three commonly made mistakes can be avoided with prudent
post-processing. e solution of the equations for nodal point equilibrium usually results in no
errors.

Note To e Instructor

While it is always important for students to know what a piece of computational software is doing on
their behalf, having students mathematically carry out the steps of computing element equations, assembling
them into a global matrix equation, reducing its rank once the boundary conditions have been decided, and
solving the reduced set of equations will all be done for them in practice by commercial software. Because
of the relative importance of the other mistakes they will likely make, we question the utility of assigning
students problems requiring this mathematics. Many times, these are precisely the types of assignments that
are given in an introductory course in the finite element method. It may behoove all of us who teach the
method to realize that if we only have a single chance to speak to students on behalf of the method, we
should at least discuss the list of places they will likely make mistakes. We also might be of better service to
their education by assigning open-ended problems that require them to focus more on the steps where they
are most likely to err while we are available to intervene and correct any ongoing misconceptions and poor
practices before they become matters of routine.

Table 5.1: Mistakes listed by Chalice Engineering, LLC [2009] fall solely within portions of the
analysis process performed by the analyst

Analysis Step Mistakes Made
Preliminary Analysis 1,2,3,7,9
Pre-processing 3,6,9,10
Solution 0
Post-processing 2,4,5
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5.1 PRELIMINARY ANALYSIS

Often, engineers go wrong early by ignoring what may arguably be the most important step. is
is the preliminary analysis. is preliminary analysis takes place before one ever turns on the com-
puter. Preliminary analysis consists of asking the question “What does one expect to happen?” To
answer this question, one must apply mechanics theory. While most practical problems preclude
analytical solutions, one can often simplify the problem to the extent where the order of deflec-
tion and stresses can be estimated and one can identify where their respective maxima are likely to
occur. Sometimes simplifications of the real problem will lead to simpler solutions that may repre-
sent upper and lower bounds on deflections and stresses. Example 4.2 is a case in point. e finite
element model is then created and analyzed to obtain a more precise, albeit approximate, solution
whose quantitative results can be used for design purposes. When engineers neglect this step,
they place themselves at a distinct disadvantage when attempting to later validate their numerical
solution. It also places an analyst at a distinct disadvantage for pre-processing intelligently. It is
often claimed by students that if they could compute the analytical solution, they wouldn’t need
the finite element method. But, in the end, this is a convenient rationalization to avoid the work
involved in preliminary analysis. It is a crucial step if for no other reason than that it feeds so
heavily into the most important decision made in pre-processing: discretizing the domain.

5.2 PRE-PROCESSING

Apart from preliminary analysis, the most common errors are made in pre-processing or estab-
lishing the numerical model of a real physical process. But preliminary analysis plays a critical
role in reasons analysts go wrong in creating their models. Recall our discussion in Chapter 4
regarding what we are approximating, specifically the discussion centered on Figs. 4.2 and 4.3 for
piecewise interpolation. Because there is no single, unique way to discretize the domain, creating
a good quality mesh is a skill often best acquired through experience. Creating a good domain
discretization requires first knowing something about the solution you are trying to approximate
over that domain.is is because the finite elementmethod approximates this solution with piece-
wise lower-order polynomial interpolations (the finite elements themselves). For instance, if one
is trying to approximate a periodic solution using elements with linear interpolation, one should
be asking the question “How many linear segments are required to sufficiently model a sinusoidal
function over the domain prescribed?” So the decision of the element type, i. e., the solution in-
terpolation polynomial order, and the decision on mesh density are intimately tied together given
one knows something about the expected solution.

An equally important consideration is that the internal stresses in a deformed model are
related to strains, which are higher-order derivatives of the displacement field. is has conse-
quences that may best be illustrated by example. Consider a long, slender beam that is simply
supported at both ends and loaded uniformly along its length as shown in Fig. 5.1. Over the
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entire domain, the exact bending moment varies quadratically and the exact shear force varies
linearly.

w

L

Figure 5.1: A uniformly loaded, simply supported, long, slender beam exhibits transverse deflection
that varies as a fourth-order polynomial along its span.
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where s D x=L. If we decide to model this beam with a mesh containing three cubic, one-
dimensional beam elements, we will effectively be choosing to model the quartic function with
three piecewise cubic functions. Consider a beam with length L D 1 ft uniformly loaded with
w D 24 lbf=ft, and EI D 1 lbf � ft2. e normalized deflections predicted by this finite element
model are shown in Fig. 5.2, which clearly have excellent agreement with the analytical solution.

