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Foreword

The event is a continuation of the series of International Conferences on Un-
saturated Soils in Germany. The first International Conference was held dur-
ing September 2003 in Bauhaus-University Weimar, Weimar, Germany. The
current event is the second one in the series entitled “Mechanics of Unsat-
urated Soils.” The primary objective of the Conference has been to discuss
and understand unsaturated soil behaviour such that engineered activities are
made better with times in terms of judgement and quality. We all realise by
now that in addition to the knowledge on the classical concepts, it becomes
an enormous challenging task to adapt convincing new concepts and present
them in such a way that it could be used in engineering practices. During
the last six years or so (2001–2007), scientific research works were exten-
sively taken up by five scientific research teams from five German universities,
whose scientific leaders are Wolfgang Ehlers (Universität Stuttgart), Jens En-
gel (HTW Dresden), Rainer Helmig and Holger Claas (Universität Stuttgart),
Tom Schanz (Bauhaus Universität Weimar), Christos Vrettos, Helmut Meiss-
ner and Andreas Becker (Universität Kaiserslautern). The research studies
involved theoretical and numerical approaches along with experimental stud-
ies on unsaturated soils. These two volumes present recent research findings
obtained within this collaboration by the above research groups along with
excellent contributions from several research groups throughout the World.

The experimental studies reported herein primarily focussed on the role
of microstructure and fabric for the complex coupled hydro-mechanical be-
haviour of cohesive frictional materials. Several papers considered the rele-
vance of temperature affecting the constitutive behaviour of clays. A careful
reader may recognise that in both the topics there is an ambiguity with re-
gard to the conclusions derived. Common features of state of the art theoret-
ical and numerical approaches, including TPM (theory of porous media) and
mixture theory, intend to describe the complex multi-field problems of fully
coupled thermo-hydraulic-mechanical-chemical initial-boundary value prob-
lems. Additional important field of research includes optimization of numer-
ical schemes to gain better computational performance. Applications include
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highly toxic waste disposals, slope stability problems and contaminants trans-
port in porous media. Some major significant contributions from the invited
and keynote speakers are also included.

I would like to extend my deep sense of appreciation as the editor and
the Head of the organizing committee, to many persons who have contributed
either directly or indirectly to organize the International conference and to
finalize these lecture notes. I would like to congratulate the authors for their
very interesting presentations and the reported results and advances in the
topics of the conference. I would like to thank all of those who promoted the
conference in their respective home countries. These two volumes would have
been not possible without financial support by the German Research Founda-
tion (DFG, Deutsche Forschungsgemeinschaft) through grant FOR 440/2. We
gratefully acknowledge the support of ISSMGE, especially TC6 “Unsaturated
Soils” with its chairman Eduardo Alonso. I appreciate the effort of the mem-
bers of the Technical committee and reviewers, who have spent their time to
select the valuable contributions and to suggest the changes improving the
presentation of the submitted papers. Finally, I wish to convey my thanks
to all the keynote and invited speakers, authors, and delegates attending the
conference.

I would like to express my deep sense of gratitude for the outstanding
work performed by those involved in the technical and administrative organi-
zation of these proceedings. Special thanks go to Yvonne Lins. Typesetting of
the proceedings was done by Venelin Chernogorov (alias Wily, Sofia Univer-
sity, Bulgaria, wily@fmi.uni-sofia.bg) in cooperation with Maria Datcheva.
Last but not least we appreciate the fruitful cooperation with Springer pub-
lishers, especially the guidance provided by Thomas Ditzinger.

Weimar, Tom Schanz
March 2007
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Mechanical Model for Unsaturated MX–80

Mattias Åkesson and Harald Hökmark

Clay Technology AB, Ideon, S-223 70 Lund, Sweden
ma@claytech.se, hh@claytech.se

Summary. In this paper a new elastoplastic model for unsaturated swelling clay
is presented. A dual porosity framework is chosen, so that the void ratio is the sum
of a water-filled micro void ratio, and an air-filled macro void ratio. The model
is formulated as two differential equations, one each for elastic and plastic strains
respectively. Each equation describes a relation between the macro void ratio and
the two independent variables stress and micro void ratio. The established concept
of swelling pressure and its void ratio dependence is incorporated in the model. To
do this, the grain-to-grain contact stress and the contact area had to be considered.

In its present form the model only handles one-dimensional problems, e.g. com-
pression tests with uniaxial strain and water uptake test at constant volume with
assumed isotropic conditions. In order to match experimental results from these two
type of tests, it was found to be necessary to modify the parameter value regarding
the contact area. This difference was analyzed and justified through a geometri-
cal investigation. This study also indicated that uniaxially compacted samples are
characterized by an anisotropic grain structure.

Key words: elastoplastic model, swelling pressure, contact stress, unsaturated clay,
bentonite, dual porosity

1 Introduction

Knowledge of the mechanical behavior of compacted bentonite is essential
for the understanding of barrier processes in KBS–3 type nuclear waste dis-
posal systems (SKB 1999). A consistent constitutive model is necessary for
numerical analysis of such systems.

Two codes, Abaqus and Code_Bright, are used within the Swedish nuclear
waste disposal program for THM modeling of buffer and backfill materials.
The latter code allows for a physically more realistic representation of various
THM aspects, and may be the main tool used within the Swedish program
for some applications in the future.
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The thermoelastoplastic constitutive laws used in Code_Bright are based
on the Barcelona Basic Model (BBM). BBM has, however, certain limita-
tions for expansive soils, and has therefore been further developed into the
Barcelona Expansive Model (BExM) by Alonso et al. (1999).

The model presented in this paper represents an alternative approach to
describe the mechanical behavior of swelling clays, such as the buffer materials
considered for the KBS–3 repository. The basic assumptions, the mathemat-
ical formulation and the parameter settings are first described. Application
examples for compression tests at constant water content and water uptake
tests at constant volume are thereafter presented. Finally, the need for and
use of different parameter values for the contact area function α for simulating
the two types tests are analyzed and discussed.

2 Framework for a New Model

The model is based on the following assumptions:

i. The porosity is two-parted in micro- and macro-porosity. The void ratio
e is thus the sum of a micro (em) and a macro (eM ) void ratio. The same
approach is used in BExM (Alonso et al. 1999).

ii. The micro-porosity is water-filled, whereas the macro-porosity is air-filled.
The micro void ratio is thus equal to the volumetric water content, i.e.
em = w · ρs/ρw, where w is the gravimetric water content and ρs/ρw is
the solid-water density ratio (= 2.78).

iii. The two void ratios (em and eM ) and the stress (σ), are the state variables
of the model (σ is positive for compressive stresses).

iv. The contact stress (σ′) between grains is defined by a ratio, α = σ/σ′,
corresponding to the ratio between the contact area and the section area.
α is assumed to be a function of em and eM .

v. The swelling pressure (ps) is a central quantity of the model, and is de-
termined by the micro void ratio only.

vi. A condition for elastic strains is that σ′ < ps, while σ′ = ps for plastic
strains. A transition from elastic to plastic strains is made when the latter
condition is fulfilled.

vii. The elastic domain is governed by a modulus of compression (K), deter-
mined by the micro void ratio only.

3 Model Description

The elastic compression modulus is defined as dε = −dσ′/K, where dε is the
volumetric strain, which is further expressed as deM/(1 + em + eM ). dσ′ can
be developed in terms of dσ, dem and deM :
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d
(σ
α

)
=

(
dσ
α − σ

α2
· dα

)
=

dσ
α − σ

α2
·
[
∂α
∂em

· dem +
∂α
∂eM

· deM
]
. (1)

Taken together, the elastic relation can be expressed as:
[
σ
α · ∂α

∂eM
− α ·K

1 + em + eM

]
· deM = dσ − σ

α · ∂α∂em · dem . (2)

According to the condition for plastic strains, changes in contact stress
equal changes in swelling pressure. The change in swelling pressure can be
expressed in terms of changes in the micro void ratio em:

dps =
dps
dem

· dem . (3)

Together with Eq. (1), the plastic relation can thus be expressed as:

σ
α · ∂α

∂eM
· deM = dσ −

[
α · dps

dem
+
σ
α · ∂α∂em

]
· dem . (4)

A successive transition between elastic and plastic strains can also be for-
mulated. With this option it is possible to generate developments, e.g. stress
paths, without the abrupt changes in slope that follow from a discrete tran-
sition from elastic to plastic strains. It is, however, beyond the scope of this
paper to include this option.

4 Parameter Settings

The functions used in the model for the modulus of compression, swelling
pressure and the contact area, respectively, are given as follows:

K(em) = K1 · e5·(1−em) (MPa) , (5)

ps(em) = 2 · e
−1
0.24
m (MPa) , (6)

α(em, eM ) =
(

1 + em
1 + em + eM

)γ
(−) . (7)

Eq. (5) gives the value K1 for the modulus of compression at a micro
void ratio of 1. The K1 value for 1D compression tests is 100 MPa, while it is
50 MPa for isotropic 3D test. This difference in modulus for the two different
test conditions can be compared with the ratio 3(1 − ν)/(1 + ν) between the
oedemeter- and bulk moduli (Jaeger 1956). With a value of Poisson’s ratio ν
of about 0.15 for compacted MX–80 with a water content of 12% (Kalbantner
and Johannesson 2000), that ratio is about 2.

The swelling pressure curve follows the one presented by Börgesson at
al. (1995), but with a modified exponent, which was changed from −1/0.187
to −1/0.24.



6 Mattias Åkesson and Harald Hökmark

The contact area function is based on the ratio between the specific grain
volume (1 + em) and the total specific volume (1 + em + eM ). The exponent
γ is set to 7 and 15, for 1D compression tests and isotropic 3D tests, respec-
tively. Geometrical investigations, presented below in Sect. 6, indicate that
this relation describes the contact area of reasonably realistic grain structures
well.

5 Examples of Model Results for Different Test
Conditions

The model has been tested for two different test conditions: compression at
constant water content (dem = 0) and water uptake during constant volume
(dem+deM = 0). The differential equations for these test conditions can easily
be derived from Eqs (2) and (4) through ignoring one of the terms or through
rearrangement of terms. The differential equations were solved through simple
explicit stepping using the programming options of the MathCad� software.

The compression tests used for calibration and comparisons were constant
rate of strain tests (CRS), in which load and deformation was measured con-
tinuously on pre-compacted samples (Börgesson 2001). Experimental results
from three of these tests are shown in Fig. 1 together with model calculations.
The model captures the elastic and the plastic slopes, as well as the apparent
pre-consolidation pressures with good accuracy.

The constant volume tests used for comparison were performed on series of
compacted samples in oedometers (Börgesson 1985). Each sample was allowed
to equilibrate at an elevated water content before the related pressure was
registered. Experimental results from one of these tests are shown in Fig. 2
together with model calculations. The model is designed to end at a swelling

0.1 1.0 10.0
Stress (MPa)

1.6

1.8

2.0

2.2

2.4

2.6

S
pe

ci
fic

 v
ol

um
e

Fig. 1. Test results from CRS test (symbols, data from Börgesson 2001) and model
calculation (lines) of specific volume vs. stress at constant water content. Water
contents were 17% ♦, 23% o and 39% �
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Fig. 2. Test results from constant volume test (symbols, data from Börgesson 1985)
and model calculation (line) of σ vs. w. Bold line to the upper right is the ps-curve.
The void ratio was 0.77; the initial water content was set to 2%

pressure given by the ps-function, i.e. Eq. (6). During plastic conditions, the
model generates a certain plateau, which is found in the experimental results
as well.

The model gives a stress peak at the transition from elastic to plastic
conditions. This can be smoothen by using the successive transition mentioned
at the end of Sect. 3. The peak would be significantly higher (even exceeding
the final swelling pressure) if the γ value for 1D compression test was used.
This was the main reason for considering an alternative value for the 3D
constant volume case. The higher K1 value used for 1D test would in a similar
way result in a steeper stress buildup during the elastic phase.

It can be mentioned that experimental results from constant load tests
(dσ = 0) have been compared with the model as well. It has been found that
the model, with the parameter setting used for the constant volume tests, can
mimic experimental results with approximately the same accuracy as for the
constant volume tests.

6 Comments on the Contact Area Function

The differences between the contact area functions given for different test
conditions can be justified by analyzing a schematic grain structure (Fig. 3).
The basis for this approach is to generalize the specific volume to a certain cell
geometry. The cell geometry chosen here is a truncated octahedron described
by a set of lengths (lx, ly, lz). This form can be tightly packed and can easily
be described by three such lengths. In a similar way, the specific grain volume
is described by another set of lengths (rxlx, ryly, rzlz), which represents the
radii of an ellipsoid truncated by the current cell geometry.

Grains are in contact at points at the cell surface where the ellipsoid is
truncated. The α-function corresponds to the ratio between the contact area,
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GrainCell Ellipsoid

lz

lylx rx•lx
ry•ly

rz•lz

GrainCell Ellipsoid

lz

lylx rx•lx
ry•ly

rz•lz

Fig. 3. Definition of cell and grain geometry. Only one eighth of the geometry is
shown. The hexagonal face of the cell is a symmetry plane between the origin and
(lx, ly, lz). The marked areas of the grain are contact areas

projected on the x–y plane, and the base area of the cell in that same plane,
versus the ratio between the grain and cell volumes, respectively.

In this structure, the 1D compression tests with constant w correspond to
a condition with constant and equal radial cell lengths (lx = ly) and a constant
grain volume. The cell volume is thus proportional to the axial cell length (lz).
Even if the grain volume is constant and the conditions are axis-symmetric
(rx = ry) it can be noted that the grain geometry exhibits a certain degree of
freedom so that different sets of rx and rz can be found. For reproduction of
experimental results a tentative rule has been found, according to which rz
is 20% higher than rx. Moreover, a slightly initially compressed cell structure
(lz/lx = 0.7) is required for an initial Vgrain/Vcell-ratio of 0.7. Results from
this calculation are shown in Fig. 4.

The 3D constant volume test with increasing water content is equivalent
to a cell geometry with fixed values of lx, ly, and lz. For changing the water
content the characteristic length ratios of the grain (rx, ry and rz) can be
varied. As a tentative approach these ratios were given the same value. In
order to mimic the low contact area suggested by experimental results, it was
necessary to choose a considerably compressed cell structure (lz/lx = 0.3).
Results are shown in Fig. 4. Such a structure may be expected given that the
samples were compressed uniaxially.
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Fig. 4. Comparison of α-functions (γ = 7 solid line; γ = 15 dotted line) with
corresponding geometric relations (constant water content +; constant volume ♦)

7 Concluding Remarks

The presented model is found to capture several characteristics of compacted
MX–80 in a consistent way. It should, however, be observed that the chosen
parameter functions, especially the chosen swelling pressure curve, probably
has certain limitations. The compression tests used for the calibration were
performed on samples with water contents not lower than 17%. Modeling
of samples with significantly lower water contents (which was made for the
constant volume tests) should therefore be made with caution, unless new
information can support the current function.

The indications of an anisotropic grain structure in uniaxially compacted
samples may also have important consequences. The possible differences
between uniaxially and isostatically compacted samples should be verified
through experimental work before any further conclusions are drawn.

Finally, it should be clear that the model needs to be adapted to general
3D problems in order to be fully usable for numerical analysis. The geom-
etry outlined in Fig. 3 could possibly be an adequate framework for such a
generalization. Further work is, however, needed before this can be realized.
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Hypoplastic Modeling of the Disintegration
of Dry and Saturated Weathered Broken Rock
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1 Institute of Applied Mechanics, Graz University of Technology, Graz, Austria
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Summary. For weathered broken rock materials the resistance of particles against
abrasion and breakage is strongly influenced by their moisture content. The focus
of the present paper is on the constitutive modeling of the mechanical behaviour of
weathered granular materials under dry and wet conditions using a moisture depen-
dent granular hardness. It will be shown that the results obtained from numerical
simulations of element tests are in a good agreement with laboratory experiments
carried out with weathered granite.

Key words: weathered grains, moisture dependent granular hardness, hypoplastic
model

1 Introduction

The mechanical behavior of broken rock is different for unweathered or weath-
ered grains. The degree of geological disintegration, i.e. by chemical weathering
or by the intensity and the orientation of micro-cracks, has a significant influ-
ence on the granular hardness and as a consequence on the evolution of grain
abrasion and grain breakage. Depending on the state of weathering the prop-
agation of micro-cracks due to water-induced stress corrosion can be strongly
influenced by the moisture content of the grain material. Under higher stress
levels the disintegration of grains can be accelerated by moisture, which leads
to a reduction of the resistance to compaction and shearing.

The focus of the present paper is on modeling the essential mechanical
properties of weathered broken rock materials using a hypoplastic continuum
approach. In hypoplasticity the evolution equation for the effective stress is
formulated with a nonlinear isotropic tensor-valued function depending on
the current state quantities and the rate of deformation. Unlike the classical
concept of elasto-plasticity no decomposition of the deformation into elastic
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and plastic parts is needed in hypoplasticity (Darve 1991, Kolymbas 1991). In
order to model unelastic material properties the rate of deformation tensor is
incorporated in the constitutive equation in a nonlinear formulation. With a
pressure dependent density factor the influence of pressure and density on the
incremental stiffness, the peak friction angle and the dilatancy can be modeled
for an initially loose or dense state using a single set of constants (Wu and
Bauer 1993, Wu et al. 1996, Herle and Gudehus 1999). Limit states or so-called
critical states are included in the constitutive equation for a simultaneous
vanishing of the stress rate and volume strain rate (Bauer 2000). While the
hypoplastic model for granular materials with unweathered grains by Gudehus
(1996) and Bauer (1996) assumes a constant granular hardness, the present
paper discusses an extension of this version to weathered broken rock materials
using a granular hardness depending on the moisture content of the grains.
In this context it is important to distinguish between the moisture content
of the weathered grains and the water content of the void space between the
grains. Consequently suction of the grain assembly is not a suitable quantity
to describe the wet state within the fractured grains. This quantity is therefore
not used to model the degradation of the granular hardness. In the present
paper it will be shown that an increase of the compressibility and a decrease
of the limit void ratios with an increase of the moisture content of the grains is
modeled in a simplified manner using a moisture content dependent granular
hardness. Due to the lack of experimental data for partly saturated states of
the grains only the properties of the dry grains and water saturated grains
under drained conditions are compared. The results obtained from numerical
simulations of triaxial compression tests are also compared with experiments
carried out with weathered granite.

2 Granular Hardness and Limit Void Ratios

For weathered rockfill materials the compressibility is higher for a wet than for
a dry material as illustrated in Fig. 1. For a pre-compressed material under dry
conditions (path A–B) a following wetting leads to an additional settlement
(path B–C). For a continuing loading the load-displacement curve (path C–D)
follows the curve A–D obtained for an initially wet material, i.e. the memory
of the material of the pre-compaction under dry conditions is swept out if the
load-displacement curve obtained for the wet material (path A–D) starts from
the same initial density.

In the following the compression behavior is first discussed for a dry gran-
ular material and modeled using a relation between the void ratio e and the
mean effective pressure p = −(σ11 + σ22 + σ33)/3 of the grain skeleton. The
evaluation of numerous tests has shown that the compression behavior of var-
ious cohesionless granular materials can be approximated with the following
exponential function:

e = e0 exp[−(3p/hs)n] . (1)
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Fig. 1. Compression behavior of weathered broken rock in dry and wet states

Herein the constant e0 denotes the void ratio for p ≈ 0, hs has the dimen-
sion of stress and n is a dimensionless constant. The quantity hs is called
granular hardness (Gudehus 1996) which is related to the grain aggregate
under isotropic compression and different from the hardness of an individ-
ual grain. Experimental investigations show that the quantity hs reflects the
isotropic pressure where grain crushing becomes dominant. More precisely, hs
represents the isotropic pressure 3p at which the compression curve in a semi-
logarithmic representation shows the point of inflection while the exponent n
is related to the inclination of the corresponding tangent (Fig. 2(a)). For high
pressures the void ratio in (1) tends to zero, which can be explained by grain
plastification and grain crushing.

In order to model the influence of disintegration of a stressed rockfill by a
reaction with water a degradation of the granular hardness with an increase
of the moisture content w of the solid material is assumed in the following. To
this end the constant granular hardness hs in (1) is replaced by the moisture
dependent quantity h∗s, i.e. (Bauer and Zhu 2004)

h∗s = hsoψ(w) . (2)

Herein hso is the value of the granular hardness obtained for the dry material,
i.e. hso is related to ψ = 1, and ψ(w) ≤ 1 denotes the disintegration factor
depending on the moisture content w of the grain material. A higher moisture
content means a lower value of ψ(w) and of h∗s and consequently a higher
compressibility of the material as illustrated in Fig. 2(a). A time dependent
behavior of the degradation of the granular hardness can be accounted for in
a simple manner by extending relation (2), which, however, is not considered
in the present paper.

It is experimentally evident that under the same pressure cohesionless
granular materials can show different packing densities of the grain assembly
so that the void ratio can range between a maximum void ratio ei and a
minimum void ratio ed as shown in Fig. 2(b) in the so-called phase diagram
of grain skeletons (Gudehus 1997). Herein the limit void ratios ei and ed are
pressure dependent and they decrease with an increase of the mean effective
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Fig. 2. Influence of the moisture content on: (a) compression behavior, (b) limit
void ratios (solid curves: dry state, dashed curves: wet state)

pressure p. The upper bound, ei, can be related to an isotropic compression
starting from the loosest possible skeleton with grain contacts, i.e. there exists
no homogeneous deformation which goes beyond e = ei. Values of ed will be
achieved by cyclic shearing with very low amplitudes and nearly fixed mean
pressure. By contrast, large monotonic shearing leads to a stationary state,
which is characterized by a constant stress and constant void ratio. The void
ratio in such a limit state, which is called critical void ratio, ec, is again a
pressure dependent quantity. It was suggested by Gudehus (1996) to postulate
that the maximum void ratio ei, the minimum void ratio ed and the critical
void ratio ec decrease with the mean pressure according to

ei/eio = ed/edo = ec/eco = exp[−(3p/h∗s)n] , (3)

where eio, edo and eco are the corresponding values for p ≈ 0 as shown in
Fig. 2(b). It is obvious that with a degradation of the granular hardness the
pressure dependent limit void ratios and the critical void ratio are lower for
ψ(w) < 1 as illustrated by the dashed curves in Fig. 2(b).

3 The Hypoplastic Model

In order to model the dependence of the incremental stiffness of weathered
broken rock on the current void ratio e, the effective stress state σij , the
rate of deformation ε̇ij and the moisture dependent granular hardness h∗s
the hypoplastic constitutive model by Gudehus (1996) and Bauer (1996) is
extended by the moisture content w as an additional state quantity. The
proposed constitutive equations for modeling non-linear and inelastic behavior
read:

σ̊ij = fs
[
â2ε̇ij + (σ̂klε̇kl)σ̂ij + fdâ(σ̂ij + σ̂∗

ij)
√
ε̇klε̇kl

]
, (4)
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and
ė = (1 + e)ε̇v . (5)

Herein σ̊ij are the components of the effective objective stress rate, ė is the rate
of void ratio, σ̂ij = σij/(−3p) and σ̂∗

ij = σ̂ij − δij/3 are normalised quantities,
δij is the Kronecker delta and ε̇v = ε̇11 + ε̇22 + ε̇33 the volume strain rate.
Function â in (4) is related to critical stress states which can be reached
asymptotically under large shearing. With respect to the limit condition by
Matsuoka and Nakai (1977) function â can be represented as (Bauer 2000):

â =
sinϕc

3 + sinϕc

[√
8/3 − 3(σ̂∗

klσ̂∗
kl) + g

√
3/2(σ̂∗

klσ̂∗
kl)3/2

1 + g
√

3/2(σ̂∗
klσ̂∗

kl)1/2
+

√
σ̂∗
klσ̂∗

kl

]
(6)

with g = −√
6σ̂∗

klσ̂∗
lmσ̂∗

mk/(σ̂∗
pqσ̂∗

pq)
3/2. Herein ϕc denotes the intergranular

friction angle defined for the critical state under triaxial compression. The
influence of the mean effective pressure and the current void ratio on the
response of the constitutive equation (4) is taken into account with the stiffness
factor fs and the density factor fd. The dilatancy behavior, the peak stress
ratio and strain softening depends on the density factor fd which represents
a relation between the current void ratio e, the critical void ratio ec and the
minimum void ratio ed, i.e.

fd =
(
e− ed
ec − ed

)α
, (7)

where α < 0.5 is a constitutive constant. The stiffness factor fs is propor-
tional to the moisture dependent granular hardness h∗s = hsoψ(w) and it also
depends on mean effective stress p, i.e.

fs =
(ei
e

)β h∗s (1 + ei)
nhi(σ̂klσ̂kl)ei

(
3p
h∗s

)1−n
, (8)

with
hi =

8 sin2 ϕ
(3 + sinϕ)2

+ 1 − 2
√

2 sinϕ
3 + sinϕ

(
eio − edo
eco − edo

)α
.

Herein β > 1 is a constitutive constant. In (7) and (8) the current void ratio
e is related to the pressure and moisture dependent maximum void ratio ei,
minimum void ratio ed and critical void ratio ec according to relation (3). A
specific representation of the scalar function ψ(w) can be obtained by curve
fitting experimental data.

The proposed hypoplastic model for weathered broken rock materials in-
cludes nine constants which can be determined from simple index and element
tests (Herle and Gudehus 1999, Bauer 1996). In the present paper the calibra-
tion of the constants is based on the experiments carried out by Kast (1992)
with weathered broken granite. The following values were obtained: ϕc = 42◦,
hso = 75 MPa, ψ = 1 for dry states and ψ = 0.34 for the water saturated
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Fig. 3. Triaxial compression under a constant mean pressure starting from an initial
void ratio of: (a) e0 = 0.418 for the dry state (ψ = 1), (b) e0 = 0.387 for the
saturated state (ψ = 0.34)

state of the grains, n = 0.6, eio = 0.85, eco = 0.39, edo = 0.2, α = 0.125 and
β = 1.05. It should be noted that in the present model the critical friction
angle ϕc is assumed to be a constant because the experiments used for the
present calibration did not show a clear influence of the moisture content on
the critical friction angle.

3.1 Comparison of Numerical Simulations with Experiments

The performance of the proposed model is demonstrated by comparing the
results obtained from the numerical simulation of homogeneous triaxial com-
pression tests with the experiments carried out by Kast (1992). The so-called
homogeneous element tests are performed for different precompactions of the
material, i.e. different initial void ratios, and for dry and saturated states. In
this context water saturation means the water saturation of the weathered
grains and also the water saturation of the void space between the grains. In
accordance with the experiments all simulations are performed under drained
conditions. Neglecting the influence of the specific weights of the solid grains
and of the water the effective grain stress are assumed to be equal to the total
stress prescribed at the boundary of the specimen. Figures 3 and 4 show the
numerical results obtained from the simulation of triaxial compression tests
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under a constant mean pressure of p = 0.8 MPa and the experimental results
obtained for weathered broken granite.

In particular for the loose material an initially void ratio of e0 = 0.418
for the dry state and e0 = 0.387 for the saturated state is considered. As the
initial void ratio is higher than the corresponding pressure dependent critical
one, i.e. for p = 0.8 MPa → ec = 0.34 for the dry material and ec = 0.31 for the
saturated material, the triaxial compression leads to a further densification
for both the dry material (Fig. 3(a)) and the saturated material (Fig. 3(b)).
The increase of the mobilized friction angle φmob with the vertical strain ε22
is more pronounced for the dry material than for the saturated one, which
is also in agreement with the experiments. In order to study the influence of
an initially dense material the experiments for triaxial compression under a
constant mean pressure of p = 0.8 MPa starting from e = 0.29 for the dry
material and e = 0.285 for the saturated solid material are compared with
the prediction of the hypoplastic model in Figs. 4(a) and (b). A comparison
of Fig. 3(a) with Fig. 4(a) shows that the volume-strain behavior is strongly
influenced by the initial density and it differs for the dry and saturated states
of the solid material. The additional densification is less pronounced and the
maximum mobilized friction angle is higher for the initially dense material.

φmob

-ε22

φmob

-ε22

(a)

εV

-ε22

(b)

εV

-ε22

Fig. 4. Triaxial compression under a constant mean pressure starting from an initial
void ratio of: (a) e0 = 0.29 for the dry state (ψ = 1), (b) e0 = 0.285 for the saturated
state (ψ = 0.34)
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A clear peak state for φmob can only be detected for the dry and initially
dense material (Fig. 4(a)). After the peak the value of φmob slightly decreases
with advanced vertical compression and it is accompanied by dilatancy. For
the saturated and initially dense state of the material the dilatancy is less
pronounced.

4 Conclusions

A hypoplastic continuum model is presented to describe the essential prop-
erties of weathered broken rock materials. In particular an increase of the
compressibility and a decrease of the limit void ratios with an increase of the
moisture content of the solid material is modeled in a simplified manner using
only a moisture dependent granular hardness. It is demonstrated that the me-
chanical behavior of an initially loose and an initially dense material can be
modeled with a single set of constants. The comparison of the numerical sim-
ulations of triaxial compression tests with experiments shows that the model
captures the essential properties of weathered rockfill materials for both dry
and water saturated grains.
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A Framework for Analysis of Diffuse Instability
in Partially Saturated Granular Soils
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Summary. Strain localization in the form of a deformation band is the most ex-
tensively investigated instability mode in geomaterials. Deformation is localized to
a narrow band that could shear as well as either dilate or compact. The jump in the
strain rate across the band is given by a tensor of determinant rank one. However,
loose soils can also implode when subjected to compressive stresses. In this case the
mechanism of deformation is diffuse in the sense that the jump in the strain rate
tensor has a full rank. Only very recently has this mode been studied extensively
in the context of material instability (Borja 2006a). In this paper we move one step
further and consider the effect of volume constraint associated with the presence of
fluids, specifically water and air, on loose soils that have a tendency to implode. The
upshot is that, depending on the degree of saturation of these soils, the fluids may
inhibit the solid from imploding freely resulting in a rise in the pore fluid pressures.
The eigenmode at bifurcation is represented by the composite jumps in the strain
rate tensor and the rates of pore air and pore water pressures. The framework of
stability analysis presented in this work can be used to develop a criterion for the
onset of liquefaction instability in fully saturated soils.

Key words: bifurcation, deformation bands, diffuse instability, partially saturated
soils, porous media

1 Introduction

Strain localization is a ubiquitous feature of granular material behavior. In
soils, zones of intense strain, called deformation bands, have been extensively
investigated experimentally, theoretically, and numerically. This mode of in-
stability is characterized by a jump in the velocity gradient of the form (Borja
2002)

[[l]] = ϕm⊗ n , (1)

where ϕ is a real multiplier representing the magnitude of velocity jump, and
m and n are unit Cartesian vectors defining the instantaneous direction of
velocity jump across the band and the direction of the normal to the band,
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respectively. In this case, [[l]] is a tensor of determinant rank one, and its form
may be determined from the associated singular tangent acoustic tensor.

On the other hand, equation (1) does not represent all possible instabil-
ity modes. The jump tensor [[l]] could have a full rank, equal to three for 3D
problems, for example, implying that there could be three possible jumps in
the principal stretch rates at the onset of instability (Borja 2006a). As an
example, dry loose sands could implode in three directions, without mani-
festing a deformation band. Here, we have used the term ‘implosion’ and not
‘compaction’ since the former suggests some form of instability whereas the
latter could merely be a simple reduction in volume due to compression. In
the presence of fluids, soils undergoing volume implosion may have their pores
inhibited from collapsing freely, resulting in jumps in the pore fluid pressures.

In this paper, we view volume implosion as an instability problem similar
in spirit to a deformation band-type instability but allowing for the develop-
ment of a full rank jump tensor characterizing the eigenmode, or e-mode, at
bifurcation. The form of the full rank jump tensor [[l]] is determined from the
associated singular ‘undrained’ tangent constitutive tensor, and, formally, we
classify such instability mode as diffuse. We formulate the problem by assum-
ing that the pores of the soil matrix are filled with water and air. Depending
on the degree of saturation of the solid-water-air mixture, the volume could
implode freely or the mode of deformation could be subjected to a volume
constraint imposed by the properties of the fluids trapped in the pores. As
a limiting condition, the formulation presented in this paper could be used
to define a criterion for the onset of liquefaction instability in fully saturated
granular soils.

2 Balance of Mass

We refer to Borja (2006b, 2004) for details of the following formulation. Con-
sider a solid matrix whose voids are continuous and filled with water and air.
We denote the volume fraction by φα = Vα/V for α = solid, water and air (s,
w and a respectively), where Vα is the portion of the total volume V of the
mixture occupied by constituent α. The volume fractions satisfy the closure
condition

φs + φw + φa = 1 . (2)

The partial mass density is ρα = φαρα, where ρα is the intrinsic mass density,
so the total mass density of the mixture is

ρ = ρs + ρw + ρa . (3)

We denote the time derivative with respect to the solid motion by

d(·)
dt =

∂(·)
∂t + grad(·) · v , (4)
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where v is the velocity of the solid and grad is the spatial gradient operator.
In this paper we shall use interchangeably the more abbreviated superposed
dot and the time derivative with respect to the solid motion, i.e., ȧ ≡ da/dt.
The time derivative with respect to the fluid motion is given by

dα(·)
dt =

∂(·)
∂t + grad(·) · vα , α = w, a , (5)

where vα is the velocity of fluid α. The time derivatives (4) and (5) are related
by the equation

dα(·)
dt =

d(·)
dt + grad(·) · ṽα , ṽα = vα − v . (6)

In terms of the motion of the solid, balance of mass for the solid and fluid
are given, respectively, by

dρs

dt + ρs div(v) = 0 , (7)

dρα

dt + ρα div(v) = −div(qα) , α = w, a , (8)

where qα = ραṽα is the Eulerian relative flow vector of fluid α relative to the
solid, and div is the spatial divergence operator.

For barotropic flows the intrinsic bulk modulus of the constituent α can
be defined as

Kα = ραp′α(ρα) , α = s,w, a , (9)

where pα is the intrinsic Cauchy pressure in the α constituent (compressive
normal force acting on this constituent per unit area of the same constituent).
Here we assume that pα has a functional relationship with the intrinsic mass
density ρα, and the bulk modulus Kα is an intrinsic property of the material.
Inserting (9) into (7) and (8) gives

dφs

dt +
φs

Ks

dps

dt + φs div(v) = 0 , (10)

dφα

dt +
φα

Kα

dpα
dt + φα div(v) = − 1

ρα
div(qα) , α = w, a . (11)

Next we introduce a bulk modulus K representing the volumetric stiffness
of the soil matrix, or skeleton. This quantity must be distinguished from the
bulk modulus Ks introduced earlier which represents the volumetric stiffness
of the solid grains themselves. Reference Borja (2006b) presents a closed-form
expression for K from an assumed functional relationship among the intrinsic
variables ps and ρs, and the solid volume fraction φs. The bulk modulus K is
defined such that

φs dps

dt = −K div(v) . (12)
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Inserting (12) into (10) yields the following alternative form of balance of mass
for the solid

dφs

dt +
(
φs − K

Ks

)
div(v) = 0 . (13)

Adding (13) to (11) yields the balance of mass for the entire solid-water-air
mixture, ∑

α=w,a

φα

Kα

dpα
dt +B div(v) = −

∑
α=w,a

1
ρα

div(qα) , (14)

where
B := 1 − K

Ks
(15)

is the Biot coefficient. For soils K � Ks, and B may be assumed equal to
unity. However, we shall continue to use the parameter B to preserve a more
general form of the governing equations.

Next we introduce void fractions ψw and ψa, defined as the respective
ratios between the volumes of the water and air phases in the void to the
volume of the void itself,

ψw =
φw

1 − φs
, ψa =

φa

1 − φs
. (16)

The void fraction ψw is often called the degree of saturation, commonly de-
noted by the symbol Sr in the literature. The saturation condition is

ψw + ψa = 1 . (17)

Taking the material time derivative of (16) in the direction of the solid motion
and using (13) gives

dφα

dt = (1 − φs)
dψα

dt − ψα dφs

dt

= (1 − φs)
dψα

dt + ψα
(
φs − K

Ks

)
div(v) (18)

for α = w, a. Substituting this result into (11) yields

(1 − φs)
dψα

dt +
φα

Kα

dpα
dt + ψαB div(v) = − 1

ρα
div(qα) . (19)

For finite deformation it is usually convenient to transform the pressure
variables. To this end, we let F denote the deformation gradient of the solid
motion and J = det(F ) the corresponding Jacobian. We define the Kirchhoff
pore fluid pressure as

θα = Jpα , α = w, a , (20)

with material time derivative, relative to the solid motion, given by
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θ̇α ≡ dθα
dt = Jṗα + J̇pα . (21)

Hence, multiplying both sides of (19) by J and using the Piola identity gives

J(1 − φs)ψ̇α +
φα

Kα
θ̇α +

(
ψαB − φα

Kα
pα

)
J̇ = − 1

ρα
DIV(Qα) , (22)

where
Qα = JF−1 · qα , α = w, a (23)

is the Piola transform of qα and DIV is the divergence operator evaluated
with respect to the reference configuration.

Next we consider a constitutive law describing the degree of saturation
versus capillary pressure (or suction stress) relation. Taking ψw = Sr and
ψa = 1 − Sr, the constitutive law takes the form

Sr = Sr(s) , s = θa − θw . (24)

In the above equation, s is the Kirchhoff suction stress, or Kirchhoff capillary
pressure. Taking the time derivative with respect to the solid motion gives

ψ̇w = −ψ̇a = Ṡr = S′
r(s)(θ̇a − θ̇w) . (25)

Inserting this result into (22) gives the pair of equations

a11θ̇w + a12θ̇a + b1J̇ = − 1
ρw

DIV(Qw) , (26)

a12θ̇w + a22θ̇a + b2J̇ = − 1
ρa

DIV(Qa) . (27)

where

a11 =
φw

Kw
− a12 , a22 =

φa

Ka
− a12 , a12 = J(1 − φs)S′

r(s) ,

b1 = ψwB − φw

Kw
pw, b2 = ψaB − φa

Ka
pa .

(28)

In the next section we shall provide a physical significance of the Piola trans-
forms Qw and Qa.

3 Balance of Linear Momentum

Without loss of generality we shall consider a quasi-static loading condition
and write the balance of linear momentum in Lagrangian form as

DIV(P ) + ρ0g = 0 , ρ0 = Jρ , (29)
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where P is the first Piola–Kirchhoff total stress tensor, g is the gravity accel-
eration vector, and ρ is the saturated mass density of the mixture (cf. (3)).
For bifurcation analysis it is more useful to consider the rate form of (29),
which is given by

DIV(Ṗ ) + ρ̇0g = 0 , (30)

where

ρ̇0 ≡ d(Jρ)
dt = J

∑
α=s,w,a

ρ̇α + J̇
∑

α=s,w,a

ρα

=
∑

α=s,w,a

J
(
ρ̇α + ρα DIV(v)

)

= −
∑
α=w,a

J DIV(qα) = −
∑
α=w,a

DIV(Qα) , (31)

after using the mass balance equations (7) and (8). Hence, the sum of the
Piola transforms Qα for α = w, a has the physical significance that its diver-
gence with respect to the reference configuration is the negative of the time
derivative (with respect to the solid motion) of the pull-back mass density ρ0.
Note that for a mixture of two or more constituents, ρ̇0 = 0 if and only if
there is no relative flow of the fluid relative to the solid matrix.

A critical aspect of balance of linear momentum for a mixture of two
or more constituents lies in the decomposition of the total stress tensor. To
this end we recall the following stress tensor decomposition emerging from
continuum principles of thermodynamics in the absence of non-mechanical
energy for a solid matrix whose voids are filled with water and air (Borja
2006b):

σ = σ′ −Bp1 , (32)

where σ is the total Cauchy stress tensor, σ′ is a constitutive (or effective)
Cauchy stress that is energy-conjugate to the rate of deformation of the solid
matrix, 1 is the second order identity tensor (Kronecker delta), and

p =
∑
α=w,a

ψαpα = Srpw + (1 − Sr)pa (33)

is the mean Cauchy pore pressure obtained from the pore air and pore water
pressures weighted according to the degree of saturation. As a matter of sign
convention, a positive normal stress implies tension in the present case.

Multiplying both sides of (32) by J gives

τ = τ ′ −Bθ1 , (34)

where τ = Jσ and τ ′ = Jσ′ are the symmetric total and effective Kirchhoff
stress tensors, respectively, and

θ = Jp = Srθw + (1 − Sr)θa . (35)
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Contracting the right index of τ by F−t gives

P = P ′ −BθF−t , (36)

where P = τ ·F−t and P ′ = τ ′ ·F−t. Taking the time derivative of (36) with
respect to the solid motion gives

Ṗ = Ṗ ′ −BθḞ−t −Bθ̇F−t − ḂθF−t , (37)

where Ḃ = −K̇/Ks (assuming Ks is constant), and

θ̇ = Sr θ̇w + (1 − Sr)θ̇a , Sr = Sr + S′
r(s)s . (38)

We now put these results together. Let the initial placement of a partially
saturated solid body be denoted by B, and let ∂B denote its boundary such
that ∂B = ∂Bt ∪ ∂Bu and ∅ = ∂Bt ∩ ∂Bu, where ∂Bt and ∂Bu are portions of
the entire boundary where nominal traction rates and velocities are prescribed.
We denote the solution pair by (Ṗ ,v). For this solution to be admissible we
must have

DIV(Ṗ ) −
∑
α=w,a

DIV(Qα)g = 0 in B (39)

v = u̇0 on ∂Bu (40)
Ṗ ·N = ṫ0 on ∂Bt (41)

whereN is the unit outward normal vector to ∂B, and u0 and t0 are prescribed
solid boundary displacements and total nominal tractions, respectively. Note
that the partial differential equation and boundary conditions are written in
terms of the total (and not effective) stress rate tensor Ṗ .

4 Local Stability and Uniqueness

Consider an alternative solution pair (Ṗ ∗,v∗) �= (Ṗ ,v) satisfying the partial
differential equation (39) and boundary conditions (40) and (41). To investi-
gate the existence of this alternative solution, we consider the integral
∫

B
DIV[(v∗ − v) · (Ṗ ∗ − Ṗ )] dV =

∫

B
(Ḟ ∗ − Ḟ ) : (Ṗ ∗ − Ṗ ) dV

+
∫

B
(v∗ − v) · [DIV(Ṗ ∗) − DIV(Ṗ )] dV .

(42)

Using Gauss theorem the integral on the left-hand side of (42) is
∫

B
DIV[(v∗ − v) · (Ṗ ∗ − Ṗ )] dV =

∫

∂B
(v∗ − v) · (Ṗ ∗ − Ṗ ) ·N dA = 0 , (43)
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since both solutions are required to satisfy the boundary conditions (40)
and (41). The second integral on the right-hand side is zero since both so-
lutions are required to satisfy the partial differential equation (39) for fixed
flow vectors Qα.

That the flow vectors Qα are the same irrespective of whether one chooses
the solid velocity v or v∗ implies that a jump in the solid velocity is not accom-
panied by a jump in the fluid flow. In short, we are interested in ‘undrained’
bifurcation. In this case, any pair of possible solutions must satisfy the con-
dition ∫

B
(Ḟ ∗ − Ḟ ) : (Ṗ ∗ − Ṗ ) dV = 0 . (44)

Uniqueness is guaranteed for every point and every pair of stresses and defor-
mation gradients linked by the constitutive equation if

(Ḟ ∗ − Ḟ ) : (Ṗ ∗ − Ṗ ) > 0 . (45)

If this is the case, then the material is incrementally stable.
Uniqueness is lost when the jump in the first Piola–Kirchhoff stress rate

vanishes,
[[Ṗ ]] = Ṗ ∗ − Ṗ = 0 . (46)

For incrementally linear systems where the tangent constitutive tensor has
the major symmetry the criterion of stationary stress rate coincides with ini-
tial loss of local incremental stability in the sense of definition (45). However,
for nonsymmetric systems condition (45) could be violated well before condi-
tion (46), see Borja (2006a), for example. Since a non-stationary stress state
violates the equilibrium condition, we take (46) as our relevant criterion for
loss of incremental stability. An analog of this criterion is the choice of loss
of ellipticity to detect a deformation band-type bifurcation since for nonsym-
metric systems the loss of strong ellipticity does not guarantee a stationary
traction rate, again see Borja (2006a).