Because bending moment varies linearly in a cubic beam element, the finite element pre-
diction for the bending moment (and therefore the bending stress) over the beam then models
a quadratic function with three linear segments. Finally, the linear variation of shear force is ap-
proximated by three piecewise constant segments. ese FEA solutions are shown in Figs. 5.3
and 5.4, respectively. It is important to realize that while deflections are approximated well in this
case, bending stress and shear force will only be captured reasonably well by successively localized
refinements in mesh discretization.

Considering the correlation of the FEA prediction with the corresponding exact solution,
the higher the order of the derivative of the displacement one wishes to approximate, the poorer
the method does with any given mesh. e implication is that one generally needs a finer dis-
cretization to capture stresses accurately than to capture the deformed shape. In other words:
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Figure 5.2: Displacement predicted by three piecewise continuous cubic interpolations very closely
approximates the single quartic analytical variation in deflection.
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Figure 5.3: Bendingmoment predicted by the three element model is piecewise linear.is prediction
captures the quadraticmoment variation less closely than the cubic displacement interpolation captures
the deformed shape.



74 5. WISDOM IS DOING IT

0 0:2 0:4 0:6 0:8 1

�10

�5

0

5

10

/PSNBMJ[FE QPTJUJPO s = x/L

/
P
SN

BM
J[
FE

TI
FB
S
GP
SD
F

V

"OBMZUJDBM

'&"

Figure 5.4: Transverse shear force predicted by the three element model is piecewise constant. is
prediction captures the linear shear force variation less closely than the linear moment interpolation
captures the quadratic bending moment.

1. the global displacement solution is generally more accurate than the global stress solution;

2. the discretization necessary to capture stresses accurately is finer than that needed to capture
deformations accurately; and

3. what constitutes an acceptable mesh will be determined by whether one wishes a more
accurate answer for deformation or stress.

It is, therefore, absolutely essential to know what element type one is using to properly mesh the
problem domain and interpret one’s results.

5.2.1 THE CAST OF ELEMENT CHARACTERS
An excellent presentation and discussion of practical element formulations is given in Budynas
[2011]. Basically, one can place the majority of finite element formulations in one of five cate-
gories.

1. One-dimensional formulations for purely axial response (bar elements). Most elements are
two-noded and utilize linear interpolation functions.

2. One-dimensional formulations that account for axial and out-of-plane bending response
(beam elements). Most elements are two-noded and utilize cubic polynomial interpolation
functions for transverse deflections.
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3. Two-dimensional solid elements that account for two-dimensional in-plane stress states
(plane stress/plane strain/axisymmetric solid or continuum elements). ese elements may
be triangular or quadrilateral. Typically, linear and parabolic interpolation functions are
available. ese effectively behave like two-dimensional analogs to one-dimensional bar
elements.

4. Two-dimensional elements that respond to out-of-plane loads and moments (plate or
shell elements). Plate elements effectively behave like two-dimensional analogs to one-
dimensional beam elements.

5. Full three-dimensional solid elements. Typical elements are tetrahedral and hexahedral
(brick) elements. Both linear and parabolic interpolation functions are offered in most ele-
ment libraries.

ese element formulations are illustrated in Table 5.2.
With regard to specific element formulations:

1. One-dimensional element formulations cannot capture stress concentrations and should be
avoided where such stress risers are expected.

2. Two-dimensional element formulations can reduce the computational mesh size by orders
of magnitude when conditions of plane stress, plane strain, or axisymmetry apply. Two-
dimensional analysis should be considered in these limits.

3. For such two-dimensional element formulations, generally quadrilateral elements (of the
same order interpolation) outperform triangular elements.

4. Two-dimensional element formulations used to capture in-plane bending should contain
a minimum of three to five elements across the cross section perpendicular to the bending
axis. Generally, where in-plane bending occurs in two-dimensional analysis, one should
consider use of a higher-order, usually parabolic element interpolation.

5. One should avoid using three-noded triangular plate elements for out-of-plane bending as
they are particularly stiff. In such analyses, the number of degrees of freedom necessary for
a convergent solution will often dictate use of a higher-order element interpolation.

6. For three-dimensional solid analysis, hexahedral (brick) elements generally outperform
tetrahedral elements, but tetrahedral elements will often be used by automated mesh gen-
erators because they can most easily fill generally complex three-dimensional regions.