The formulation simplifies considerably in the spatial description. Recall
that τ = P · F t; taking the time derivatives and evaluating the jumps in the
rates we obtain

[[τ̇ ]] = P · [[Ḟ t]] + [[Ṗ ]] · F t , (47)

where
[[Ḟ ]] = [[l]] · F , [[l]] =

∂[[v]]
∂x =

∂(v∗ − v)
∂x = l− l∗ , (48)

and [[l]] is the jump in the velocity gradient. Setting [[Ṗ ]] = 0 in (47) results
in the equivalent condition for a stationary first Piola–Kirchhoff stress rate

[[τ̇ ]] − (τ 
 1) : [[l]] = 0 , (49)

where (τ 
 1)ijkl = τilδjk, and δjk = Kronecker delta. The jump in the total
Kirchhoff stress rate in this case may be obtained from (34) as
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[[τ̇ ]] = [[τ̇ ′]] − [[Ḃ]]θ1 −B[[θ̇]]1 , [[Ḃ]] = −[[K̇]]/Ks . (50)

We now consider the following incremental constitutive equation

τ̇ ′ = α : l , τ̇ ′∗ = α : l∗ , (51)

where α is a rank-four tensor with minor symmetry on its first two left indices
but not on its last two right indices. We note two important points from the
above relations: (a) the constitutive equation relates the Kirchhoff effective
stress rate tensor τ̇ ′ with the velocity gradient l as motivated by continuum
principles of thermodynamics; and (b) the same tangent constitutive tensor α
is used irrespective of the direction of the velocity gradient. The latter point
characterizes an incrementally linear material whose implication to elastoplas-
ticity can be extended in the context of “in-loading comparison solid” (Borja
2006a). For completeness we shall also assume the following constitutive law
for the bulk modulus K of the solid matrix (cf. (12)):

K̇ = Cφsṗs = −CK DIV(v) = −CK tr(l) , (52)

where C is a positive coefficient. In words, this relation simply states that the
increment of the bulk modulus of the solid matrix is linearly proportional to
φsṗs representing the increment of the intrinsic solid pressure “smeared” by
the solid volume fraction.

Combining the above results yields the following condition for a stationary
stress rate

β : [[l]] −B[[θ̇]]1 = 0 , β := α− τ 
 1 − Cθ KKs
1 ⊗ 1 . (53)

Further, in order for the solution pair (Ṗ ∗,v∗) to be admissible it also must
satisfy balance of mass, equations (26) and (27), herein written in jump form
for fixed flow vectors Qα as

a11[[θ̇w]] + a12[[θ̇a]] + b1[[J̇ ]] = 0 , (54)
a12[[θ̇w]] + a22[[θ̇a]] + b2[[J̇ ]] = 0 . (55)

Solving for [[θ̇w]] and [[θ̇w]] yields

[[θ̇w]] = cw[[J̇ ]] , [[θ̇a]] = ca[[J̇ ]], (56)

where
cw =

a12b2 − a22b1
a11a22 − a2

12

, ca =
a12b1 − a11b2
a11a22 − a2

12

. (57)

Therefore, the jump in the mean pore pressure rate is

[[θ̇]] = Sr[[θ̇w]] + (1 − Sr)[[θ̇a]] = −λ1 : [[l]] , (58)
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where
λ = −J [Srcw + (1 − Sr)ca ] > 0 . (59)

Finally, we substitute (58) into (53) to obtain the following alternative
condition for a stationary stress rate,

(β +Bλ1 ⊗ 1) : [[l]] = 0 . (60)

For a non-trivial solution [[l]] �= 0 to exist we must then have

det(β +Bλ1 ⊗ 1) = 0 . (61)

Equation (61) is the condition for diffuse instability in partially saturated
granular soils. This condition depends on the “drained”constitutive tangent
material response as reflected by the value of β, and on the mean bulk stiffness
of the pores as represented by the overall bulk stiffness λ. In the limit of full
saturation Sr = 1, and condition (61) may be used to determine the onset of
liquefaction instability in granular soils, see Borja (2006c).

5 Closure

We have presented a framework for mathematical analysis of a class of insta-
bility modes characterized by a full rank jump tensor in partially saturated
granular soils. In the limit of zero saturation the kinematical signature is char-
acterized by volume implosion in which jumps in the velocity gradient tensor
occur in three principal directions. This kinematical signature is in stark con-
trast to the more extensively studied problem of deformation banding in which
the jump in the velocity gradient tensor has a unit rank. Balance of mass for
the fluids is used to provide a volume constraint to the kinematical jumps. In
the limit of full saturation one may expect a nearly isochoric jump in the ve-
locity gradient tensor accompanied by a jump in the pore water pressure due
to the high bulk modulus of water, precisely the instability mode associated
with the onset of liquefaction instability.
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Summary. This paper is focused on the interpretation of experimental results ob-
tained at the Department of Geotechnical Engineering of the University of Naples
Federico II (Italy) to investigate the effects of partial saturation on the volumetric
behaviour and the initial shear stiffness of a compacted silt. Tests were performed by
using suction-controlled triaxial and resonant column cells. Herein, the compatibil-
ity of the results with a Single Stress Model (SSM) is discussed. The SSM allows to
highlight that suction can have two effects on the mechanical behaviour of an unsat-
urated soil: it increases the average volumetric stress acting on the soil skeleton and
it has a sort of cementing effect on the soil packing (hardening and cementation).

Key words: compacted soil, constitutive modelling, single stress variable, elasto-
plastic, compressibility, small strain behaviour

1 Introduction

The experimental results obtained at the University of Naples Federico II
(Italy) for the characterization of the small and moderate strain-behaviour of
a compacted silt (Vassallo et al. 2006a) are interpreted in this paper using a
Modified Cam Clay Model extended to unsaturated conditions (Jommi and
di Prisco 1994, Tamagnini 2004).

The tested soil is representative of the materials used for constructing
embankments on the Po river (Italy). It has a liquid limit wL = 50.4% and a
plasticity index IP = 17.9%. The soil was compacted at the optimum water
content with the standard Proctor procedure (ASTM D691–91). On average,
w = 23.12% and γd = 15.60 kN/m3 were obtained.
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All tests included an equalization, during which suction changed from the
after compaction value to the desired value, at mean net stress p−ua of about
10 kPa. Then, the imposed suction was kept constant during compression.
Finally, in some cases, wetting and/or drying stages at constant (p−ua) were
carried out (Vassallo et al. 2006a).

Experimental results were analysed by Vassallo et al. (2006b) using two
independent stress variables and the framework of hardening plasticity.

2 Modelling Framework

The constitutive laws for the mechanical behaviour are defined in terms of
effective stresses. The average soil skeleton stress p′ is defined as the differ-
ence between total stress and an equivalent fluid pressure, with the degree of
saturation as weighing parameter:

p′ = p− ua + Sr(ua − uw) . (1)

The evolution of the scalar internal variable p′c (overconsolidation pressure)
depends not only on the rate of plastic strains but also on the variations of
degree of saturation:

ṗ′c = ṗ′csat − b′pcṠr (2)
where b is a constant soil property. The integration of Eq. (2) yields to:

p′c = p′csateb(1−Sr) . (3)

Thus, b controls the rate of change in p′c caused by variations in Sr.
Hardening has an irreversible component dependent on the development

of plastic volumetric strains, related to the evolution of p′csat, and a reversible
component related to changes in Sr.

The model predicts that a drying process induces some bonding and pos-
itive hardening while a wetting process induces some debonding (negative
hardening), as shown in Fig. 1.

Let us consider an isotropic test in which a soil sample is subjected to an
increment of p′ at the virgin state. Similarly to saturated soils, the specific
volume v = 1 + e will be given by:

 q

   p ' (S r= 1 )M

p '(c , sa t)
M

S r  

p ' (S r< 1 )
p '(c , u n sa t)

 
Fig. 1. Evolution of the hardening surface in the space p′ : Sr : q
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v = N(Sr) − λ ln p′ (4)

where p′ is the stress defined by Eq. (1) and N(Sr) is the specific volume at
p′ = 1 kPa.

The relationship which defines how N changes with the degree of satura-
tion can be obtained from previous equations and from:

vs = N − λ ln p′csat ,

vs = v − κ ln
p′csat
p′c

(5)

where vs is the specific volume of the saturated soil, N (equal to 2.01 for the
considered soil) is the specific volume at p′ = 1 kPa in saturated conditions.
By substitution, one obtains:

N(Sr) = N + (λ− κ)b(1 − Sr) (6)

If there is a variation of degree of saturation, this corresponds to a transla-
tion of the Normal Consolidation Line, parallel to the saturated NCL (Fig. 2).
The amount of translation is related to the constitutive parameter b. By in-
terpreting all the available compression stages (25, in total), an average value
of 7 was obtained.

The model requires an hydraulic constitutive relationship describing the
water storage mechanism, such as Sr = WRC(ns) (Houlsby 1997, Tamagnini
2004), where ns is the product of soil porosity and suction. In this study, a
modified form of the equation proposed by Van Genuchten (1980) is used:

Sr =
[

1
1 + (αns)r

]t
(7)

whit r = 1, t = 0.8, and:

   

Sr<1  

v lnp’ 

lnp
’

1-Sr 

p’csat p’cunsat 

1.650

1.700

1.750

1.800

10 100 1000
p' (kPa)

v

saturated

unsaturated

NCL

(a) (b) 

 

Fig. 2. (a) Position of the NCL at various Sr, (b) prediction for isotropic state
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α = A exp(Bn0) (8)

with A = 6 × 10−09 kPa−1 and B = 40. In Eq. (8), n0 is the porosity at the
end of equalization. Such dependency was chosen to isolate the effect of the
imperfect homogeneity of after compaction porosities of the tested specimens,
which affect after-equalization values (Vassallo et al. 2006a).

Thus, a single relationship was assumed for Sr variations, without taking
into account possible differences between wetting and drying paths. Certainly,
this will have to be considered in the continuation of the study.

3 Interpretation of Results at Moderate Strains

In Figure 3 the experimental results of three compression stages (loading and
unloading) are compared with model predictions. It is worth noting that, also
for most of other compressions, the model predicts an overconsolidated state
at the end of equalization, according to experimental data. A good qualitative
and quantitative correspondence is found in general.

Figure 4 is relative to two tests including suction cycles.
Test mp05RC included a compression at s = 200 kPa, up to p−ua = 200 kPa

and suction cycles between 100 and 400 kPa. The model (Fig. 4) overestimates
the plastic strains due to compression and underestimates the strains along
the first drying at s = 400 kPa. This is due to the chosen slope of WRC
which, in this case, leads to overestimate the reduction in Sr due to the drying
process. Because of this, the model predicts an excessive reversible component
of hardening and underestimates plastic strains. The subsequent wetting and
drying stages only induce reversible strains, according to experimental data.
Better predictions could be probably achieved by taking into account the
hydraulic hysteresis of the WRC.
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Fig. 3. Comparison between experimental results and model predictions for com-
pression tests carried out at three different suction levels
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Fig. 4. Comparison between experimental results and model predictions for tests
including compression and drying-wetting stages

Test mp07RC included a compression at s = 400 kPa, up to p − ua =
200 kPa and suction cycles between 100 and 400 kPa. The model predicts
normal consolidation at the beginning of the test, while experimental results
in the plane v − p′ show a light overconsolidation. Predictions relative to the
following wetting, drying and compression stages are in good agreement with
experimental data.

4 Interpretation of Results at Small Strains

The proposed model can also be used as a framework to interpret the vari-
ations of initial shear stiffness G0 with mean net and suction observed by
Vassallo et al. (2006a).

Before proposing such interpretation, it is worth recalling some features
of saturated soil behaviour. Initial stiffness depends on the average effective
stress p′. Rampello et al. (1994), examining data relative to reconstituted and
undisturbed materials, showed that an undisturbed material, thanks to its
“structure,” has higher values of G0 than the same material in a reconstituted
state (Fig. 5). The effect of this structure is lost as an effect of increasing
p′. Furthermore, reconstituted normally consolidated and overconsolidated
materials show G0 : p′ curves qualitatively similar to the curves v : p′ in the
compressibility plane. A linear relationship can be assumed between logG0

and log p′ for both normally and over-consolidated states, with a lower slope
for overconsolidation.

Using same representations as Rampello et al. (1994), G0 values measured
under controlled suction conditions by resonant column tests have been plot-
ted in Fig. 5a as a function of the stress p′ defined by Eq. (1). Moving from
complete saturation to partial saturation induces a translation upwards of ex-
perimental curves G0 : p′, similar to that highlighted by Rampello et al. (1994)
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Fig. 5. Comparison: (a) saturated-unsaturated compacted soil, (b) natural-
reconstituted saturated soil

comparing the behaviour of natural and reconstituted clays. Partial saturation
seems to provide the solid skeleton with a structure (or cementation) similar
to ageing and other natural time effects. In addition, experimental points rel-
ative to measurements of G0 at beginning of the tests show trends similar to
that of an overconsolidated saturated soil.

This is in agreement with the observations made above for the end of
equalizations: the soil results overconsolidated also in the compression plane
v : p′. All the above suggests that a reversible phenomenon of “bonding” is
associated to a drying path.

A first attempt to interpret this phenomenon was made by considering the
hardening predicted by the SSM.

The relationships proposed by Rampello et al. (1994) for saturated soils
was extended by including the effects of Sr on void ratio and on p′:

G0 = S∗p(1−n∗+c)
r f(e)p′(n

∗−c) (9)

where
f(e) = C/ exp(De) (10)

and: c = m/Λ, Λ = (λ − κ)/λ, C = exp[c(N(Sr) − 1)/λ], D = c/λ; pr is a
reference pressure.

Parameters S∗, n∗ and m (linked to the position and the slope of logG0 :
log p′ relationships) were obtained by fitting the saturated soil data (Fig. 6).
Resulting values are n∗ = 0.61, m = 0.2, S∗ = 3000.

It was found that Eqs. (9) and (10) significantly underestimate exper-
imental stiffness of the unsaturated soil. Thus, the extension of saturated
relationships to the unsaturated case requires further assumptions. A better
agreement can be obtained by supposing that also n∗ and S∗ depend on Sr.
The obtained results are shown in Fig. 6 for the same tests of Fig. 3. It was
found that n∗ decreases and S∗ increases as Sr decreases. The values used in
the figure are n∗ = 0.60 and S∗ ∼= 4300 for Sr,0 ∼= 85% (Fig. 6a), n∗ = 0.59
and S∗ ∼= 4500 for Sr,0 ∼= 82%, n∗ = 0.59 and S∗ ∼= 4800 for Sr,0 ∼= 79%
(Fig. 6b).
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Fig. 6. Comparison between experimental results and model predictions of initial
shear stiffness G0. (a) compression test carried out at s = 100 kPa, (b) compression
test carried out at s = 200 and 400 kPa

5 Conclusions

In this paper it was verified if the comprehensive experimental study on the
Po silt by Vassallo et al. (2006a) can be interpreted within the framework of
a Single Stress Model (SSM).

Such model can interpret the progressive shift in the plane v : p′ of the
normal consolidation line as the degree of saturation decreases and, more in
general, the influence that Sr has on compressibility.

The effects of partial saturation on the initial shear stiffness G0 are similar
to those ascribable to the structure of a natural soil, compared to the same soil
reconstituted. They cannot be justified by simply taking into account the effect
that the SSM predicts on the void ratio without significantly underestimating
the unsaturated soil stiffness. On the contrary, it is necessary to consider
explicitly the effect that Sr has on some parameters describing the relationship
G0 : p′.

This is a preliminary study, and some simplifications, such as neglecting
the hydraulic hysteresis, will have to be removed in the continuation. However,
the results thus far obtained seem encouraging.
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Summary. This paper investigates the individual character of the two independent
stress tensors and the effect of each on the volume-mass constitutive relations for
unsaturated soils. Cases involving soils with varying plasticity and stress history are
presented. A model for void ratio (or specific volume) behaviour has been developed
within the context of independent stress state variables. Theoretical and experi-
mental results show that changes in the net total stress tensor produce distinctly
independent volume change behaviour from changes in matric suction even when the
net total stress changes are isotropic. Stress history is reflected differently on the vol-
ume change constitutive relations depending upon which stress tensor is changed.
Likewise, the water content constitutive relationship is affected in a distinctively
different manner depending upon which stress tensor is changed.

Key words: unsaturated, soil, volume, mass, relationship, stress, variable

1 Introduction

Independent stress state variables were introduced in the form of two tensors
in the 1970s to describe the stress state for unsaturated soils (Fredlund and
Morgenstern 1977). Since that time there have been numerous attempts to
develop elasto-plastic models to describe the behaviour of unsaturated soils
(Alonso et al. 1990, Wheeler and Sivakumar 1995, Blatz and Graham 2003).
Generally, simplistic assumptions have been made with regard to the relation-
ship between water content changes and volume changes in an unsaturated
soil.

A volume-mass constitutive model in terms of two independent stress state
variables is presented in this paper. The model is capable of predicting volume
change and water content independently. The hysteretic nature of the soil-
water characteristic curve is also taken into account. The model is proposed
for only isotropic condition (i.e., ignores the existence of the shear stress).
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2 Terminology

Deformation of a soil mass is directly related to a change in the volume of
pores in the soil. The pore-size distribution curve (PDC) of a soil at any stress
state provides information regarding both the total volume and the volume
of water in the soil. Therefore, the prediction of the PDC is important in a
volume-mass constitutive model.

The PDC is a function of soil suction and net mean stress (Pham 2005).
In the proposed model, a reference pore-size distribution is first selected. The
stress-strain relationship for the soil structure surrounding a pore group is then
presented and followed by the calculation for pore groups along the reference
pore-size distribution curve.

3 Theory

3.1 Stress State Variables

The proposed model makes use of two stress state variables (Fredlund and
Morgenstern 1977): net mean stress p = (σ1 +σ2 +σ3)/3−ua and soil suction
ψ = (ua − uw). The reference stress state is chosen to be a net mean stress =
1 kPa and soil suction = 0 kPa (i.e., equivalent with effective stress = 1 kPa
at saturation). The void ratio, e, of the soil is the primarily variable used to
represent the overall volume of the soil. The gravimetric water content, w, of
the soil is the primary variable used to represent the amount of water in the
soil.

3.2 3.2 Reference Pore-Size Distributions

The PDC corresponding to the completely dry condition obtained from an
initial slurry soil (i.e., at 106 kPa on the initial drying process of the slurry
soil) provides a meaningful reference state. In this model, the reference pore-
size distribution curve of a soil is defined as the PDC corresponding to the
completely dry condition of a soil.

A soil has two reference pore-size distribution curves at completely dry
conditions (i.e., with respect to drying and wetting suctions). The reference
drying DPC of a soil provides information regarding the air entry value and
the distribution in volume of pores in the soil. Similarly, the reference wetting
PDC of a soil provides information regarding the water entry value and the
distribution in volume of pores in the soil.

3.3 Basic Assumptions

Six assumptions based on the results of previous studies were adopted for the
proposed constitutive model.
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• Assumption #1 : A particular pore under consideration in the soil has only
two states; namely, i) the pore is filled with water; or ii) the pore is dry.

• Assumption #2 : Each water-filled pore in the soil also has two indices,
namely: i) virgin compression index, and ii) unloading-reloading compres-
sion index.

• Assumption #3 : There are two types of pores: i) compressible pores and ii)
non-compressible pores. The compressible pores are relatively large pores
and the non-compressible pores are relatively small-interconnected pores.

• Assumption #4 : Virgin and unloading-reloading compression indices for a
pore in the soil are proportional to the volume of the pore at the reference
stress state.

• Assumption #5 : Pores are deformed, and water is absorbed and drained
independently.

• Assumption #6 : Air-filled pores are incompressible.

3.4 Mathematical Formulation

The initial drying SWCC from the slurry of a significant volume change soil
can be best-fitted using the following empirical equation:

w(ψ) =
([
wsat − Cc

Gs
logψ − wr

]
a

ψb + a + wr
)⎛
⎝1 −

ln
[
1 + ψ

ψr

]

ln
[
1 + 106

ψr

]
⎞
⎠ (1)

where Cc = virgin compression index of the soil; Gs = Particles specific
gravity; wr = curve-fitting parameter represents the residual water content;
wsat = curve-fitting parameter represents the water content at reference stress
state; and a, b = curve-fitting parameters. The virgin compression index of
the group of pores having air entry value of ψ on the reference pore-size
distribution curve can be calculated as follows:

Cpc (ψ) = −Ccab ln(10)ψb

[ψb + a]2 . (2)

Similarly, the unloading-reloading compression index of the group of pores
having air entry value of ψ on the reference pore-size distribution curve can
be calculated as follows:

Cps (ψ) = −Csab ln(10)ψb

[ψb + a]2 . (3)

Comparing the strain of a pore that is dried under zero net mean stress
and a pore that is dried under a yield stress, py, and then dried under a
constant net mean stress, p, the equation for the effect of the net mean stress
on the air entry value can be written:

ψae

ψae(p, py)
= 1 − η [(Cc − Cs) log py + Cs log(ψae + p) − Cc log(ψae)]

3[esat − Cc logψae − wrGs]
(4)
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where ψae = water entry value of the pore having zero yield stress and wetting
under zero net mean stress; ψae(p, py) = air entry value of the pore when yield
stress is equal to py and drying under a net mean stress of p; η = pore-shape
parameter represents the effect of the net mean stress to the change in the
diameter of a pore. Similarly, the equation for the effect of the net mean stress
to the water-entry value of the pore can be obtained.

The yield stress of the soil structure surrounding a water-filled pore is
considered to be maximum effective stress that ever acted on the pore. If a
pore is dried under zero net mean stress, the yield stress of the pore is equal
to the air entry value of the pore. If a pore is dried under a constant net mean
stress of, p, the yield stress of the pore can be calculated:

py = p+ ψ(p, p+ ψae) (5)

where ψ(p, p+ψae) can be calculated using Eq. (4). When a pore is filled with
air, the pore is incompressible (i.e., assumption #6); therefore, yield stress
of the soil structure surrounding the pore does not change with net mean
stress and soil suction. The two constitutive equations for the volume-mass
constitutive surfaces follow the stress paths shown in Fig. 1. The constitutive
surfaces correspond to a slurry soil that is initially loaded to a net mean stress,
p0 at zero soil suction and then dried.