7. When using tetrahedral element formulations in three-dimensional analysis, it is preferred
to use a higher order, i. e., parabolic interpolation of displacements.

8. ree-dimensional solid elements often do not include rotational nodal degrees of freedom.
erefore, modeling global rotation at a boundary becomes yet a further approximation.



76 5. WISDOM IS DOING IT
Table 5.2: Basic finite element types

Element Schematic

1D Linear

2D Triangular

2D Rectangular

3D Tetrahedral

3D Hexahedral

5.2.2 GOOD AND BAD ELEMENTS
Good quality meshes typically employ:

• aspect ratios as close to unity as is feasible, i. e., equal side lengths in any single element;

• element shapes that avoid irregularities such as excessively small or large corner (skew) an-
gles, e. g., 90ı angles in quadrilaterals and 60ı angles in triangles;
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• gradual transition in element size. Rapid transitions in element size should be avoided
whenever possible; and

• mesh refinement where the stress gradients are large.

Poor quality elements will inevitably appear in complex geometries, particularly when an analyst
employs automatic mesh generators. Typically, commercial software will flag such elements with
warnings and alert the user. An analyst is then responsible for adjusting the mesh locally, perhaps
manually if necessary, to assure good quality results.

In general, it is difficult to avoid having an arbitrarily oriented element in a region of con-
stant stress in a mesh. For this reason, element formulations are tested to ensure they can predict
reasonably constant stress values in such cases. is is called the patch test. All good elements
should be able to pass the patch test [Irons and Shrive, 1983].

A nice discussion of good and bad element behaviors is presented in Irons and Shrive [1983]
and Kim and Sankar [2009]. Many good meshing strategies are outlined by Budynas [2011].

5.2.3 APPLYING BOUNDARY CONSTRAINTS
Several rules of thumb are necessary to consider when applying boundary constraints.

1. Be sure the boundary conditions applied to the model always remove all rigid body trans-
lation and rotation, i. e., “always tie down the horse.” Some commercial software packages
will attempt to solve such ill-posed problems and deliver no results.

2. Errors in boundary conditions can be subtle and hard to recognize. For example, consider
the two-dimensional constraints applied for the simple supports in Example 4.2. Because
they are not applied along the neutral axis of the beam, the apparent flexural stiffness of the
beam is nearly twice that one would calculate using elementary beam theory.

3. Applying idealized boundary conditions becomes more difficult in higher dimensions. For
instance, applying a simple support is straightforward in one-dimensional elements, but in
two and three dimensions, there are multiple ways to apply the constraint at the domain
edges. is same quandary occurs when applying any idealized boundary constraint such
as a clamped edge in two or three dimensions where rotational degrees of freedom are not
available and constraints on the local slope of the deformed structure cannot be explicitly
constrained.

4. Local results, particularly maximum deflections or stresses, can be very sensitive to small
variations in the application of boundary condition constraints.

5.2.4 APPLYING EXTERNAL LOADS
Several rules of thumb should be considered when applying loads to the structure.
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1. Point loads are idealized load applications and will generally result in unreasonably large
internal stresses in the vicinity of the application point. One should consider applying lo-
calized pressures when possible.

2. Usually, when concentrated loads are applied the stresses resulting from statically equivalent
loads will be independent of the method of application a distance away from the load that
is of the order of the transverse dimensions of the structure locally. is is the principle of
St. Venant. It should be employed liberally in application of the finite element method and
in interpreting its results.

3. In an analogous manner as with prescribing boundary constraints, when one models do-
mains in two or three dimensions, element formulations may not have rotational degrees
of freedom. For such cases, application of a concentrated moment or couple is no longer
unique and not as straightforward as it is when using one-dimensional elements. In such
cases, one should consider experimenting with different possible prescriptions of the cou-
ple using local point loads and compare stresses a St. Venant’s decay distance away from the
concentrated moment.

4. Generally, the order of complexity of the solution to boundary value problems will increase
with the order of the loading. Given a specific finite element formulation, the more complex
the loading, the more approximate the solution. is was illustrated in the beam example
of Fig. 5.1. Such one-dimensional beam elements capture bending stress and shear forces
exactly when only point loads and couples are applied. ese same bending stresses and
shear forces are only approximately predicted when distributed or more complex loading is
applied.