Equations have been written for the water content and the void ratio con-
stitutive surfaces (see Pham 2005). The equation for the degree of saturation
surface can be derived from the equations for the gravimetric water content
surface and void ratio surface.
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Fig. 1. Schematic illustration of the volume-mass constitutive surfaces of an initially
slurred specimen that is dried under various constant net mean stresses
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3.5 Hysteresis Model for SWCC

A hysteresis model is developed using two one-dimensional pore-size distri-
bution functions (i.e., wetting and drying pore-size distributions). Scanning
curves are horizontal on degree of saturation SWCC plots (similar to the
Wheeler et al. (2003) model). This means that each group of pores has a
unique relationship between the drying and wetting suction. Therefore, there
is a relationship between the wetting reference DPC and the drying reference
DPC.

3.6 Model Parameters

The required data for calibration can be described as follows:

• the initial drying SWCC of the initially slurry soil specimen,
• pore-shape parameter, η,
• the parameters for the hysteretic nature of the SWCC of the soil (Pham

et al. 2005),
• the compression indices of the soil.

4 Presentation of the Model Prediction

The application of the proposed volume-mass constitutive model is presented
for an artificial silt. The soil properties of the artificial silt are shown in Table 1.
The initial drying SWCC for the silt is shown in Fig. 2.

Table 1. Soil properties for the artificial silt

Soil-water
characteristic curve

Hysteresis
parameters

Compression
indices

wsat a b wr DSL RSL β Cc Cs Gs

0.45 200,000 2.5 0.08 0.35 1.5 0.1 0.2 0.04 2.7

ht The predicted shrinkage curve for the artificial silt shown in Fig. 3
has a reasonable shape. At high water contents (i.e., almost 100% degree of
saturation), the shrinkage curve is a 45 degree line. The shrinkage curves are
approximately horizontal at low water contents.

Model predictions for the artificial silt when following a complex stress
path (Fig. 4) are presented in Fig. 5. Figure 5a shows that the model can take
into account plastic volume change along the initial drying process (i.e., drying
the soil to 100 kPa). The collapsible behavior of the unsaturated silt during a
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wetting process can also be seen in Fig. 5a. This mechanical behavior can be
observed from many experimental results (Matyas and Radhakrishna 1968,
Alonso et al. 1990). The soil parameter m controls the collapsible behavior
of the soil. The smaller the value for the soil parameter, m, the earlier the
collapse occurs in the soil during the wetting process.

The hysteresis in the gravimetric water content shown in Fig. 5b results
from: i) plastic volume change and ii) the hysteretic nature of the SWCC.
In general, mechanical behaviors of the soil in the model agree well with
experimental results of actual soils (Pham 2005).

5 Conclusions and Recommendations

The proposed volume-mass constitutive model is capable of: 1) predicting both
volume and water content at all stress states corresponding to a wide variety
of stress paths; 2) taking into account the hysteretic nature of the soil-water
characteristic curve; and 3) predicting both swelling and collapsible behavior
of an unsaturated soil. The model can predict volume-mass constitutive rela-
tionships that are stress path dependent. The prediction results appear to be
consistent with observed laboratory data.
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Summary. During the ongoing research the water retention curves of three sand
fractions and 12 continuous and gap-graded 2-component sand mixtures is mea-
sured. Due to the unexpectedly long equalization times complete data sets are not
available yet. The existing data are used to test the newly set up sand box, an a
priori grading curve–water retention curve model, the van Genuchten model and the
Fredlund–Xing model. Comparing the old and the new boxes, first results indicate
a constant bias. The a priori model is partly supported by the measured data in-
dicating that the present grading curve determination method is not sophisticated
enough. According to the results of the model fitting, the van Genuchten model is
slightly better for the tested sands than the Fredlund–Xing model and, the fit is
better for short data sets than for the whole SWCC. According to computed van
Genuchten permeability functions indicates that the permeability decreases more
rapidly for the finer fractions than for the coarsest fraction explaining the long
equalization times.

Key words: unsaturated soil functions, sand, measurement, inverse problem

Introduction

The most important unsaturated soil functions are (i) the water-retention
curve or soil water characteristic curve (SWCC), (ii) the permeability function
and, (iii) the shear strength function. The measurement of the unsaturated
soil functions is time consuming. Several methods are available for estimating
the permeability function and the shear strength function from the water-
retention curve. However, the knowledge is limited concerning the relationship
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between the grading curve and the soil water characteristic curve (SWCC).
The aim of an ongoing research (Imre et al. 2003, 2005, 2006) is to produce soil
property functions from the grading curve using the concept of the grading
entropy.

In this paper some preliminary results concerning three sand fractions and
12 two-component continuous or gap-graded sand mixtures are presented.
Only the initial part of the SWCC determination results are published in this
paper due to the unexpectedly long equalization times. They were used to test
a newly set up SWCC measuring box, the suggested a priori mixture retention
model, the van Genuchten and the Fredlund–Xing models.

1 Grading Entropy Concept

1.1 Grading Entropy Formulae

The grading curve is a statistical distribution curve where the probability is
given in the function of the diameter (d) of the particles. The grading entropy
is an application of the statistical entropy based on the grain size distribution
curve (Lőrincz 1990, 1993a,b, Lőrincz et al. 2005, Imre 1995). For the applica-
tion of the statistical entropy concept, the statistical cells are selected as the
“fractions.” The fractions are originally defined as the grains “passing through
one mesh, but retained by the next.” This definition is extended as follows.
The limiting d values for the i-th fraction in terms of dmin are as follows:

2jd0 ≥ d > 2j−1d0 . (1)

The minimum of the grain diameter (dmin) is specified as 2−22 mm. The
fractions are numbered by the increasing integers i (Table 1). Considering a
grading curve, N is used for the number of the fractions between the finest
and coarsest ones and, n is the number of the fractions with non-zero rela-
tive frequency. The fractions may be numbered in relative systems, too (e.g.
Table 2). Using this notation, it holds for the relative frequencies xi:

N∑
k=1

xk = 1, xk ≥ 0 . (2)

The grading entropy of the soil (S) can be split into two parts according
to:

Table 1. Eigen-entropy S0i of the fractions

Fraction 24 23 22
d (mm) . . . 4–8 2–4 1–2 . . .
S0i = i 24 23 22
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Table 2. Fractions

Fraction Simplified notation Grain size d (mm)

17 7 0.03–0.06
18 6 0.06–0.125
19 5 0.125–0.25
20 4 (A) 0.25–0.50
21 3 (B) 0.50–1.0
22 2 (C) 1.0–2.0
23 1 2.0–4.0

S = ΔS + S0 . (3)

The entropy increment (ΔS) is given by:

ΔS = − 1
ln 2

N∑
i=1

xi lnxi . (4)

The base entropy (So) is given by:

So =
N∑
i=1

xiSoi (5)

where S0i are the eigen-entropy values of the fractions shown in Table 1.

1.2 Entropy Diagram

The normalised form of the base entropy, the relative base entropy (A) is
defined as:

A =
So − Somin

Somax − Somin
(6)

where Somax and Somin are the eigen-entropy of the largest and the smallest
fractions in the mixture.

The “normalised” entropy increment (B):

B =
ΔS
lnN . (7)

Any grading curve can be represented by a point either in an N − 1 di-
mensional simplex or in two dimension, in terms of the normalised entropy
coordinates A and B. The map between these two representations is contin-
uous, the image is compact (Fig. 1).

The relative base entropy (A) may vary from 0 to 1, The normalised en-
tropy increment (B) may vary from 0 to 1/ ln 2. The normalised entropy
increment (B) has a maximum and a minimum if the values of A and
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the third part of the research)

N are specified. The maximum line of B is slightly dependent on N for
0 < A < 0.5 < A < 1 but this is practically negligible.

The minimum bounding line of B in the simplified entropy diagram is
defined by such gap-graded grading curves where all xi are zero except x1

and xN . The maximum of these curves at A = 0.5 is B = 1/ lnN being
dependent of N . These two curves (the maximum and the minimum lines of
B) are symmetric to the line of A = 0.5 and coincide if N = 2.

1.3 Some Test Results in the Entropy Diagram

Two basic types of the soil structures can be distinguished by representing
the grading curves as a point in the entropy diagram (Lőrincz et al. 2005).
If A is less than 2/3, the coarser particles “float” in the matrix of the finer
ones, and the soil structure is unstable. If A is greater than 2/3 the coarser
particles form a permanent skeleton, the structure is stable. The dry density
in the loosest possible or emax state is a maximum in some sense when the
point is situated at the A = 2/3 line (Fig. 1). The related grading curves are
the best for concrete production and are not sensitive to segregation.
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Table 3. Mixtures used in the first part of the research

The number of the
non-zero fractions
between the finest
and coarsest ones,

n [–]

The number of the
fractions between

the finest and
coarsest fractions,

N [–]

A [–] Fractions in the mixture

2 2 2/3 1–2, 2–3, 3–4, 4–5, 5–6, 6–7
3 3 2/3 1–2–3, 2–3–4, 3–4–5, 4–5–6, 5–6–7
4 4 2/3 2–3–4–5, 3–4–5–6, 4–5–6–7
5 5 2/3 1–2–3–4–5, 2–3–4–5–6, 3–4–5–6–7
6 6 2/3 1–2–3–4–5–6, 2–3–4–5–6–7
7 7 2/3 1–2–3–4–5–6–7

Table 4. Mixtures used in the second part of the research

n [–] N [–] A [–] Fractions in the mixture

2 2 2/3 1–2, 2–3, 3–4
2 3 2/3 1–3, 2–4
2 4 2/3 1–4

2 Materials and Methods

2.1 Fractions and Mixtures

The fractions are numbered consecutively from the coarsest one (Table 2). In
the first stage of the research (Imre et al. 2003) seven fractions and 21 con-
tinuous mixtures with grading curve related to the optimal point (maximum
B at A = 2/3, Table 3, Fig. 1) were tested.

The soils used in the second part of the research (Imre et al. 2005) are four
fractions and six two-component continuous and, gap-graded mixtures (with
A = 2/3, Table 4, Fig. 1).

In this phase of the research the water retention curves of three sand
fractions and 12 continuous and gap-graded two-component sand mixtures
with various composition (A = 0–1, Table 5 and Fig. 2). The fraction 2, 3,
and 4 were renamed as C, B and A, respectively (Table 1).

Table 5. Mixtures used in the third part of the research

n [-] N [-] A [-] Fractions in the mixture

2 2 or 3 0.2; 0.4; 0.6; 0.8 2–3, 3–4, 2–4 or C–B, C–A, B–A
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Fig. 3. The grading curve of the soils used in this part of the research. (a) The
fractions, (b) B–A mixtures, (c) C–A mixtures, (d) C–B mixtures

2.2 Measurements

The method of the Soil Science Institute (Várallyay 1973, Rajkai 1993) was
applied in the first stage of the study. In the smaller suction range of ua−uw ≤
50 kPa sand boxes were used and, the suction was applied by water pressure
decrease. The load steps were fixed for each sand box to avoid any disturbance
of the sand layer (Table 6). In the greater suction range (ua − uw > 50 kPa)
pressure membrane extractors were used.

Table 6. The load steps in low suction range (bold : original load step, *, **: new
load steps in 2005 and 2006)

Load (cm) Semi-permeable membrane Suction load

1, 2.5 sand gravitational

4*, 6**, 7*, 8**, 10, 10**, 13**,
15*, 16**, 20*, 20**, 23**, 26**,
29**, 31.5, 32**, 35**

fine sand gravitational

100, 200, 501 kaolinit gravitational
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In the second and third stage of the study the suction steps used in the
Institute for Soil Science were extended applying a new sand box together
with the old ones. Four/twelve new steps were included in the low suction
range with a separate sand box (Table 6) in 2005/2006 where the load was
varied. In the third stage of the study only the new box was used.

The samples were prepared in the loosest possible dry state then were
saturated. Each test sample was doubled. The dry density ρd of the samples
is measured at the end of the test. No antimicrobial agent was applied.

Originally the stage duration was generally about 7–21 days. In the third
part of the research it was realized that much longer load steps are needed.
According to the time versus measured mass curve results shown in Fig. 4, it
was found that more than two month were needed when for larger suctions
instead of 2–3 weeks. That is why half of the double soil samples were open the
paper is written on the basis of these data. The measurement of the remainder
samples is still going on.

2.3 Model Fitting, Permeability Function

Two following two models were fitted on the data measured for the B–C
mixtures with the method described in Imre (1996): the van Genuchten (1980)
water retention curve equation:

w = wr +
ws − wr

(1 + [a(ua − uw)]n)m

and, the Fredlund–Xing (1994) water retention curve equation:

w = wr +
ws − wr

{ln[e+ [a(ua − uw)]n]}m
where wr, ws, a, n, m are the model parameters, ua−uw is suction. Using the
identified van Genuchten model parameters, the corresponding permeability
function was computed:
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kr =
{1 − (a(ua − uw))n−1[1 + (a(ua − uw))n]−m}2

[1 + (a(ua − uw))n]m/2
. (8)

The following merit function was minimised:

F (p) =

√
L∑
i=1

wme(ui) − w(ui,p)

Lmax
i

(wme(ui))
(9)

where subscript me is measured, p is parameter vector consisting of the model
parameters [wr, ws − wr, 1/an, n,m] and ui, (i = 1, . . . , L), are the applied
suction load steps.

The vector pmin related to the global minimum of the merit function is
reliable if it is a unique solution and, if its error is within the range of the
parameters (geometrically the merit function has a “nice” or distinctly de-
terminable and “deep” single global minimum point). The reliability of the
solution of the inverse problem was tested as follows. The standard deviation
of parameters was analytically determined using the linearized form of the
model (Press et al. 1986). The parameter error was geometrically interpreted
by representing the merit functions along the so-called minimal sections, too
(Imre 1996).

2.4 A Priori Model for the Mixture SWCC

It is assumed that the water retention curve of the mixture (wm) is the linear
(convex) combination of the water retention curves of the fractions (wk):

wm(ua − uw) =
N∑
k=1

ckwk(ua − uw) . (10)

This model is illustrated in Fig. 5 using the simplest possible fraction
water retention curves for the A = 2/3 mixtures, assuming that all the ck
(k = 1, . . . , N) are equal to each-other in this case. The steep part of the
predicted mixture water retention curves is linear or, it contain parallel linear
lines. The shape of the water retention curve of the mixtures is different for
overlapping and not overlapping fractions. It follows from this model that the
air entry value and the residual value of the mixture agree with the ones of a
fraction for any value of A.

3 Results and Discussion

3.1 SWCC Measurement

According to the preliminary results (Fig. 6) there is a shift between the
previously and the newly measured fraction water retention curves. This shift
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Fig. 6. (a) Preliminary B–A mixture water retention curves. (b) Preliminary C–A
mixture water retention curves. (c) Preliminary C–B mixture water retention curves.
(d) Discrepancy first observed in Imre et al. (2005)

Table 7. Approximate threshold suction data for fractions 1–4

Air entry suction [kPa] Residual suction [kPa]

2005 2006 2005 2006

1 0.25
2 (C) 0.4 0.9 0.7 1.4
3 (B) 0.7 0.85 2 21
4 (A) 2 3

is presented in terms of the approximate air entry suction values and the
approximate residual suction values in Table 7.

The measurement was made in different sand boxes and at the different
times. The former effect is probably more important since the shift was ob-
served previously, too (Fig. 6d). The old boxes and the new box were built of
different materials. Further research is needed in this respect.
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3.2 Model Fitting

Only the initial part of the measured SWCC concerning the mixtures BC
where evaluated by model fitting (Figs. 7–10, Tables 8–12).
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Fig. 7. Typical result for the measured
and fitted data, 80%B – 20%C mixture
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Fig. 8. Permeability functions for the
B–C mixtures (determined with the van
Genuchten model)
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Fig. 9. Minimal sections of the merit function for the non-linearly dependent pa-
rameters in the case of the van Genuchten model ((a)–(c)) and the Fredlund–Xing
model ((d)–(f))
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Fig. 10. Mean SWCC for the prelimi-
nary C–B mixture water retention curves

1E-1 1E+0 1E+1

ua-uw[kPa]

0

1

w
 [-

]

0.2

0.4

0.6

0.8

mean
C-B mixtures 
                           

100C

100B

20C80B
40C60B
60C40B
80C20B

 

Fig. 11. Approximate air entry and
residual suctions concerning the prelim-
inary C–B mixtures

Table 8. Identified parameters and fitting error [%] for the Fredlund–Xing (1994)
equation

Soil wr/w(0) (ws − wr)/w(0) an [kPa]−n n m Fitting error F [%]

100B −2.74 3.69 1.00 14.00 0.10 3.76
20C80B −2.97 3.94 1.00 12.00 0.10 3.53
40C −0.07 1.05 1.00 6.00 1.00 2.95
60C40B −0.02 0.99 1.00 2.80 2.00 3.04
20B80C 0.10 0.92 1.00 4.00 3.00 0.69
100C 0.11 0.93 1.00 2.80 7.00 1.21

Mean −0.93 1.92 1.00 6.93 2.20 2.53

Table 9. Identified parameters and fitting error [%] for the van Genuchten (1980)
equation

Soil wr/w(0) (ws − wr)/w(0) an [kPa]−n n m Fitting error F [%]

100B 0.12 0.85 0.05 5.00 4.00 2.78
20C80B 0.13 0.85 0.05 5.00 4.00 0.96
40C 0.13 0.85 0.02 4.00 16.00 1.70
60C40B 0.12 0.89 0.10 2.20 8.00 2.15
20B80C 0.08 0.91 1.00 4.00 1.00 1.54
100C 0.10 0.90 5.00 4.00 1.00 1.23

Mean 0.11 0.87 1.04 4.03 5.67 1.73
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Table 10. Coefficient of variation [–] for the parameters identified with the van
Genuchten (1980) equation

Soil wr/w(0) (ws − wr)/w(0) an n m

100B 0.75 0.10 0.30 0.18 0.27
20C80B 1.23 0.18 0.06 0.20 0.40
40C 0.42 0.06 0.15 0.12 0.14
60C40B 0.58 0.08 0.15 0.21 0.14
20B80C 0.63 0.05 0.15 0.14 0.10
100C 0.39 0.04 0.13 0.09 0.08

Mean 0.67 0.09 0.16 0.15 0.19

Table 11. Coefficient of variation [–] for the parameters identified with the
Fredlund–Xing (1994) model

Soil wr/w(0) (ws − wr)/w(0) an n m

100B 0.04 0.03 0.41 1.02 0.45
20C80B 1.23 0.18 0.06 0.20 0.40
40C 1.36 0.09 0.04 0.13 0.08
60C40B 4.92 0.10 0.08 0.18 0.12
20B80C 1.59 0.06 0.11 0.04 0.02
100C 0.35 0.04 0.02 0.05 0.04

Mean 1.58 0.08 0.12 0.27 0.19

Table 12. Comparing mean fitting errors and coefficient of variations using the
short and the previous long data of Imre et al. (2006)

SWCC data set Model Fitting error Parameter

wr ws − wr an n m

Short van Genuchten 1.73 0.67 0.09 0.16 0.15 0.19
Long van Genuchten 4.00 1.72 0.16 0.40 1.19 0.62
Short Fredlund–Xing 2.53 −0.53 0.08 0.12 0.27 0.19
Long Fredlund–Xing 3.57 4.41 0.16 0.08 0.18 0.17

According to the results, the agreement between the measured and com-
puted sand data was slightly better for van Genuchten model than for the
Fredlund–Xing model. This result is in accordance with some previous obser-
vations indicating that the van Genuchten (1980) model is the best for sands,
the Fredlund–Xing (1994) model is the best for clays (Agus et al. 2003, Imre
et al. 2006).

The fit was better now using the initial part of the curve only than previ-
ously using the whole curve for similar soils (Imre et al. 2006, Table 12). This
kind of experience may be encountered in the case of other inverse problems,
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too where “long” and “short” data series are used (e.g. Imre 2002). This can
probably be explained by the different contribution of the model errors.

The error of the identified residual water content parameter was the largest
for both models in accordance with the general experience (e.g. Groenevelt
and Grant 2004). The identified values were surprisingly realistic for the van
Genuchten model. Parameters m and n indicated a relatively large error by
both the geometrical and the analytic methods. It can be noted that the error
of the identified parameters was less now than previously when the whole
curve was fitted for similar sand mixtures (Imre et al. 2005, Table 12).

The shape of the corresponding van Genuchten permeability functions was
fairly good and it was interesting that the k value decreased faster for the finer
fraction B than the coarser C probably due to the fact that the steep part of
the SWCC had different slope.

3.3 Mixture Model

In the previous parts of the research A = 2/3 mixtures were tested only. Re-
sults were approximate since the load steps were too large. These approximate
data supported the SWCC mixture model in terms of the slope of the steep
part. However, it was found that, the initial water content w(0) was always
larger for the fractions than for the mixtures since the initial water content
w(0) was dependent on the initial dry density ρd:

w(0) = 1 − ρd
ρs
. (11)

The initial dry density ρd was less for the mixtures than for the fractions
(Imre et al. 2005).

In this part of the research 0 < A < 1 two-component mixtures are tested.
The mean fraction SWC curves and, the approximate air entry and the resid-
ual suction values of the mixtures were constructed for the B–C mixtures in
Figs. 10–11. The mean fraction water retention curve is in good agreement
with the ones of those mixtures which are the closest to the optimal A = 2/3
mixture (Fig. 10). However, the approximate air entry and the residual values
of the mixtures differ from the ones of the fractions (Fig. 11, intersection of the
slope linear lines and the w = 0 or w = 1 lines, respectively) not supporting
the model at the first glance.

An interesting outcome of the measured results is that the SWCC of the
A–B and A–C mixtures contains constant-valued parts. Applying the a priori
model, this result can be explained by “gap-graded” grading curves. However,
the grading curve is gap-graded for the AC mixtures only (Figs.3 and 6). This
result indicates that the distribution of the diameter d of the grains or of the
pores within a fraction is possibly not uniform.
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4 Conclusions

During the ongoing research the water retention curves of three sand fractions
and 12 continuous and gap-graded two-component sand mixtures with various
composition ratios (and, as a result, with various A values) are intended to
be measured with a new sand box.

A bias was observed between the previously and the newly measured frac-
tion water retention curves (Fig. 6) which was observed previously once, too.
The old sand boxes and the new sand box have been built of different mate-
rials. The shift can probably partly be attributed to the threshold gradient
effect (De Gennaro et al. 2002), partly to the error of the outflow control.

First results indicate longer equalization time than it was expected. The
very long stage duration times (about three months) observed for larger suc-
tion loads can probably be attributed to the fact that the permeability de-
creases by a very large amount for the fractions A and C (Fig. 4). Because of
this, complete data set especially for the finest fraction A are not available as
yet.

The van Genuchten model and the Fredlund–Xing model were fitted on the
initial part of the B–C data. The main findings were as follows in accordance
with the results of other research in literature.

(i) The fit was slightly better for the former than the latter model (Agus et
al. 2003, Imre et al. 2006).

(ii) The fit was better now using the initial part of the curve only than
previously using the whole curve for similar soils (Imre et al. 2006, Table
12). This kind of experience may be encountered in the case of other
inverse problems, too (Imre 2002).

(iii) The error of the identified residual water content parameter was the
largest for both models in accordance with Groenevelt and Grant (2004).
The residual water content parameter identified with the former model
was realistic similarly to some previous results (Agus et al. 2003, Imre
et al. 2006).

The existing data partly support the a priori water retention curve model
(i.e. the mixture retention curve is the convex combination of the ones of the
fractions). An interesting outcome of the research is as follows. The measured
water retention curve may contain a constant part even though in the case
when the grading curve is gap-graded. This indicates that the distribution of
the diameter d of the grains or of the pores within a fraction is possibly not
uniform. Further research is suggested on the determination of the grain and
pore size distribution curves of the fractions.
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Summary. A physically model was used in this study to estimate the soil–water
characteristic curve (SWCC) of granular materials in case of Hostun sand. Based on
soil parameters and pore geometry the main drainage and main imbibition process
as well as a scanning drainage and scanning imbibition process was determined. In
a modified pressure plate apparatus the SWCC was performed for different loading
paths for a loose Hostun sand specimen. These experimental results were used to
verify the physical model. Therefore, an inverse analysis was performed.

Key words: SWCC, physical modeling, sand, sensitivity analysis, parameter iden-
tification

1 Introduction

Properties of unsaturated soils are strongly related to the SWCC, also known
as soil–water retention curve or capillary pressure–saturation relationship.
Thus the SWCC is an important tool for determination of the hydraulic and
mechanical behavior of unsaturated soils. The SWCC relates the volumetric
water content, the gravimetric water content or the degree of saturation to
the soil suction. Either the soil suction is increasing, which corresponds to
the drainage process of the soil or the soil suction is decreasing, which corre-
sponds to the imbibition process of the soil. Since the drainage and imbibition
process are not unique but hysteretic in their behavior the engineers also have
to deal with the so called scanning behavior. The scanning curves are located
in between the main drainage curve and the main imbibition curve. Both the
two main curves are called also boundary hysteresis curves.

To estimate the functional relationship of the SWCC empirical models and
physical models are available. Physical models involve independent domain
models as well as dependent domain models based on the domain theory (Néel
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1942, 1943, Everett and Smith 1954, Mualem 1974, 1984) and models based on
soil parameters (e.g. grain-size distribution, void ratio) and/or pore geometry
(Aubertin et al. 2003). In Stoimenova et al. (2005) modelling of SWCC and
the goodness of the fit are discussed. Empirical models (van Genuchten 1980,
Fredlund and Xing 1994) use statistical analysis to best fit experimental data
to the selected equation. However, in these empirical models parameters have
no clear physical meaning, and to simulate the boundary curves of the same
soil a model parameter can have different values. A procedure for modeling of
scanning curves within one model is given in Stoimenova et al. (2006). Domain
models use the pore–water distribution function to estimate the SWCC. To
estimate the hysteretic scanning curves domain models are usually based on
the knowledge of the boundary curves. Physical models utilize soil properties
as well as geometric properties to estimate the SWCC.

Experimental determination of the SWCC is a time consuming process.
Hence it is worthwhile to describe the relationship between volumetric water
content based on soil properties and geometric properties. Zou (2003, 2004)
developed a physical model, which is taking main imbibition process and main
drainage process as well as drainage and imbibition processes located between
the main drainage and imbibition loop into account. In this paper the physical
model is further verified using experimental data.

2 Material Used

The material used in this study is Hostun Sand, a reference sand well studied
in the research literature (Flavigny et al. 1990, Schanz 1998). According to
the USCS classification the material is a poorly-graded medium sand SP.

3 Experimental Programm and Results

Test was conducted for loose (e0 = 0.89) sand specimen in a modified pres-
sure plate apparatus, which enables the determination of the SWCC for both
drainage and imbibition processes (Lins and Schanz 2005). Overall volume
changes of the specimens are measured by an attached dial gage.

The specimen ring is 71 mm in diameter and 20 mm high (Fig. 1). The
ceramic disk used below the soil specimen and above the water reservoir has
an air-entry value of 100 kPa. A burette with a capacity of 25 cm3 is connected
to the water reservoir at the bottom of the cell. During drainage and imbibition
of the soil specimen water inflow and outflow was measured. A coarse porous
stone is placed on the top of the soil specimen. Air pressure was applied to
the top of the specimen through the coarse porous stone. It is well known
that granular materials show a relatively small range of suctions over which
the soil becomes unsaturated. Thus the cell uses hanging column technique
when applying low suction values Haines (1930). By lowering the attached
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Fig. 1. Modified pressure plate apparatus

burette with respect to the top of the ceramic disk, suctions up to 4.0 kPa in
steps of 0.1 kPa, could be applied to the specimen. For taking precise readings
of water outflow and inflow the burette has a resolution of 0.05 cm3. An air
pressure system is applied to the top of the cell. By using the axis-translation
technique pressure mode Hilf (1956) suctions up to 100 kPa could be applied
to obtain test results in residual zone along the SWCC.

Dry sand specimen with a predetermined void ratio was prepared as a
fixed ring specimen. By supplying water from the burette through the bottom
ceramic disk the specimen was saturated. The initial specimen was water
saturated specimen, which was loaded with predetermined suction increments
using axis-translation technique, either suction mode test or pressure mode
test. It has to be mentioned that the next suction increment was not applied
before reaching equilibrium condition (i.e., no water inflow or outflow) in the
specimen and thus the experiment is a steady-state type test.

The final gravimetric water content was calculated by oven-drying the
specimen at the end of the test. Volumetric water contents, degree of satura-
tions and gravimetric water contents corresponding to each suction step were
back-calculated from these final values using incremental amounts of water
flow from each step.

The experimental program consists of drying the specimen from saturated
stage in several steps up to ψ = 50.0 kPa (initial drainage curve), wetting the
specimen up to ψ = 0.1 kPa (main imbibition curve), drying the specimen
up to ψ = 2.6 kPa (along the main drainage curve), wetting the curve up to
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the main imbibition curve (scanning imbibition curve) as well as drying the
specimen up to the main drainage curve (scanning drainage curve).

Experimental results for this loading path are given in Fig. 2. In the di-
agram the degree of saturation is plotted versus matric suction. The initial
specimen is a fully fluid saturated specimen with Sr = 1. Already at a low
suction value (ψ = 1.0 kPa) the sand specimen starts to desaturate and the
degree of saturation is decreasing. With increase in suction the degree of satu-
ration is decreasing in a narrow range of low suction. At suction of ψ = 5.0 kPa
nearly all pores are drained. The imbibition process shows that at a suction of
approximately ψ = 3.0 kPa the specimen starts to adsorb water. The specimen
is saturated at ψ = 0.3 kPa. It can be seen from Fig. 2 that the drainage as
well as imbibition curve are not unique but hysteretic in their behavior. The
scanning drainage and scanning imbibition curves are located between the
boundary hysteresis curve. At a given suction value the degree of saturation
is for the drainage curve larger than for the imbibition curve.

4 Zou’s Model for Determination of SWCC

To predict the boundary hysteresis curves and the scanning curves of unsatu-
rated soils a physical model was proposed by Zou (2003, 2004). In this model,
pores in an unsaturated soil are considered to be composed of the “contact
regions” between two tangent soil particles and the irregular frustum-shaped
pores among several adjacent particles (Fig. 3(a)). It is also assumed that all
the particles in the soil are sphere-shaped and have the same sphere radius
rs and that all the frustum-shaped pores are regular symmetrical frustum-
shaped pores which have the same height rs, the same lower radius r1 and the
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same upper radius r1 + ξ · rs (Fig. 3(b)). The average number of the contact
points of a particle with its neighbours is termed as contact number nc. The
average number of the frustum-shaped pores per particle is called as a frustum
number nf0.

During a main wetting process of a soil, first all the “contact regions” are
at the same time filled with water from the position angle α = 0 to α = αmax

(Fig. 3(a)). For α = αmax some adjacent capillary menisci contact with each
other, and some frustum-shaped pores are formed. Then, all the frustum-
shaped pores are at the same time filled with water from y = 0 to y = rs
gradually (Fig. 3(b)). During a main drying process of a soil, first a part of
the frustum-shaped pores begins to drain gradually from y = rs to y = 0. Then
another part begins to drain and one after another. Subsequently the “contact
regions” begin to drain from α = αmax to α = 0, and a part of frustum-shaped
pores with the number μ ·nf0 (where μ is a percentage) is just drained during
the drying process of the “contact regions.” If in a soil all the “contact regions”
have been filled with water to α = αmax and all the frustum-shaped pores
have been filled with water to y = y1 < rs during a previous main wetting
process, and now the soil begins to dry, then the drying process is called
as secondary drying process. Similar to the main drying process, during the
secondary drying process, first a part of the frustum-shaped pores that have
been filled with water to y = y1 previously begins to drain gradually. Then
another part begins to drain and one after another. Subsequently the “contact
regions” begin to drain from α = αmax to α = 0, and a part of frustum-shaped
pores with the number μ ·nf0 is also just drained during the drying process of
the “contact regions.” If in a soil only a part of the frustum-shaped pores has
been drained to y = y2 < rs during a previous main drying process, the other
part are still filled with water to y = rs, and now the soil begins to be wetted
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again, then the wetting process is called secondary wetting process. During
the secondary wetting process only the part of the frustum-shaped pores that
have been drained to y = y2 previously are at the same time wetted again.

The volume Vw1(α) of the pore water in a “contact region” between two
tangent particles (spheres) with the same radius rs, depending on α, can be
expressed approximately as

Vw1(α)
r3s

= 2π(1 − cosα)
[
sin2(α) − (1 − cosα)(2 + cosα)

3

]
. (1)

The average pore volume Vv0 per particle in a soil with pore ratio e, in
proportion to r3s , can be written as

Vv
r3s

=
4π · e

3
. (2)

When the “contact regions” in a soil are wetted or dried to a position angle
α, according to the so-called capillary law (Fredlund and Rahardjo 1993) the
dimensionless suction σu(α) in pore water, in relation to α can be expressed
as follows

σu(α) =
(ua − uw) · rs

Ts
=

(2 − sinα− 2 cosα) · cosα
1 − sinα(1 − cosα) − cosα(2 − cosα)

(3)

where ua and uw are air and water pressure respectively, Ts is the so-called
surface tension of capillary water (e.g. Ts = 72.75 mN/m for the temperature
T = 20◦C).

In Zou (2003, 2004) it was proposed that the form of the ideal symmetrical
frustum-shaped pores can be described using a function y relating to the radius
r (Fig. 3(b)) as follows

y
rs

= a− b
r2/r2s − c (0 ≤ y ≤ rs) (4)

where a, b and c are three constants that can be determined according to
geometrical and physical boundary conditions using following equations

a(a− 1)
(

ln
a

a− 1
− 1
a

)[
ρ((αmax) + ξ)2 − �2(αmax)

]

=
4e

3nf0
− nc · Vw1(αmax)

2π · nf0 · r3s
− ρ2(αmax) (5)

b = a(a− 1)[(ρ(αmax) + ξ)2 − ρ2(αmax)] (6)
and

c = ρ2(αmax) − b
a (7)

where ρ(αmax) = (1 − cosαmax)/ cosαmax and ξ is a form parameter which
describes the form of the symmetrical frustum-shaped pores.
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When a symmetrical frustum-shaped pore is filled with water up to y,
from Eq. (4) and by integration the volume Vw1(y) of the pore water in the
symmetrical frustum-shaped pore can be written as

Vw1(y)
r3s

= π
(
c yrs

+ b · ln a
a− y/rs

)
(0 ≤ y ≤ rs) . (8)

The total volume Vw(y, α) of pore water per particle during the main
wetting and drying processes as well as during the secondary wetting and
drying processes, depending on y and/or α, can be written as

Vw(y, α)
r3s

= nf (y)
Vw1(y)
r3s

+ nfi(y, α)
Vw1(yi)
r3s

+ nc
Vw1(α)

2r3s
(9)

(0 ≤ y ≤ rs; 0 ≤ α ≤ αmax, i = 0, 1, 2)

where nf (y) is the average number of the frustum-shaped pores that are wet-
ting or drying per particle, nfi(y, α) is the average number of the frustum-
shaped pores that are filled with water to y = yi (where yi is the maximal
filling height). nf (y), nfi(y), yi and the position angle α in Eq. (9) can be de-
termined corresponding to Table 1 for different wetting and drying processes.

The degree of saturation Sr(y, α) depending on y and/or α can be esti-
mated using the following equation

Sr(y, α) = Sr0
Vw(y, α)
Vv

(10)

where Sr0 is the degree of saturation for suction (ua − uw) ≈ 0.
To determine the suction in pore water during wetting and drying the

frustum-shaped pores, in Zou (2003, 2004) it is assumed that the contact

Table 1. Model parameters referring to different loading paths

Processes yi nf (y) nfi(y, α) α

Main wetting
“contact regions” — 0 0 0 ∼ αmax

frustum-shaped pores y0 = rs nf0 0 αmax

Main drying
frustum-shaped pores y0 = rs nf0(1 − μ)(1 − y/rs) nf0[μ+ (1 − μ)y/rs] αmax

“contact regions” y0 = rs 0 μ · nf0 · α/αmax 0 ∼ αmax

Secondary drying
frustum-shaped pores y1 nf0(1 − μ)(1 − y/y1) nf0[μ+ (1 − μ)y/y1] αmax

“contact regions” y1 0 μ · nf0 · α/αmax 0 ∼ αmax

Secondary wetting
frustum-shaped pores y2 nf0(1 − μ)(1 − y2/rs) nf0[μ+ (1 − μ)y2/rs] αmax
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angle β(y) (Fig. 3(b)) as a function of y can be described using the following
equation

β(y) =

√
B

A− y
rs

+ C . (11)

The three constants A, B and C can be determined according to physical
boundary conditions using the following equations

A = ζ, B = ζ(ζ − 1)
(
π2

4
− β2

0

)
, C = ζ · β2

0 − (ζ − 1)
π2

4
(12)

where

β0 = arccos
[

1 − sinαmax/2 − cosαmax(1 − cosαmax)
1 − sinαmax(1 − cosαmax) − cosαmax(2 − cosαmax)

]
(13)

and ζ > 1 is a meniscus parameter which describes the physical properties of
soil particle surfaces.

According to the so-called capillary law (Fredlund and Rahardjo 1993),
the dimensionless suction σu(y) in pore water during wetting and drying the
frustum-shaped pores, depending on r and β and so that on y, can be ex-
pressed as

σu(y) =
(ua − uw) · rs

Ts
=

2 cosβ
r/rs

=
2 cos ·

(
B

A−y/rs
+ C

)0.5

(
b

a−y/rs
+ c

)0.5 . (14)

Now using equations (10) and (3) the relationship between the degree of sat-
uration Sr(α) and the suction σu(α) during wetting and drying the “con-
tact regions” for 0 < α ≤ αmax can be calculated, and using equations (10)
and (14) the relationship between Sr(y) and σu(y) during wetting and drying
the frustum-shaped pores for 0 < y ≤ rs can be also estimated.

4.1 Sensitivity of the Parameters on the Shape of the Curve

The model includes seven parameters. To determine the influence of the pa-
rameters on the shape of the curves an analysis was performed. While the
influence of the parameter nc is negligible the parameters αmax, nf0, ξ, ζ, μ
and Sr0 are influencing the shape of the SWCC. To clarify the influence of
the parameters on the shape of the SWCC, it is classified into three sections,
namely the saturated zone, the unsaturated zone as well as the residual zone.
Additionally typical parameters for the air-entry value, ψaev, the saturated
volumetric water content, θs, and the residual volumetric water content, θr,
with the corresponding residual suction, ψr, and the water-entry value, ψwev

are included in Fig. 4. The parameter ξ is responsible for the geometry of the
frustums, the parameter nf0 describes the number of the frustums, and the
parameter μ describes the drainage process of some residual frustums, thus
they are responsible for the volume of water in the frustum-shaped pores, and
influence mainly the saturated and the unsaturated zone.
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Fig. 4. Typical parameters and zones of the SWCC

Maximum contact angle αmax

The maximum contact angle αmax is reached, when adjoining contractile skins
are in contact and the frustum-shaped pores are filled with water. As smaller
the contact angle αmax as higher the suction, which has to be applied for drying
the contact regions. With decreasing contact angle αmax the unsaturated zone
is increasing and the residual zone is decreasing during drainage process (see
Fig. 5).

Frustum number nf0 per sphere

When αmax is reached, the frustum-shaped pore between the grains is filled
with water. The remaining pore volume is taken into account by a function,
describing the volume of a frustum. The largest volume of water is located in
these pores. Thus, the number of frustums nf0 is influencing the shape of the
curve significantly in the saturated zone as well as unsaturated zone. With
increasing nf0 the saturated zone and unsaturated zone is shifting to higher
suction values during drainage process. Same behavior can be observed for
the imbibition process. As larger nf0 as larger the air-entry value ψaev and
the water-entry value ψwev (see Fig. 6).

Form parameter ξ

The form parameter ξ defines the geometry of the frustum and estimates the
upper diameter of the frustum. With increasing ξ the curve becomes flatter
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Fig. 5. Influence of the parameter αmax on the shape of the SWCC
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Fig. 6. Influence of the parameter nf0 on the shape of the SWCC

for drainage and imbibition process. As smaller ξ as more distinct the air-
entry value ψaev. The saturated zone is shifting to higher suction values for
decreasing ξ while wetting the specimen (see Fig. 7).
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Fig. 7. Influence of the parameter ξ on the shape of the SWCC

Material parameter ζ

The material parameter ζ is responsible for the form of the meniscus in the
frustum-shaped pores and thus it influences the suction (ua − uw) when the
frustum-shaped pores are wetting or drying. Furthermore, it influences the
saturated and unsaturated zone. The larger ζ is, the larger the air-entry value
ψaev.

Fraction of frustums μ

The fraction of frustums μ only influences the drainage process. During the
drainage process the larger frustum-shaped pores are drying first while the
smaller pores still remain water. With increasing μ the residual degree of sat-
uration Sr is increasing for the corresponding residual suction ψr (see Fig. 8).

Degree of saturation Sr0 for (ua − uw) ≈ 0

During the wetting process of a soil some air bubbles can be closed in pore
water. If the ratio of the net volume of pore water to the total volume of pore
water (including the volume of the closed air bubbles) during the wetting pro-
cess is assumed to be constant, then the ratio is just the degree of saturation
Sr0 for (ua − uw) ≈ 0. The parameter Sr0 influences mainly the saturated
zone and thus influences the air-entry value ψaev.
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4.2 Verification of the Model Using Experimental Results

The best fit of the experimental results is given in Fig. 9, where the degree of
saturation is plotted versus matric suction. The best fit was found by using
an inverse analysis, where experimental and calculated results were compared
with an optimization routine (VARO2PT) Zimmerer and Lobers (2005). In
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a first step the parameters are set by conventional means followed by a first
simulation. Based on the estimated parameter set the difference between ex-
perimental and calculated results are determined. Then the objective func-
tion of the optimization routine is modified until the difference between the
experimental and calculated results is minimized, which indicates the best fit
(Zimmerer and Schanz 2006, Schanz et al. 2006).

During drainage process the experimental results are in good agreement
with the curve fit in the saturated zone and in the residual zone. Differences
between experimental and calculated data can be observed in the unsaturated
zone. During imbibition process the experimental results are close to the calcu-
lated results. For both the scanning drainage and scanning imbibition process
a close fit was found.

5 Conclusion

A physically based model was used in this study to estimate the SWCC of
Hostun sand. The model was verified by using experimental results from a
modified pressure plate apparatus of a loose Hostun sand specimen.

Good agreement between the experimental and the theoretically calculated
results was found for the boundary curves as well as the including scanning
drainage and scanning imbibition curves. During main drainage curve larger
differences between experimental results and calculated results were found
around the air-entry value ψaev. Since the air-entry value ψaev is a sensitive
part of the SWCC, it is suggested to improve the model at this point by taking
into account the suction value, when pores start to drain.

Nevertheless the advantage of the model is, that with soil mechanical and
geometrical parameters only, it enables the estimation of the SWCC based on
physical understanding.
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Implications of a Generalized Effective Stress on
the Constitutive Modelling of Unsaturated Soils
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Summary. The major consequences of the application of the effective stress con-
cept to unsaturated soils are investigated. Several experimental data sets are re-
examined in the light of a generalized effective stress, intended to describing the
mechanical behaviour of porous media. The critical state lines at different satura-
tion states tend to converge remarkably toward a unique saturated line in the devi-
atoric stress versus mean effective stress plane. The effective stress interpretation is
also applied to isotropic paths and compared with traditional net stress conception.
The accent is finally laid on the key feature for constitutive frameworks based on a
unified stress, namely the sufficiency of a unique mechanical yield surface.