5.3 POST-PROCESSING
Computer graphics has achieved such a level of polish
and versatility as to inspire great trust in the underlying
analysis, a trust that may be unwarranted. (One can now
make mistakes with more confidence than ever before.)

R.D. Cook, D.S. Malkus, and M.E. Plesha
Concepts and Applications of Finite Element Analysis,

3rd Edition

ere are several rules of thumb to consider when post-processing results.

1. Plotting deformed shapes of structures is a good way to spot particular errors in application
of boundary constraints.

2. Element stresses are most accurate at internal integration points where they are calculated.
ese stresses are averaged at nodes shared by elements. e nodal-averaged stresses are
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interpolated between nodes, contoured, and then, generally, artificially smoothed to create
contoured results.

3. When displaying stress contours, it is often good practice to contour element values directly
as well as the nodally averaged values. is is a good practice because:

(a) If the element stresses are observably discontinuous to the eye, then the stress gradients
are larger than the mesh is capable of predicting and one should refine the mesh.

(b) If the element stresses are not overly discontinuous, then the smoothed contours are
sufficient to represent the overall character of the solution.

5.4 FURTHER RULES TO LIVE BY IN PRACTICE
One can establish a set of ground rules that can serve as a starting point for good practical finite
element analysis. Again, this list, while not exhaustive, attempts to address several of the most
common errors made in applying the finite element method.

1. Use the finite element method only when it is necessary, i. e., when the simplest formulae
outlined in Chapter 2 or other analytical methods are not generally applicable.

2. ere are no units involved in formulation of the finite element method. An analyst must
always use dimensionally consistent units and interpret results accordingly.

3. e finite element discretization results in a model that is too stiff, implying:

(a) models uponwhich only displacement boundary conditions are applied will, in general,
result in stresses that are higher than the actual stresses;

(b) models upon which only force boundary conditions are applied will, in general, result
in displacements that are smaller than the actual displacements; and

(c) no general conclusions can be made once the boundary constraints are mixed, which
is most often the case.

4. One should not generally assume that finite element analysis is conservative.

5. It is not necessarily true that three-dimensional analysis outperforms two-dimensional anal-
ysis or that two-dimensional analysis outperforms one-dimensional analysis.

6. One should consider mesh refinements in regions where there are large gradients in material
stiffness such as dissimilar material interfaces or large discontinuities in load-bearing areas.

7. Consider applying the principle of St. Venant in order to avoid modeling geometric fea-
tures wherein the stress results are not of primary importance, e. g., details at or near load
application points.
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8. Exploit global symmetry wherever and as much as possible.

9. When importing geometries from solid modeling software, it is important, when possible,
to create the solid model with design intent. By this, we mean that solid geometry entities
such as grid points and surfaces should be strategically created such that boundary condi-
tions can be placed on nodes and element edges that lie, respectively, on these solid entities.
is practice allows one to usually perform mesh refinements and iterations without the
inconvenience of re-applying the boundary conditions.

5.5 SOLUTION VALIDATION
Believe nothing, no matter where you read it or who
said it, unless it agrees with your own reason and your
own common sense.

Buddha

Nobody believes a model except the one who devised it;
everyone believes an experiment except the one who
performed it.

Albert Einstein

Perhaps not all experimentalists are so cautious nor all modelers as careless, but, as evidenced by
the common errors made by analysts, it can seem as if those who computationally model systems
can be led to a false sense of security in their numerical solutions. We like to recommend that
all numerical model results must, initially at least, be viewed through skeptical spectacles. If one
treats at least one’s initial findings as guilty until proven innocent, one will be less likely to accept
results that are incorrect.

In general, an engineering analysis can be accomplished either

1. theoretically, from first principles,

2. approximately, using numerical analysis, or

3. empirically, using discrete experiments.

Having all three one might consider the mother lode. But, in any analysis, we should shoot for
results of one approach to be benchmarked or validated by one or both of the others. Here we
define validation as the process of determining the degree to which a model is an accurate rep-
resentation of the real world from the perspective of the intended uses of the model. In essence,
validation provides evidence that the correct model is solved to a given level of accuracy.

As we are attempting to prove the results of our numerical analyses innocent, we should
validate all results with either theoretical results or experimental data. While theoretical results
are often precluded in real applications, they may have limited applicability when they represent
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1. upper and lower bounds of the real solution or

2. the correct solution in only part of the global domain.

When using experimental results for validation, one should consider the following.

1. ey are often considered the harbinger of truth.