Key words: effective stress, unsaturated soils, constitutive modelling, critical state

1 Introduction

Even though the long-time debate on stress frameworks for constitutive mod-
elling of unsaturated soils has eventually come to an end, evidencing the need
for a combination of hydro-mechanical stresses, the forms of possible effec-
tive stresses are still discussed. We thus study the implications of the use of
the Bishop’s generalised effective stress, to be defined later, for the interpre-
tation of the unsaturated mechanical behaviour. The hereby assertions are
exclusively based on experimental data and could consist the pretext of an
advanced constitutive model. The principle is to re-plot experimental data
sets expressed in terms of classical unsaturated stress variables, which are net
stress and suction (Fredlund and Morgenstern 1977), into new effective stress
planes. The uniqueness of critical state line for different suctions, and modifi-
cations along unsaturated mechanical loading paths are investigated, leading
to introductory discussion on modelling.
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2 Unified Stress Framework for Unsaturated Soils

An essential preliminary to constitutive modelling of multi-phase porous me-
dia, such as unsaturated soils, is the determination of the effective stress of the
solid skeleton. The effective stress converts a multi-phase porous medium to
a mechanically equivalent, single-phase, single-stress state continuum. Conse-
quently, the constitutive equations for the mechanical behaviour directly link
the change in strain to a variation in a single stress that is averaged over
a volume comprehending several constituents, each of which being likely to
react internally to a global external load.

On this basis, a general definition of the effective stress σ′
ij in a porous

medium saturated with n fluids is the following:

σ′
ij = σij +

n∑
k=1

αkukδij (1)

where σij is the exterior stress, δij the Kroenecker’s delta, uk the pressure of
fluid phase k, and αk the corresponding scaling factor. Terzaghi’s expression
for saturated soils (Terzaghi 1943) enters this family of effective stresses; so
does Bishop’s (1959) approach for unsaturated media:

σ′
ij = (σij − uaδij) + χ(ua − uw)δij = σnetij + χs (2)

with ua being the pore air pressure, uw the pore water pressure, σnetij the net
stress and s the matric suction. χ is the effective stress parameter, varying
from 0 to 1 to cover respectively the range of fully dry to fully saturated
states. A possible choice is written (Schreffler 1984):

χ = Sr =
volume of water
volume of voids (3)

The previous identity (3) along with Eq. (2) give the definition of the
Bishop’s generalised effective stress, also called average skeleton stress (Jommi
2000). From a constitutive point of view and under given assumptions, thermo-
dynamic (Hutter et al. 1999), as well as energetic (Houlsby 1997) approaches
identify this appropriate form of the effective stress which must be associated
with a work-conjugate strain variable. In parallel, the evolution of the degree
of saturation is necessary to fully describe the behaviour of the unsaturated
soil. It is conjugate to suction scaled by porosity. Laloui and Nuth (2005)
provide a deepened discussion on the latter stress framework. It is proposed
hereafter to show that no complexity is brought along by the adoption of such
a framework compared with the two independent stress variables approach,
using net stress and suction.

3 Critical State Analysis

In the following, the conventional triaxial stresses are used for representations.
The deviator stress q and mean stress p are defined as follows:
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q = σ̂11 − σ̂33 (4)

p =
σ̂11 + σ̂22 + σ̂33

3
(5)

σ̂ij being the stress state variable chosen, depending on framework.
Khalili et al. (2004) investigated successfully the uniqueness of the critical

state line (CSL) in a deviator stress versus effective mean stress plane for
different levels of suction. The stress variable used is a Bishop-type effective
stress (Eq. (2)) with a particular χ. We propose to reinterpret similarly sev-
eral shearing datasets with the Bishop’s generalised effective stress, termed
‘effective stress’ in the following for the sake of simplicity.

Figures 1 and 2 mirror two stress interpretations for CSL, namely the
(q−pnet) plane (Figs. 1a and 2a) and(q−p′) plane (Figs. 1b and 2b). Most of

Fig. 1. Critical state lines for Kaolin at different suctions (Sivakumar 1993)

Fig. 2. CSL for Sion silt at different suctions. Data from Geiser et al. (2006)
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unsaturated experimental behavioural studies report data in traditional net
stress planes, the latter being an experimentally controlled stress variable.
Under this form, even though the variations of the friction angle and cohesion
are evidently different from one material to another, Figs. 1a and 2a highlight
a plurality of critical state lines in the net stress planes for both materials.

Whereas transforming the plot from net stress conception to effective stress
representation does not affect deviatoric stress level, the isotropic effect of suc-
tion scaled by degree of saturation is added to the net mean stress. The critical
state lines at different suctions are uniformly translated horizontally by the
amount of stress mentioned above, the immediate consequence of which is a
reduction of apparent cohesion. The alignment property of points is conserved
in the new plane as well as friction angles.

The processed results of Sivakumar (1993) in Fig. 1b are particularly ac-
counting for an obvious unification of the effective critical state whatever the
level of suction between 0 and 300 kPa. Concerning Sion silt (Geiser et al.
2006), while the net stress interpretation (Fig. 2a) already evidences a narrow
arrangement of lines, the effective stress version (Fig. 2b) tends to align even
more the experimental points, and sets the whole scattering much closer to
the saturated CSL, accounting for its uniqueness.

This encourages simplification of parameter determination, assuming that
saturated shear parameters are sufficient to describe both saturated and par-
tially saturated critical state behaviours, overcoming the difficulties linked to
the suction-dependent cohesion observed in the (q − pnet) plane.

4 Unsaturated Mechanical Compression

Detractive arguments regarding an effective stress framework concern the ap-
parent difficulty to evaluate the stress level and then to interpret results in
subsequent effective planes. However, even if the stress variables are not di-
rectly the experimentally controlled ones, that are net stress and suction, the
elected generalised effective stress is a rather simple combination of them,
with the parallel retention information. Nevertheless, data sets lacking from
continuous hydraulic monitoring (that is knowledge of water content, volu-
metric strain and matric suction) are obviously excluded from the proposed
effective stress interpretation.

Figure 3 indicates that the increase in compressibility and preconsolida-
tion pressure with suction, observed in the experimental net stress mechanical
planes (Fig. 3a) are recovered in the effective stress interpretation (Fig. 3b).
On the whole, those two suction effects appear to be amplified with the pro-
posed generalised effective stress approach.

Gallipoli et al. (2003) plotted a similar interpretation with the Bishop’s
generalised effective stress, interpreting slightly curved shapes for compres-
sions rather than lines. However, Fig. 3 shows that a linear model could fit
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Fig. 3. Isotropic compressions of kaolin at different suctions (Sivakumar 1993)

well the compression lines in the plastic part; and that inflexions of the ex-
perimental curves, if some, are likely to appear only at high mean effective
stresses or might not be significant.

Figure 3 also enables the determination of the Loading Collapse (LC) yield
curve, which original definition is due to Alonso et al. (1990) in the matric
suction versus mean net stress plane. This yield limit accounting for the in-
crease in preconsolidation pressure pc with suction is a reversible function that
reflects the suction hardening, see Fig. 4. As declared previously, the shape of
the LC curve in the effective stress interpretation is similar to the reference
one, but neatly amplified. A significant consequence is that analogous mathe-
matical formulations for the function pc = p̂c(s) could be applied to both net
and effective stress analyses.

Fig. 4. Shape of the LC curve in two interpretations. Data from Sivakumar (1993)
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Concerning the saturated domain, defined by s < se with se being the
air entry suction, the shape of the yield limit is a simple vertical line in the
(s−p′c) plane. The effective stress interpretation induces this independency of
the apparent preconsolidation pressure on suction, unlike in the (s − pc−net)
plane. Laloui and Nuth (2005) detail the implications of this bottom shape
on volumetric strain upon hydro-mechanical loads.

5 Constitutive Modelling Framework

Statements in Section 2 imply that the effective stress is simply defined as that
inducing the mechanical (elastic) strain of the solid skeleton. The constitutive
equation for the mechanical behaviour is thus written:

εeij = Ceijklσ′
kl. (6)

Judging on Eq. (2), the effective stress is incremented by the application of
any combination of the external mechanical stress σij and the matric suction
s. So, any of the two separate or combined loads induce variations in total
volumetric deformation ε̇v that is equivalent to a pure mechanical straining
of the material, as expected from constitutive Eq. (6).

On this basis, the mechanical stress state being fully described by the
means of the unified stress, plasticity mobilisation can be evaluated via the
generalised stress state alone. A relevant consequence of the unified stress
approach lies thus in the sufficiency of a single mechanical yield surface to
comprehend any elasto-plastic behaviour resulting in a modification of the
skeleton deformations. So, for the mechanical stress-strain behaviour, no sec-
ond yield surface in suction is required, setting the model formulation free
from any kind of Suction Increase (SI) or Suction Decrease (SD) yield curves,
that are proper to constitutive models written in terms of independent stress
variables such as Barcelona Basic Model family (Alonso et al. 1990) or (Laloui
et al. 2001).

In the end, the Loading Collapse curve should include a hydro-mechanical
coupling, which leads to the following formulation:

p′c = p̂′c(ξ, s) for all s (7)

where the term ξ gathers the saturated hardening variables. It can be remarked
that the expression for LC yield curve is continuous from the saturated state
to the unsaturated state.

Visualizing the stress paths in the matric suction versus mean stresses
planes help understanding better the unified stress framework implications
(Fig. 5). Whereas a drying path under constant net stress is a simple vertical
line in the (s − pnet) plane, the effective stress formulation confers a curved
shape in the (s − p′) plane. By reference to Fig. 4, the effective drying path
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Fig. 5. Drying path in two interpretations on Sion Silt (Geiser et al. 2006)

evidences a possible direct yielding on the LC curve, whereas the net stress in-
terpretation shows the need for a supplementary pseudo-horizontal yield limit.
However, the curvature of the drying path in the effective stress conception is
narrowly linked to the soil water retention curve shape, and some inconsisten-
cies may appear at very high suctions, where the degree of saturation drops
close to zero (Eq. (2)). A particular attention must be paid for interpreting
this limit state.

6 Conclusion

The major implications of the generalised effective stress on the constitutive
modelling of partially saturated media have been overviewed. On the whole,
the use of a single effective stress for describing the mechanical behaviour
tends to unify the critical state analysis and yielding features, favouring the
adaptation of saturated models to unsaturated states.
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Summary. We investigate shear strength properties of wet granular materials as a
function of water content in the pendular state. Sand and glass beads were wetted
and tested in a direct shear cell. In parallel, we carried out molecular dynamics simu-
lations by using an explicit expression of capillary force as a function of interparticle
distance, water bridge volume and surface tension. Experiments and numerical sim-
ulations are in good agreement. We show that the shear strength is mostly controlled
by the distribution of liquid bonds. This property results leads to the saturation of
shear strength as a function of water content. We arrive at the same conclusion by
analyzing the shear strength from the microstructure and by accounting for particle
polydispersity. Finally, we discuss the potentialities of the discrete element approach
as applied to unsaturated soils.

Key words: granular materials, capillary cohesion, shear strength, DEM simula-
tions, micromechanics

1 Introduction

The interest of scientists for granular materials is motivated by the important
place they occupy in our natural environment. Well-known examples are soils,
rocks and powders. In addition, many industrial processes implement trans-
formations of granular materials such as pharmaceutical tablets, agricultural
and food products, building materials (Bika et al. 2001, Iveson et al. 2002).
The mechanical behavior of these materials, in particular soils, was widely
developed in the context of macroscopic continuum approach. This approach
is based on the concept of Representative Elementary Volume (REV) which is
not well-established for granular media. Moreover, it introduces many param-
eters that require a large number of identification experiments. In addition,
most continuum approaches do not account for grain-scale mechanisms such
as the initiation and propagation of shear bands or cracks.
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On the other hand, the discrete character of granular materials makes it
possible to identify unambiguously the grain scale and thus the proper kine-
matics and mechanical behavior at this scale. Grain-scale properties depend
on composition, form, size or surface state of grains. A discrete approach re-
quires furthermore a rigorous definition of the interactions of each grain with
its close neighbors through mechanical contacts, friction and/or cohesion. Ex-
ternal actions like the moisture, temperature and pressure can also act on the
evolution of these interactions. This is a promising approach for understand-
ing all the complexity and often surprising properties of granular materials
if adequate techniques can be developed. Such techniques are often referred
to as Discrete Elements Method (DEM). This method has been successfully
applied to study classical problems in soil mechanics as shear bands localiza-
tion (Bardet and Proubet 1991), slope stability (Staron et al. 2002) and shear
strength (Jiang et al. 2004, Thornton and Antony 2000, Richefeu et al. 2005).

In this paper, we investigate shear strength properties of wet granular ma-
terials as a function of water content in the pendular state. Sand and glass
beads were wetted and tested in a direct shear cell. In parallel, we carried
out DEM simulations by means of a 3D numerical code (tapio-K) based on
molecular dynamics approach developed in our laboratory. We used an ex-
plicit expression of the capillary force as a function of interparticle distance,
water bridge volume and surface tension. A peculiar feature of our system
is that the effects of capillary bonding can be observed only if the confining
pressure is of the same order of magnitude or below the tensile strength or
the Coulomb cohesion. The latter is proportional to the strength of capillary
bonds and inversely proportional to the particle size (Richefeu et al. 2006).
For fine sand, typical values are below 1 kPa, imposing us to work with low
confining pressure.

We find good agreement between experiments and numerical simulations.
We show that the shear strength is mostly controlled by the distribution of
liquid bonds. This property results in the saturation of shear strength as a
function of water content. We arrive at the same conclusion by analyzing the
shear strength from the microstructure and by accounting for grain polydis-
persity. Finally, we discuss the applicability of the discrete element approach
to unsaturated soils under more general loading paths.

2 Discrete Element Method

We developed a DEM code based on the Molecular Dynamics (MD) method
(Cundall and Strack 1979, Allen and Tildesley 1987). The grain motions are
explicitly integrated by accounting for their interactions (e.g., contact, friction,
capillary cohesion, magnetisation . . . ). Here, we present the interaction laws
used for the contact, friction and capillary cohesion in the case of spherical
grains.
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2.1 Contact and Friction Laws

The normal contact law is modeled as a spring and a dashpot in parallel. The
normal force fctcn is given by

fctcn = −knδn + γnvn , (1)

where δn is the normal distance (negative or zero when the grains are in
contact), kn is the normal stiffness, vn is the relative normal velocity, and γn
is a damping coefficient.

The friction law expresses the tangential force as a function of the sliding
velocity vs. The friction force f t, contained in the contact plane, obeys a
viscous-regularized Coulomb law:

f t = min{γtvs, μfctcn } vs
‖vs‖ , (2)

where γt is the tangential viscosity and μ is the coefficient of friction.

2.2 Capillary Cohesion Law

In the presence of water, the grains can be connected by a liquid bridge as
illustrated in Fig. 1a. The liquid bridge gives rise to an attractive force, the
force of capillary cohesion, between the grains. This force results from the
combined action of the difference in pressure between the liquid and gas phases
and the liquid surface tension γ (Pierrat and Caram 1997, Willett et al. 2000,
Gröger et al. 2003, Soulié et al. 2006). We use the explicit expression of the
capillary law of cohesion proposed by Soulié et al. (2006) in the polydisperse
case (Fig. 1b). This law, expressing the capillary force fc as a function of the
normal distance δn, is given by

fc =

⎧
⎨
⎩
−πγ√R1R2{exp(A δn

R2
+B) + C} for δn > 0

−πγ√R1R2 {exp(B) + C} for δn ≤ 0
(3)

Fig. 1. Capillary cohesion law. (a) Physical and geometric parameters of a capillary
bond. (b) Typical behavior of the capillary strength as a function of the normal
distance
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where R1 and R2 are the grains radii (R1 < R2); A, B and C are parameters
which depend on the volume Vb of the liquid bond and on the contact angle θ;
δ0 is the rupture distance. From a theoretical study of a liquid bridge between
two spheres, Lian et al. (1993) proposed the following rupture criterion:

δ0 = (1 + 0.5θ)V 1/3
b . (4)

We used this criterion which was validated by local experiments (Soulié 2005).
It is also necessary to define a criterion for the formation of a liquid bond. It
is considered that a liquid bridge can be formed (or to reform itself) when the
grains are in contact (δn ≤ 0). At the numerical level, the main difficulty comes
from the management of the distribution of the total volume of water between
the grains, i.e. the determination of local volumes of the capillary bonds. In the
simulations presented in this paper, the total volume of water is distributed
over all the possible bonds of the sample in proportion to the radii of the
touching grains. This corresponds to a global and homogeneous management
of the distribution of water, which makes it possible to connect the local
water volumes to the macroscopic water content. Local water redistributions
were considered, too, see Richefeu (2005). The distribution protocol plays a
determining role in the mechanical resistance of material, as we shall see below.
However, this information remains difficult to reach in experiments with real
materials.

3 Direct Shearing at Low Confining Stresses

Several modifications were made to the standard Casagrande’s shear box in
order to be able to measure the shear strength of granular materials to very
low confining pressures (lower than 1 kPa). We present here the main experi-
mental and numerical results obtained. These results will be analyzed through
a theoretical expression of the Coulomb cohesion resulting from a microscopic
analysis.

3.1 Experiments and Simulations

Figure 2 shows a schematic view of the setup, its dimensions, and certain
notations used. A normal pressure σ = g(mN/S + ρ h) is applied to the
sample by means of a flask whose mass mN can be modified by pouring sand
into it. ρ is the bulk density and g is the gravity. A shear stress τ = mT /S
is incrementally imposed by gradually filling a cup connected to the moving
part of the box by a system of pulley. The stress reached during the rupture
of the sample is the yield shear stress. Several tests carried out with various
normal stresses allow us to estimate the yield locus in the Mohr–Coulomb
plane. In direct shearing, the boundary conditions are such that the finite size
effects cannot be fully eliminated (Thornton and Zhang 2001). We did not
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Fig. 2. Experimental Setup

check such size effects in our experiments. Given the system size, this requires
using considerably more particles with smaller size, affecting thus the level of
Coulomb cohesion in the presence of water. But we checked that the measured
strengths are reproducible and in good agreement with analytical estimates
(see below).

Figure 3a shows the yield loci obtained for a sand made up of angular
grains of diameters ranging from 0.1 to 0.4 mm with various water contents w

Fig. 3. Experimental results. (a) Yield loci estimated for a sand. (b) Coulomb
cohesion as a function of water content
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Fig. 4. Stress-strain relations for w = 0% and w = 1% (σ = 300 Pa)

(ratio of the water mass on grains mass). One can notice that the experimen-
tal points are well fit to straight lines, in agreement with the Mohr–Coulomb
model τ = tanϕ σ + c characterized by two parameters: the macroscopic co-
hesion c and the internal friction angle ϕ. This figure also shows the good
reproducibility of the experiments. The angle ϕ does not seem to vary appre-
ciably with w in contrast to the parameter of cohesion which increases in a
nonlinear way with water content and is saturated to a value cm for a water
content wm (Fig. 3b). For the water contents above 5%, we leave the pendular
regime.

The numerical tests are similar to the experimental tests (same level of
loading, same dimensions of the box . . . ). A numerical sample of 7307 spherical
grains was prepared with a solid fraction φ = 0.6. The number of particles
is imposed by the system dimensions and particle size in order to reach the
same level of packing fraction as in experiments. Various water contents were
obtained by distributing the total water volume over all the contacts (δn ≤ 0)
in this sample. A set of 15 simulations (three levels of the normal stress and
five values of the water content) were performed. Figure 4 presents the stress-
strain plots obtained for w = 0% and w = 1%. The rupture stress is considered
to be the residual shear stress because the shear stress approaches the residual
state without passing by a peak state. As for the experiments, the evolution of
the macroscopic cohesion can be analyzed as a function of the water content.
Figure 5a shows the estimates of yield loci obtained numerically. One can note
that the numerical model reproduces well the experimental data. The water
content does not have an influence on the internal angle of friction and the
cohesion parameters increases in a nonlinear way and saturates at a relatively
low level of the water content (Fig. 5b).
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Fig. 5. Simulation results. (a) Estimated yield loci. (b) Coulomb cohesion as a
function of water content (experiments were carried out with 1 mm glass beads)

3.2 Micromecanical Analysis

From a micromechanical analysis, a theoretical expression of the Coulomb
cohesion was established (Richefeu et al. 2006):

cth =
3
2πμκs

φz
〈D〉 , (5)

where κ is a parameter that depends essentially on the surface tension of wa-
ter, s is a factor related to the polydispersity of material, z is the average
number of liquid bonds per grain, and 〈D〉 is the average diameter of the
grains. The validity of this expression was shown by comparing the predicted
theoretical values of Coulomb cohesion with experimental and numerical mea-
surements (Table 1). This comparison shows also that the numerical results
are in quantitative agreement with the experiments.

In Table 1, we show also experimental results of three other materials
(Richefeu et al. 2006, Richefeu 2005): (1) tightly-graded polydisperse glass

Table 1. Measured and theoretical parameters for the experimental and numerical
samples

Sand GB1 GB2 GB3 Simulations

〈D〉 (mm) 0.16 0.45 0.60 1.00 1.65
s 0.50 0.99 0.91 1.00 0.79
z 6 6 6 6 9
φ 0.6 0.6 0.6 0.6 0.6
tanϕ 0.66 0.58 0.58 0.46 0.48
cm (Pa) 600 350 300 150 120
cth (Pa) 709 438 302 158 118
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beads with diameters from 0.4 mm to 0.5 mm (denoted by GB1), (2) well-
graded polydisperse glass beads with diameters from 0.4 mm to 0.8 mm (de-
noted by GB2), and (3) monodisperse glass beads of diameter 1 mm (denoted
by GB3).

4 Conclusions

Experiments and the simulations based on discrete element simulations were
used with the aim of studying and analyzing the shear strength of unsatu-
rated granular materials in the pendular state at low levels of loading. It was
shown that the Coulomb cohesion increases with the water content and that
it is saturated to a maximum value which depends only on the nature of the
material. A theoretical analysis based on micromechanics allows us, on one
hand, to validate the numerical modeling and, on the other hand, to show
that the increase in the shear strength with water content is primarily due to
an increase in the number of liquid bonds per unit volume.

In the extension of this work, it is essential to evaluate the limits of the
model by considering other materials and non monotonous loading paths. In
particular, we would like to study the shear strength of granular media with
a larger polydispersity than materials that were used in the present investi-
gation. Since the distribution of liquid bonds seems to be a major parameter
for the cohesion of unsaturated granular materials, it also merits to be in-
vestigated in more detail experimentally. Finally, an interesting application
of the ideas put forward in this paper would be to examine by which mech-
anisms the cohesion of a sample of unsaturated sand increases as a result of
compactification.
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Summary. Bentonite is widely selected to to be used as buffer material for high-
level nuclear waste (HLW) repositories owing to its favorite hydrogeological and
geochemical properties. This is because mainly of its moisture swelling effect. Exper-
imental and theoretical evidences indicate that the swelling characteristic is largely
influenced by the porewater chemistry. A chemical swelling model for constrained
condition is developed on the basis of diffuse double layer (DDL) theory and related
the microscopic theory to the macroscopic swelling pressure. Experiments with pu-
rified clay fraction (< 2 μm) of MX–80 bentonite were undertaken. The fine ben-
tonite was compacted to a dry density of 1600 kg/m3 with initial liquid saturation
of 35.7% and then installed into a rigid container for swelling pressure experiment.
The unsaturated bentonite sample was then flushed with NaCl solutions in differ-
ent concentrations. With the increase of the ionic strength, the measured swelling
pressure decreases. The experimental swelling pressure values agree well with the
modelled results using the chemical swelling model.

Key words: geochemistry, bentonite, swelling pressure, experiment, model analysis

1 Introduction

Compacted bentonite or bentonite/sand mixtures are widely selected to be
used as buffer materials for waste disposal, especially for high level radioactive
waste (HLW) repositories. This is due to their favorable properties, especially
the remarkable swelling capability of bentonite, which restricts migration of
water and contaminants due to self-sealing effect. Bentonites, which consist
to a considerable extent of swelleable clay minerals, swell and shrink with
wetting and drying processes. The magnitude of swelling and shrinking prop-
erties of bentonite can be greatly influenced by many factors, which can be
divided into two groups – factors that depend on the nature of the soil particles
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(type and amount of clay minerals) and factors determined by the placement
as well as environmental conditions (dry density, initial water content, com-
paction method, soil structure, thermal conditions, electrolyte concentration
in the pore water) (Norrish 1955, Seed et al. 1962, Low 1979, 1987, Huyghe
and Janssen 1999). The swelling effect results from additional embedding of
water/solution molecules into the soil matrix, especially into the interlayers
of expansive minerals. In the case of free swelling, volume changes up to 1400
to 2000% for purified dry Na-montmorillonite samples in powder immersed in
pure water and changes up to 45 to 145% for Ca-montmorillonite are reported
(Mielenz and King 1955). In the case of constrained swelling, however, swelling
can result in macro- and mesopore volume reduction and simultaneously in
swelling pressure, which can be measured in oedometers or triaxial cells.

The origin of bentonite swelling has been widely studied by many re-
searchers, in efforts to derive a fundamental approach relating swelling po-
tential with basic particle-water-cation interactions (see e.g. Miller and Low
1990, Low 1992, Quirk 1997, Iatridis et al. 2003). These approaches are based
on net negative total charge on the surface of montmorillonite particles, the
Poison–Boltzmann (PB) theory, the Gouy–Chapman Diffuse Double Layer
(DDL) theory (see e.g. Gouy 1910, Chapman 1913) and the DLVO theory
(named after Derjaguin, Landau, Verwey and Overbeek) (see e.g. Derjaguin
and Landau 1941, Verwey and Overbeek 1948). However, they are restricted
to the microscopic level and the use of semi-empirical equations derived from
experimental data under free swelling conditions. Therefore, limit the applica-
bility of the models to describe the complex coupled processes. A connection
between the microscopic theory to the macroscopic effects is still important
for modelling purpose.

Classical modelling of the swelling behavior of bentonite was developed on
the basis of laboratory oedometer tests and the concept of Terzaghi’s effective
stress in order to obtain the stress-strain behavior of expansive clays (see e.g.
Mitchell 1993, Sridharan 1990). Numerical modelings of complex THMC pro-
cesses in bentonite as buffer materials have been developed for design of waste
repositories based on essential aspect of coupled processes occurring within
the material (see e.g. Börgesson 1985, Bennethum and Cushman 2002). The
first model to evaluate those coupled processes was suggested by Noorishad
et al. (1982).

This paper provided a new chemical swelling model for describing the
constrained swelling pressure with pure bentonite. Experiments using purified
MX80 bentonite were undertaken by flushing with different concentrations
NaCl solutions. Model calculations of experimental results agree well.
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2 Chemical Swelling Model

2.1 Conceptual Model

Bentonite is naturally occurring material which is predominantly composed of
smectitic minerals (montmorillonite, beidellite, nontronite) (Jasmund and La-
galy 1993), in which smectite plays a central role for swelling. Typical smectite
like montmorillonite is composed of two structural units, the silica tetrahe-
dron and the alumina octahedron. These units are interconnected and extend
to form thin sheets (each is only about 14 Å in thickness). Several such sheets
are stacked one above the other, to form a crystal particle. Owing to the weak
connection between some of the adjacent sheets (active layers), water easily
enters into them with the help of electron repulsion, which results from the
net charge of the bentonite particle. Consequently, the particles may be sepa-
rated into smaller pieces. Katti and Shanmugasundaram (2001) observed the
breakdown of the clay agglomerates into small sized particles by increasing
saturation through digital analysis of the images obtained by using energy-
dispersive X-ray analysis. Herbert and Moog (2002) proved variation of the
interlayer distances by changing porewater chemical compositions.

2.2 Interlayer Porosity (Microscopic)

According to the free swelling model based on the diffuse double layer (DDL),
the total porosity n of bentonite can be distinguished into interlayer nIL

(porosity within the particles) and interparticle porosity nIP (porosity between
particles) (Xie et al. 2004)

n = nIP + nIL . (1)
With this definition, nIP reveals the coarse pore and can be assumed as

the initial porosity of a dry sample. In the case of constrained swelling, the
total porosity remains constant. The interlayer porosity increases with the
saturation process. Therefore, interparticle porosity decreases accordingly.

Around the particles and within the interlayer space, diffuse double layers
tend to build up, completely only in the case of free swelling. The maximum
interlayer porosity for one particle with m effective layers can be calculated
as follows (Xie et al. 2004):

nILmax = mS0ρd
(
εε0RT
2F 2I

) 1
2

. (2)

Taking account of the fact that swelling pressure increases with the satu-
ration process and that the magnitude of swelling potential depends on the
expansive fraction, the total interlayer porosity nIL of the specimen can be
calculated:

nIL = (Sl)η · β · nILmax (3)
in which Sl is degree of liquid saturation, β represents volume fraction of the
expansive minerals, η is a dimensionless coefficient.
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2.3 Swelling Pressure Model

Swelling pressure of bentonite is fundamentally a sort of internal energy of
the expansible minerals Xie et al. (2007), it is generally measured under con-
strained condition with the intrusion of solutions. The concept of swelling
potential was firstly used by Seed et al. (1962) to represent the swelling abil-
ity of bentonite. In the present paper, swelling potential is defined as the
porosity change potential nsw responsible for swelling pressure equation (4).
In the case of constrained swelling, interlayer porosity change (ΔnIL, which
is the difference between the current and initial interlayer porosity) can not
fully be converted into swelling pressure. Part of it is used to compact the
large pores (initial interparticle porosity nIP0), especially at the early stage.
The looser the sample, the more interlayer porosity change will be converted.
Theoretically, the large pores can totally be compacted, but in reality, a cer-
tain interparticle porosity always remains. This is defined as the minimum
porosity (nIPmin). This value is lower, the higher the swelling pressure σ. It
depends on the compressibility of the material.

nsw = ΔnIL − (nIP0 − nIPmin) , (4)
nIP0 = n0 − nIL0 , (5)
nIPmin = f(σ, I) (6)

where n0 is the initial porosity, nIL0 is the initial interlayer porosity.
To calculate the swelling pressure measured in laboratory experiments, the

following assumptions are made:
1. The sample is unsaturated initially, and fully saturated at the end;
2. The sample is homogenous and isotropic;
3. Geochemical reactions (e.g. ionic exchange) is at equilibrium state;
4. The effective expansive layer number of each particle is dependent on ionic

strength of the pore water solution, m = f1(I);
5. The nIPmin value is dependent on swelling pressure for one experiment. To

consider the chemical effect on the swelling pressure, this value is assumed
to be dependent on ionic strength of the pore water solution, nIPmin =
f2(I). The higher the concentration, the lower the swelling pressure, thus
the higher the nIPmin value.
The swelling strain εsw is a volumetric strain and equal to the swelling

potential. The swelling pressure Psw is a volumetric stress, which can be cal-
culated from the swelling strain:

Pmin = K ′εsw = K ′nsw (7)

in which K ′ is the volumetric modulus, which can be calculated (IGS (1998)):

K ′ =
E

3 − 6ν (8)

where E is the elastic modulus and ν is the poisson ratio.
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3 Experiment

In order to investigate the chemical effects on the swelling pressure, a series
of experiments were undertaken with MX–80 bentonite under the intrusion
of NaCl solutions in various concentrations. The bentonite was purified and
treated by dilute NaCl solution. The fine fraction (< 2 μm) of MX–80 ben-
tonite which mainly consists of montmorillonite was separated from the bulk
material by sedimentation and converted into the Na-form. After freeze drying
the material was compacted to a dry density of 1600 kg/m3 in cylinder form
(5 cm in diameter and 2.4 cm in hight). Initial liquid saturation is 35.7%. The
concentrations of NaCl solutions are 0.011 M, 0.0256 M, 0.116 M, 0.575 M and
1.053 M, respectively.

To measure the maximum swelling pressure, the sample was installed in
a rigid cylindrical container and no volume change is thus allowed. Constant
Injection pressure of 25 MPa was applied. Density of outflowing solution was
checked regularly. When density approached the expected value for the inflow-
ing solution, the percolate was analyzed. Inlet- and outlet-valves were opened
and the internal pressure recorded. Total pressure at equilibrium was taken
as swelling pressure. Afterwards the sample was connected to a new solu-
tion with different ionic strength and the described procedure repeated. Total
equilibration time at each step amounted to 4–5 months.

The measured results are shown in Fig. 1. It is clear to see that the swelling
pressure decreases with the increase of ionic strength of the NaCl solution.

Fig. 1. Comparison of the experimental and modelled swelling pressure of bentonite
and its dependence on ionic strength
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4 Model Calculation

The measured swelling pressure results were calculated using the chemical
swelling model described in section 2. Some parameters used are shown in
Table 1. The effective layer number m in equation (2) is:

m = m0Ia (9)

in which m0 is the maximum expansive layer number, a is a parameter fitted
for the experiment to be 0.19.

Table 1. Porous medium properties

Symbol Meaning Value/Ref Unit

ρd density 1600 kg/m3

n0 porosity 0.37 –
S0 extern. spec. surface 31.80 m2/g
β swelling fraction 1.00 –
η coefficient in eqn (2) 1.50∗∗ –
m0 maximum effective layer number 22∗ –
Sl

0 initial saturation 0.357 –
Sl

sat fully saturated saturation 1.0 –
nmin0 min. porosity 0.03 –
E Young’s modulus 3.5 MPa
ν Poisson ratio 0.3 –
∗ Estimated value according to FEBEX Working groups (2000)
∗∗ From Xie et al. (2004)

The minimum porosity nmin is also assumed to be dependent on ionic
strength as described in section 2.

nmin = nmin0Ib (10)

in which b is a parameter fitted to be 0.5.
The modelled results are compared with the experimental value as shown

in Fig. 1. The modelled results agree well with the experimental data. If
the ionic strength is over 1.0, the swelling pressure decreases slowly, e.g. the
changing rate decreases also.

5 Conclusions and Remarks

This paper presents the experimental and theoretical calculation to investi-
gate the geochemical effect (ionic strength) on the swelling pressure of highly
compacted pure bentonite under constrained conditions. The measured data
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showed that with the increase of ionic strength of the injected NaCl solutions,
the measured swelling pressure decreases, which coincides well with the the-
oretical and experimental data in literature (e.g. Norrish 1955, Herbert and
Moog 2002).

This results were recalculated with a chemical swelling model. The effective
layer number and minimum porosity are dependent on the ionic strength.
Further experiments including ionic exchange and chemical reactions (e.g.
dissollution/precipitation) are still undertaken.
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Summary. State surface approach is becoming much less popular nowadays since
many elasto-plastic modellers consider though it is useful as a simplified method
in some practical problems, it can not be used to explain complex stress path de-
pendency for unsaturated soils. Consequently, nearly all researchers used “normal
compression lines at different suction levels” to develop their elasto-plastic models.
In this paper, state surface approach is used to duplicate the examples given in the
BBM model. All the examples under isotropic conditions can be reproduced with-
out any programming. It is found that state surface approach, when used correctly,
can bring greater convenience in explaining unsaturated soil behavior and generate
better understanding of unsaturated soil behavior including stress path dependency.

Key words: unsaturated soil, matric suction, net mechanical stress, State Surface,
Barcelona Basic Model, elasto-plastic, yeild curve

Introduction

Matyas and Radhakrishna (1968) put forward the concept of constitutive
(state) surfaces to relate void ratio and degree of saturation with the net nor-
mal stress p and the matric suction s. Fredlund and Morgenstern (1977) per-
formed null tests and concluded that only two stress state variables are needed
for the description of volume change for unsaturated soils. Based on the two
stress state variable concept and the concept of constitutive surfaces, Fred-
lund and his coworkers developed a complete framework for volume change
theory for unsaturated soils. Most of the work is based on the assumption
that the soil is elastic. However, unsaturated soils often demonstrate irrecov-
erable behavior. Alonso et al. (1990) proposed the first elasto-plastic model
for unsaturated soils, which is called the Barcelona Basic Model (BBM). It
was considered that constitutive surface can not be used to handle the stress
path dependency for unsaturated soils and therefore the use of constitutive
surface was abandoned. Instead, “normal compression lines at different matric
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suction levels” were used to develop their model. This methodology was exten-
sively accepted by many other elasto-plastic modellers (Cui and Delage 1996,
Wheeler and Sivakumar 1995). At present the use of constitutive surfaces was
considered as an empirical method. In this paper, the BBM is used to illustrate
the ability of constitutive surface to deal with stress path dependency.

Constitutive Surface Used in the BBM

The “normal compression lines at different matric suction levels” used in the
BBM are essentially two dimensional images of a special shape of void ratio
state surface, which is also called the void ratio constitutive surface by Fred-
lund and Rahardjo (1993). The surface consists of three surfaces as shown in
Fig. 1, an elastic surface AFIH, a plastic collapsible soil surface FIJG, and
a plastic expansive soil surface HCJI. The mathematical expression of the
elastic void ratio constitutive surface AFIH is as follows:

e = C1 − κ ln p− κs ln(s+ pat) (1)

Eq. (1) can be obtained by combining Eqs. 2 and 4 in the original BBM
(Alonso et al. 1990). The plastic collapsible soil surface FIJG has the following
mathematical expression:

e = C2 − κs ln
(
s+ pat
pat

)
− λ(s) ln

(
p
pc

)
(2)

Fig. 1. Three dimensional plot of Fig. 14 in Alonso et al. (1990)
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where λ(s) = λ(0)[(1−r) exp(−βs)+r]. Eq. (2) can be obtained by combining
Eqs. 1 and 6 in the original BBM. The plastic expansive soil surface HCJI has
the following mathematical expression:

e = C3 − κ ln p− λs ln(s+ pat) (3)

where C1, C2, and C3 are constants. Eq. (3) can be obtained by combining
Eqs. 13 and 14 in the original BBM (Alonso et al. 1990). All the other symbols
have the same definitions as those used in Alonso et al. (1990). The plastic
collapsible soil surface and the plastic expansive soil surface are responsible
for explaining the collapsible soil and expansive soil behavior, respectively.
They form the elasto-plastic zone of the state surface.

Derivations of the LC and SI Curves

The LC yield curve is the intersection of the elastic surface and collapsible
soil surface. In other words, the points on the LC curve must satisfy Eqs. (1)
and (2) simultaneously, which gives

ln
(
p
pc

)
=

C4

λ(s) − κ (4)

where C4 is a constant. Eq. (4) is the projection of the LC curve on the p : s
plane. The LC curve has to pass through the yield point when the soil is
saturated, that is, p = p∗0 when s = 0, which gives:

C4 = [λ(0) − κ] ln
(
p∗0
pc

)
. (5)

Substituting Eq. (5) into Eq. (4), the LC curve for the BBM is obtained as
follows:

p = pc
[
p∗0
pc

]λ(0)−κ
λ(s)−κ

. (6)

Eq. (6) is exactly the same as the expression of the LC curve in the BBM.
In the same way, the SI yield curve is the intersection of the elastic zone

and the expansive soil zone and the points on the SI curve must satisfy Eqs. (1)
and (3) simultaneously, which gives

s = e
C3−C1
(λs−κs) − pat = constant . (7)

Eq. (6) is the same as the expression of the SI curve in the BBM. Eq. (7) is
the projection of the SI curve on the p : s plane.
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Evolution of the LC and SI Curves

The void ratio state surface has the same role as the consolidation curve for
saturated soils. Therefore, the following rules should be followed:

1. The plastic (collapsible and expansive) surfaces always remain stationary
(Eqs. (2) and (3) are unique). However, their borders with the elastic
surface, which are the LC and SI curves, may change due to downward
translation of the elastic surface.

2. When the stress state of the soil is in the elastic zone or soil experience
an unloading from the LC or SI curve, all the soil behavior is recoverable
and the elastic surface will remain stationary.

3. When the stress state of the soil is on the LC or SI curve, a further
loading towards the plastic zone will cause the elastic surface to trans-
late downwards (C1 in Eq. (1) will decrease). New LC and SI curves are
formed along the borders between the new elastic surface and the existing
collapsible and expansive surfaces, respectively.

Reproducing the Examples Given in Alonso et al. (1990)
by Using State Surface Approach

The examples used in Alonso et al. (1990) will be used to illustrate how
the proper use of the “state surface approach” can bring convenience to the
prediction of unsaturated soil behavior under isotropic loading conditions. The
following soil parameters were used in the original BBM:

λ(0) = 0.2; κ = 0.02; λs = 0.08; κs = 0.008;

r = 0.75; β = 12.5 MPa−1; pc = 0.10 MPa.
(8)

Figures 2 and 3 show the three dimensional plots of Figs 11 and 12 (Case 1)
in Alonso et al. (1990). For example, Figs 11a and 11b in Alonso et al. (1990)
are the projections of Fig. 2 in the p:s and e:p planes, respectively. Both cases
have the same initial conditions (point A), i.e. p = 0.15 MPa, s = 0.2 MPa, and
e0 = 0.9. By substituting parameters in Eqs. (8) and the initial conditions into
Eq. (1) and considering the physical meanings of the LC and SI yield curves,
it is found that C1, C2, and C3 in Eqs. (1), (2), and (3) are 0.852, 1.042,
and 0.786, respectively. The plastic expansive soil surface is not plotted in
Figs 2, 3, or 4 since there is no stress path in that zone. All the stress paths
are monotonic and isotropic loadings and will always fall on the state surface.
The void ratio for any point on the stress paths can be directly calculated by
substituting the corresponding stress state of the soil into Eq. (1) if the soil
is in the elastic zone or Eq. (2) if the soil is in the plastic zone and the results
are stress path independent.

Figure 4 shows the three dimensional plot of Fig. 13 in Alonso et al. (1990).
In the second example of case 2 (Fig. 13), initial conditions p = 0.15 MPa,
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Fig. 2. Three dimensional plot of Fig. 11 in Alonso et al. (1990)

Fig. 3. Three dimensional plot of Fig. 12 in Alonso et al. (1990)

s = 0.0 MPa, and e0 = 0.9, p∗0 = 0.2 MPa, and s0 = 0.3 MPa give C1 = 0.844,
C2 = 1.033 and C3 = 0.778, respectively. The stress path ACEF is a mono-
tonic and isotropic loading. Therefore, the corresponding specific volumes can
be directly obtained from the constitutive surfaces by substituting the stress
path to the corresponding surfaces. Stress path ABDF includes a monotonic
and isotropic loading path AB and anunloading process BF. When the suction
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Fig. 4. Three dimensional plot of Fig. 13 in Alonso et al. (1990)

decreases from points B to F, a new unloading surface is generated along the
LCB yield curve and the corresponding C1 in Eq. (1) is 0.703. Similarly, stress
path ACDF includes a monotonic and isotropic loading path ACD and an un-
loading process DF. When the suction decreases from points D to F, a new
unloading surface is generated along LCD curve and the corresponding C1

in Eq. (1) is 0.710. The void ratio for any point on the stress paths can be
directly calculated by using the state surfaces and all the results are the same
as that presented in the Alonso et al. (1990).

Fig. 1a shows the three dimensional plots of Figs. 14 in Alonso et al.
(1990). The initial conditions p = 0.15 MPa, s = 0.0 MPa, and e0 = 0.9, p0∗ =
0.20 Mpa, and s0 = 0.025 MPa give C1 = 0.844, C2 = 1.033, and C3 = 0.694,
respectively. The stress path ACDF includes a monotonically isotropic loading
path AC, an unloading process CD and a monotonic reloading process DGF.
As shown in Fig. 1a, the original LC and SI curves are FI and HI, respectively.
Both the LC and SI curves expand due to the plastic loading stress path from
points H to I. A new unloading surface CDGJ is generated when there is an
unloading from point C to D and the corresponding C1 in Eq. (1) is 0.760. As
can be seen, C1 in Eq. (1) decreases from 0.844 to 0.760. The preconsolidation
stress of the soil increases due to the increase in the matric suction.

Conclusion

The constitutive surface has the same role as the normal consolidation curve
for saturated soils. The BBM is based on a particular shape of state surface.
The state surface approach can be used to explain the stress path dependency
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for unsaturated soils in an easier way. The use of state surface actually makes
the derivation of the LC and SI yield curves much more concisely.
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Summary. Taking a closer look on, e.g., storage processes of greenhouse gases in
deep geological aquifers or pressure changes in shear bands, the observation can
be made that pressure and temperature changes in porous materials can induce
phase transition processes of the respective pore fluids. For a numerical simulation
of this behaviour, a continuum mechanical model based on a multiphasic formulation
embedded in the well-founded framework of the Theory of Porous Media (TPM) is
presented in this contribution. The single phases are an elasto-viscoplastic solid
skeleton, a compressible pore gas consisting of the components air and gaseous pore
water (water vapour) and an incompressible pore liquid, i.e., liquid pore water. The
numerical treatment is based on the weak formulations of the governing equations,
whereas the primary variables are the common temperature of the overall medium,
the displacement of the solid skeleton and the effective pressures of the pore fluids.
An initial boundary-value problem is discussed in detail, where the resulting system
of strongly coupled differential-algebraic equations is solved by the FE tool PANDAS.