2. Boundary constraints more easily realized in the laboratory can sometimes be difficult to
realize in a computational model, for example, machine compliance for a tensile test speci-
men.

3. Boundary constraints more easily realized in discrete analysis can sometimes be more diffi-
cult to achieve in the laboratory.

4. Experiments can be costly and time-consuming.

Numerical analyses should not be trusted without either theoretically or experimentally validat-
ing the solution. Neither should the results of numerical analyses be accepted without proper
examination of insensitivity to the mesh discretization. As in Example 4.2, a proper convergence
study should always be attempted. Correct results can only be obtained in the limit as the results
are no longer sensitive to the use of any finer discretization of the global domain. We term such
convergence mesh insensitivity. When the results fall within a specified insensitivity to the mesh
or element size, one can conclude the numerical analysis has converged. It is important to note
that this is a necessary but not sufficient condition for the computational results to be acceptable
or a correct solution to the problem posed. Recall that the solutions in Example 4.2 eventually
converged, but those assuming plane strain conditions were incorrect, i. e., they solved the wrong
problem.

5.6 VERIFICATION
Extensive tests showed that many software codes widely
used in science and engineering are not as accurate as
we would like to think.

Les Hatton
Oakwood Computing

By verification, we refer to the process of determining that a model implementation accurately
represents the developer’s conceptual description. Verification provides evidence that the numeri-
cal model is solved correctly. It is tacitly assumed that commercial software is completely debugged
before a version is released. Les Hatton at Oakwood Computing has presented interesting find-
ings that indicate errors in software and programming, while small in number, do occur. is
sometimes happens in commercial FEA software. Most instances of which we are aware have
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been in the post-processing software. While the primary variable solution is most often entirely
correct, sometimes listings and contour plot variables are not stored correctly and are subsequently
improperly displayed. Luckily, these instances are rare and not a primary cause of errors on the
part of the analyst. In any case, they can be caught by prudent use of preliminary analysis.

We believe that the majority of textbooks addressing introductory finite elements primarily
and predominantly emphasize the mathematical foundation and procedural application of the
method. We have emphasized, rather, a practical approach based on recognition that most errors
made in application of the method are in pre- and post-processing and are made mostly in model
development. Further interesting reading regarding issues of practical application of the finite
element method can be found in Dunder and Ridlon [1978], Dvorak [2003], Gokhale et al.
[2008], Morris [2008], and Sastry [2010].
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Summary
e most common mistakes made by novice users of the finite element method involve

procedural steps performed explicitly by the user. Exercises in many textbooks emphasize mathe-
matical elements of the procedure performed strictly by the computer. We have introduced an al-
ternative examination of the method used in practice that focuses on a published list of commonly
made mistakes. Examination of the root causes of such mistakes reveals that they are intimately
tied more to a user’s command of underlying theory of strength of materials and less to a user’s
ability to reproduce mathematical computations undertaken by the processor.

We outlined a basic requisite skill set necessary to undertake use of the finite element
method. en we explored excursions where first the underlying theory no longer holds, and
then ultimately where users are most likely to interface with the software in a faulty manner. Fi-
nally, we posited a short listing of rules for applying the finite element method in practice. While
this list is generally acknowledged by many practitioners, we find that it is typically relegated to
more of an aside and less of a central theme. We provided relatively simple examples to showcase
where mistakes are made when one does not follow practical rules of thumb from the start.

If the method is taught with more of this emphasis on expectation failures of newly learned
mechanics of materials, andmore prudent attention to questioning computational complacency, it
is our hope that the occurrence of these common mistakes may be reduced. Also, an earlier intro-
duction to the method as a practical tool may prove to be a useful precursor to better and deeper
learning of the mathematics underlying finite element interpolation. We argue that, instead of
emphasizing steps performed well by the computer, becoming competent in finite element anal-
ysis should focus on the steps of the process where analyst’s choices have the greatest impact on
the results.
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Afterword
is book was written to supplement texts on FEA theory with prudent rules for practice

by focusing specifically on errors commonly made in industry. Based on our experience teaching
the method to undergraduates, we included examples where students have faltered in the past and
couched these in terms of expectation failures. After reading this book, if you have comments on
the presentation of the exercises or wish to suggest additional examples that emphasize expecta-
tion failures, feel free to contact the authors at LBAcomments@gmail.com. ank you, in advance,
for any input you have.

LBAcomments@gmail.com
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