Key words: Theory of Porous Media (TPM), triphasic material, elasto-viscoplastic
skeleton, viscous pore fluids, phase transitions between the pore fluids

1 Introduction

In geotechnical and environmental engineering, a coupled, non-isothermal ap-
proach of partially saturated soil is of growing interest, e.g., to estimate the
effectiveness of the storage of greenhouse gases like carbon dioxide in geolog-
ical formations. For a realistic modelling of such a process, phase transitions
between the fluid phases have to be taken into account due to the fact that the
gases are pressed at high temperatures into suitable formations. In this con-
tribution, partially saturated soil is considered as a triphasic material within
the Theory of Porous Media (TPM), where the model under study consists
of a materially incompressible, elasto-viscoplastic solid skeleton saturated by
two viscous fluid phases, a materially incompressible pore liquid (water) and
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a materially compressible pore gas composed of the components air and water
vapour. For the isothermal case, the application of such triphasic model on the
description of partially saturated soil has been discussed previously in Ehlers
et al. (2004). Concerning the general TPM approach, the reader is referred,
e.g., to the work by Ehlers (2002) and citations therein.

With regard to the organization of the following contribution, there are
firstly the general kinematics and the underlying balance relations presented
in Sect. 2. In Sect. 3, the required constitutive relations are identified. Therein,
the soil matrix is governed by a general elasto-viscoplastic description of the
solid stresses, whereas, as a result of the property of material incompressibility,
the solid as well as the liquid material densities depend on the temperature.
Concerning the pore fluids, the pressure of the materially incompressible liquid
acts as a Lagrangean, whereas the pressures of the materially compressible
fluid constituents are governed by the ideal gas law. Therefore, the resulting
pore-gas phase is assumed as a mixture of ideal gases saturated with water
vapour. The pore fluids interact by a capillary-pressure-saturation relation
based on relative permeabilities to consider the mutually interacting pore fluid
mobilities. The resulting system of differential-algebraic equations (DAE) is
solved by use of the finite element tool PANDAS1. Finally, the injection process
of heated air in a water saturated soil is considered as an initial boundary-value
problem in Sect. 4 pointing out the capability of the triphasic formulation
to simulate the coupled behaviour of unsaturated soil under non-isothermal
conditions.

2 Basic TPM Equations Applied to a Triphasic Model

2.1 Kinematics and Balance Equations

In the frame of the TPM, a macroscopic model ϕ of superimposed and inter-
acting continua ϕα can be formulated, where the assumption is made that all
individual constituents are in a state of ideal disarrangement. In the further
contribution, the index α indicates the following constituents: α = S (solid),
α = L (liquid), α = V (water vapour) and α = A (air). In order to determine
the volume fraction of the solid phase ϕS , the liquid phase ϕL and the gas
phase ϕG = ϕA+ϕV , the volume fractions nS and nβ , where β = {L, G}, are
defined as the ratio of the volume elements dvS and dvβ with respect to the
volume fraction dv of the overall mixture ϕ at a local point. Assuming fully
saturated conditions, the saturation constraint yields

nS + nF = 1 with nF = nL + nG , (1)

where nF is the volume fraction of the overall fluid or the porosity, respectively.
Additionally, the saturation functions sβ := nβ/nF can be introduced.
1 Porous media Adaptive Nonlinear finite element solver based on Differential

Algebraic Systems (http://www.get-pandas.com).
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By the volume fractions nα, two different density functions of each con-
stituent ϕα can be defined and related to each other via

ρα = nαραR and ργ = nGργG , where γ = {A, V } . (2)

The material (realistic or effective) density ραR relates the local mass dmα

to the volume element dvα, whereas the partial (global or bulk) density ρα
relates the same mass to the volume element dv. Note that due to the fact that
the overall gas phase is assumed as a mixture of ideal gases, the local mass of
the air and water vapour can also be related to the volume of the gas phase:
ργG = dmγ/dvG. Furthermore, the solid and liquid phases are considered as
materially incompressible, i.e., their material densities are only functions of
the temperature θ.

Each spatial point x of the current configuration is at any time t simulta-
neously occupied by material particles (material points) Pα of all constituents
ϕα. These particles proceed from different reference positions Xα at time t0.
Thus, each constituent is assigned its own motion function

x = χα(Xα, t) . (3)

It follows from (3) that each constituent has its own velocity and acceleration
fields. The material time derivative, e.g., given for a scalar function Γ following
the motion of ϕα, reads (Γ )′α = ∂Γ/∂t+gradΓ · ′xα. Therein, ′

xα is the velocity
of ϕα and the operator “grad ( · )” denotes the partial derivative of ( · ) with
respect to the local position x.

In the framework of the TPM, the partial balance equations of mass, linear
momentum and energy hold for each constituent:

(ρα)′α + ρα div
′
xα = ρ̂α ,

ρα ′′
xα = div Tα + ραg + p̂α ,

ρα(ψα − θηα)′α = Tα · Lα − div qα + ραrα + ε̂α .

(4)

Therein, ′′
xα is the acceleration of ϕα, “div ( · )” is the divergence operator

corresponding to “grad ( · )”, Tα is the Cauchy stress tensor and g the overall
gravity. Concerning the energy balance, ψα is the free Helmholtz energy, ηα is
the entropy, Lα = grad

′
xα is the spatial velocity gradient, qα is the heat influx

vector and r is the radiation. Furthermore, ρ̂α, p̂α as well as ε̂α are the mass,
the direct linear momentum and the direct energy productions satisfying the
following constraints:

0 =
∑
α

ρ̂α , 0 =
∑
α

p̂α + ρ̂α ′
xα ,

0 =
∑
α

ε̂α + p̂α · ′
xα + ρ̂α(εα + 1

2

′
xα · ′

xα) .
(5)
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The deformation of the solid matrix is given within a Lagrangean description
using the solid displacement vector uS = x − XS as the primary kinematic
variable, whereas the fluid constituents are described in a modified Euler ian
setting by use of the seepage velocities wβ =

′
xβ− ′

xS relating the fluid motions
to the deforming skeleton material. Furthermore, one defines the diffusion
velocities dγG =

′
xγ − ′

xG of the gas components within the overall gas phase.
The temperature θ of the overall mixture and the effective pressure pLR of the
pore liquid as well as the partial pressures pγG of the air and the water vapour
in the gas phase have to be considered as additional independent fields. The
resulting system of equations for the determination of these primary variables
consists of the mixture energy balance, the momentum balances under quasi-
static conditions ( ′′

xα ≡ 0) and the mass balances of the fluid constituents.

3 Constitutive Modelling

Phase transition processes of water like evaporation and condensation can be
described within the TPM using the respective mass production terms. This
means in the context of the underlying triphasic material model that

ρ̂S = 0 , ρ̂A = 0 , ρ̂L + ρ̂V = 0 . (6)

Furthermore, considering the gas components, the direct momentum produc-
tion p̂γ can be additively split in a part p̂γint describing the interaction with the
other gas components, whereas the second part p̂γext describes the interaction
with the solid and liquid phases:

p̂γ = p̂γint + p̂γext ,
∑
γ

p̂γext = p̂G ,
∑
γ

p̂γint = 0 . (7)

Concerning these assumptions, constitutive equations are required for

ψα , ηα , Tα , p̂β , p̂γint , s
L , qα , ρSR . (8)

By an evaluation of the entropy inequality, one finds the constraints that
the entropies ηS and ηL of the solid and liquid phases, the Cauchy stress Tα as
well as the momentum production p̂β of the fluid phases should consist of two
parts, where the first is governed by the corresponding pore pressure, while
the second, the so-called “extra term” ( · )E , results from the solid deformation
or from the pore-fluid flow, respectively, cf. Ehlers (1993), Ghadiani (2005):

ηS =
1

(ρSR)2
∂ρSR

∂θS pFR + ηSE , ηL =
1

(ρLR)2
∂ρLR

∂θL pLR +
θL

θS η
L
E ,

TS = −nSpFR I + TS
E , Tβ = −nβpβR I , Tγ = −nGpγG I ,

p̂β = pβR gradnβ + p̂βE ,

(9)
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where pFR = sLpLR + sGpGR is the pore fluid pressure and pLR and pGR the
effective pressures of the liquid and the overall gas phase. Furthermore, the
extra stresses Tβ

E and Tγ
E are neglected in comparison with the interaction

terms p̂βE , which can be motivated by a dimensional analysis.
Following the arguments by Ghadiani (2005), the material deformation

gradient FS of the solid skeleton can be multiplicatively decomposed into
a mechanical and a thermal part, i.e., FS = FSm

FSθ
. Further examination

under consideration of the mass balance (4)1 yields that the material density
of the solid skeleton is purely governed by the thermal part, whereas the
volume fraction nS of the solid phase is purely governed by the mechanical
part of the deformation gradient (Ghadiani 2005). In the present contribution,
the porous material is considered within the frame of a geometrically linear
theory. Thus, the geometrically linearized total strain tensor εS is introduced
and additively split into elastic and plastic parts: εS = εSe + εSp. Therefore,
with a given constitutive relation for the material density of the solid skeleton,
the volume fraction of the solid matrix can be computed directly based on the
mass balance:

ρSR = ρSR0S [1 − 3αS(θ − θ0)] , nS = nS0S [1 − div uS + 3αS(θ − θ0)] . (10)

Therein, αS is the thermal expansion coefficient of the solid skeleton, and θ0
is a reference temperature, cf. Ghadiani (2005). One underlying assumption
for the free Helmholtz energies of the individual constituents is the definition
of the specific heat CαV . Furthermore, the free Helmholtz energy of the solid
skeleton is governed by a thermal extended Hookean elasticity law, whereas
the free Helmholtz energies of the gas components are governed by the ideal
gas law ργG = (p0 +pγG)/R̄γθ, where R̄γ is the specific gas constant. Therefore:

ρS0SψS = μS εSe · εSe + 1
2λ

S(εSe · I)2 +mSΔθεSe · I − ρS0SCSV (θ ln
θ
θ0

−Δθ) ,
(11)

ψL = −CLV (θ ln θ − θ) , ψγ = R̄γ ln ργGθ − CγV (θ ln θ − θ) .

Therein, μ and λ are the Lamé constants, and mS = −(2μS + 3λS)αS is
the stress-temperature modulus of the solid skeleton. The extra term of the
entropies of the solid and liquid phases as well as the entropy of the air and
the water vapour can be computed via

ηSE = −∂ψ
S

∂θ , ηLE = −∂ψ
L

∂θ , ηγ = −∂ψ
γ

∂θ . (12)

Regarding the thermodynamical transport properties of the porous mate-
rial, the heat influx vectors are given via qα = −Hα grad θ, where Hα is the
heat conduction tensor of the single constituents. Proceeding from (11)1 for
the free Helmholtz energy of the solid skeleton, the solid extra stress can be
computed via TS

E = ρS0S∂ψS/∂εSe yielding a thermoelastic law of Hookean
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type. Considering the underlying concept of viscoplasticity using a single sur-
face yield criterion and a non-associated flow rule, the interested reader is
referred to Ehlers et al. (2004).

Relations for the extra term of the linear momentum production p̂βE of the
liquid and the gas phases as well as for the linear momentum production p̂γint

of the gas components can be given via

p̂βE = −(nβ)2γβR(κβrKβ)−1wβ ,
p̂γint = −(nG)2(pGR)2(p0D)−1(θ/θref)zdγG .

(13)

Therein, γβR is the specific weight, κβr is the relative permeability factor
chosen according to van Genuchten (1980), Kβ is the Darcy permeability
tensor, D is the diffusion tensor, θref is the referential temperature and z an
additional material parameter. For a closer look at this topic, the interested
reader is referred to Class (2001) and Ehlers et al. (2004). Furthermore, the
saturation sβ is computed from the capillary pressure pC = pGR − pLR, also
using a formulation following van Genuchten (1980).

As was mentioned above, the pore gas is considered as a mixture of ideal
gases saturated with water vapour. Therefore, the following relations hold:

pGR + p0 =
∑
γ

(pγG + p0) , xγm =
pγG + p0

pGR + p0
. (14)

Therein, xγm is the molar fraction of ϕγ , whereas the partial pressure of the
water vapour is given via a relation following Antoine,

pVG + p0 = 10[A−B/(θ+C)] · 133.4 [Pa] , (15)

where A, B and C are additional material parameters and p0 is the ambient
pressure, cf. Class (2001). Therefore, the partial pressure of the water vapour
in the gas phase loses the status as a primary variable.

Inserting these assumptions into the fluid momentum balance relations
leads to Darcy-type equations for the filter velocities and relations for the
diffusion velocities corresponding to Fick ’s law:

nβwβ = −κ
β
r Kβ

γβR [grad pβR − ρβR b] ,

nGdγG = −p0D
pGR (θ/θref)z gradxγm .

(16)

Therefore, the filter and diffusion velocities lose their status as primary vari-
ables of the triphasic model. The resulting system of equations for the deter-
mination of the remaining primary variables consists of the mixture energy
balance, the mixture momentum balance and the mass balances of the water
(ϕW = ϕL+ϕV ) and the air component. Further information can be obtained
from Lewis and Schrefler (1998), Ehlers et al. (2004), Sanavia et al. (2005).
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4 Numerical Example

In the frame of the finite element method, the numerical treatment is based
on the weak formulations of the governing equations. In this contribution, an
injection process of heated air in a partially saturated soil is considered as
numerical example. This process is simulated setting a respective heat and
mass fluxes as Neumann boundary conditions for the pore air in the injection
area (Fig. 1 (a)). In Figure 1 (b), the distribution of the liquid saturation sL
for a computation with and without mass exchanges is given, whereas in Fig. 2,
the temperature distribution of the whole domain (a) and a temperature
comparison between the computation with and without mass exchanges in
a vertical cut through the right boundary of the domain is presented (b). The
results show that additional pore gas is produced if mass exchange effects are
considered. Furthermore, the model is capable to describe the phenomena of
latent heat during a phase transformation in a correct way. More precisely, this
means that a certain energy is necessary to transfer water from the liquid to
the gaseous state without a temperature increase. In this example, where the
heat flux over the boundary is constant, this effect leads to a lower temperature
at the boundary if mass exchanges are considered.

Fig. 1. Sketch of the problem (a) and distribution of the liquid saturation sL (b)
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5 Conclusion

In the present contribution, a triphasic model for the description of partially
saturated soil under non-isothermal conditions has been considered on the
basis of the TPM. In particular, a thermodynamically consistent framework
of an elasto-viscoplastic soil skeleton saturated by liquid and gaseous water
(water vapour) as well as air has been presented. The gas phase has been
assumed as a water-vapour-saturated mixture of the ideal gases air and water
vapour. On the numerical side, the triphasic model was implemented in the
finite element tool PANDAS such that a simulation of an injection process of
heated air in a water-saturated porous material could be carried out. This
example clearly pointed out that the presented model is qualified to simulate
phase transition processes between the pore fluids in a physically correct way.
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Summary. This paper addresses a new, unified thermo-mechanical constitutive
model for unsaturated soils through a coupled study. In the context of elasto-
plasticity and the critical state theory, the model uses the concepts of multi-
mechanism and bounding surface theory. This advanced constitutive approach in-
volves thermo-plasticity of saturated and unsaturated soils. Bishop’s effective stress
framework is adopted to represent the stress state in the soil. This stress is linked to
the water retention curve, which is represented by an elasto-plastic model. Attention
is focused particularly on the coupling relations inferred from this unified thermo-
hydro-mechanical (THM) study. Finally, the theoretical aspects of the paper are
supported by comparisons between numerical simulations and experimental results.

Key words: unsaturated soils, thermo-mechanics, constitutive modelling, elasto-
plasticity, multi-mechanism

Introduction

Research interest in the thermo-mechanical behaviour of unsaturated soils
is growing as a result of an increasing number of geomechanical problems
involving both thermal and capillary effects. In the field of environmental
geomechanics, several relevant applications, such as feasibility studies of waste
disposal, petroleum extraction or geothermal structures, require an accurate
knowledge of the thermo-mechanical behaviour of unsaturated soils (Vulliet
et al. 2002). Until now, these two loading cases have often been considered
independently.

This paper addresses a new, unified thermo-mechanical constitutive model
for unsaturated soils, named ACMEG-TS (“Advanced Constitutive Model in
Environmental Geomechanics – Thermal and Suction effects”). This constitu-
tive model is based on thermo-hydro-mechanical (THM) experimental data
and attention is focused on the coupling relations linking the thermal, hydric
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and mechanical soil response. After presenting the stress framework used here,
the different experimental data for THM soil behaviour are addressed. The
constitutive equations are then introduced. Finally, ACMEG-TS is validated
for several typical THM paths.

Stress Framework

An unsaturated state within the soil means that a second fluid phase appears
in the inter-particular spaces. The difference in pressure between these two
phases (air and water) leads to a new stress variable, suction: s = ua − uw
which modifies the internal stress state in the soil. Bishop’s effective stress is
very useful for continuously describing the three phase nature of unsaturated
soils (Bishop 1959, Khalili et al. 2005):

σ′
ij = (σij − uaδij) + χ (ua − uw) δij (1)

where σij is the total external stress, ua and uw are the air and water pore pres-
sures, respectively, χ the effective stress parameter and δij the Kroenecker’s
symbol. ACMEG-TS uses the generalised Bishop’s effective stress, where χ is
equal to the degree of saturation Sr, as suggested in the initial work of Bishop
(1959) and implemented by Schrefler (1984). Equation (1) requires hydric in-
formation (represented by Sr) in parallel with the stress state within the soil.
The degree of saturation is related to suction through the retention curve. It
is shown that this Sr versus s curve depends on temperature (Salager et al.
2006), on the dry density of the soils (Salager et al. 2007) and on the hydric
paths followed (wetting or drying). Thus, the effective stress depends on the
thermal, hydric and mechanical histories of the material. Therefore, this sin-
gle stress approach converts a complex, multi-phase and multi-stress medium
in which multi-physics processes occur into a single mechanical state through
several coupling equations.

THM Experimental Data

Under normally consolidated conditions (NC), clayey soil contracts when it is
heated and a significant part of this deformation is irreversible upon cooling
(Laloui 2001). This behaviour over the whole cycle is representative of ther-
mal hardening. Another important non-isothermal behaviour is the fact that
the apparent preconsolidation pressure decreases with increasing temperature
while the isotropic compressibilities do not seem to be significantly affected
by temperature changes (Laloui and Cekerevac 2003). In addition to these
thermal effects on the isotropic soil response, hydric conditions partially gov-
ern the mechanical response of the soil. Indeed, it is shown that the apparent
preconsolidation pressure increases when suction increases for suctions greater
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than the air entry suction, se0, and is uninfluenced by suctions lower than se0
(Geiser et al. 2006).

The thermal, as well as the capillary, effects on soil strength seem to be
negligible. Cekerevac and Laloui (2004) summarized some experimental results
which tend to confirm that the friction angle at critical state can either slightly
increase or decrease with temperature. Moreover, in the generalized Bishop’s
effective stress reference, the friction angle appears to be independent of the
amount of suction (Khalili et al. 2004).

ACMEG-TS Constitutive Framework

Mechanical Framework

The basic concept of the ACMEG-TS model is to consider that the ther-
mal, as well as the hydric, loads exclusively involve volumetric effects in soils.
These considerations are introduced in an (THM) elasto-plastic framework
where each THM loading (external mechanical load, σ, temperature, T , and
suction, s) may imply reversible and irreversible changes in the state of the
material. Within this elasto-plastic framework, the total strain rate tensor, ε̇,
due to THM loading is decomposed into non-linear, thermo-elastic, ε̇e, and
thermo-plastic, ε̇p, components. Due to the isotropic effect of the temperature
and the hydric changes in the soil, the plastic mechanism of the material is
induced by two coupled hardening processes: an isotropic one which may be
activated by any mechanical, thermal or hydric loads and a deviatoric mecha-
nism acting only under a mechanical loading having a deviatoric component.
Both mechanisms may induce volumetric plastic strain (Laloui et al. 2005).
Therefore the total volumetric plastic strain rate ε̇pv is the coupling variable
linking the two hardening processes and is given by:

ε̇pv = ε̇pv,iso + ε̇pv,dev (2)

where ε̇pv,iso and ε̇pv,dev are the volumetric plastic strain rate induced by the
isotropic and the deviatoric mechanisms, respectively. The yield functions of
the two mechanical, thermo-plastic mechanisms have the following expressions
(Fig. 1):

fiso = p′ − σ′
criso = 0 ; fdev = q −Mp′

(
1 − bLog

dp′

σ′
c

)
rdev = 0 (3)

where the preconsolidation pressure, σ′
c, depends on the volumetric plastic

strain, εpv, temperature, T , and suction, s (Laloui and Nuth 2005):

σ′
c =

⎧
⎨
⎩
σ′
c0 exp(βεpv)

{
1 − γT log

(
T
T0

)
+ γs log

(
s
se0

)}
if s > se0 ,

σ′
c0 exp(βεpv)

{
1 − γT log

(
T
T0

)}
if s ≤ se0 .

(4)
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Fig. 1. Hydric (a) and thermal (b) effects on the THM yield limits

riso and rdev are the degree of mobilization of the isotropic and the deviatoric
mechanisms and are hyperbolic functions of the plastic volumetric strain in-
duced by the isotropic and the deviatoric mechanisms, respectively. They vary
from re, which defines the elastic domain (0 < re < 1), to 1 at a completely
plastic state (Hujeux 1979).

γT and γs are the material parameters required to quantify the effect of
temperature and suction, respectively, on the apparent preconsolidation pres-
sure. β is the plastic compressibility modulus (the slope of the linear function
εpv − log σ′

c). se0 is the air entry suction which depends on the temperature
and plastic volumetric strain, as expressed in equation (6).

Hydric Framework

In terms of hydric response, the desaturation process is also seen as a yielding
phenomenon. As long as the soil is drying, suction increases and the degree
of saturation, Sr, tends to decrease mainly when the air entry suction, se0, is
reached. In this way, se0 can be seen as a hydric yield limit with the following
yield function:

fhyd = s− se = 0 (5)
where the hydric limit, se, depends on the degree of saturation, the volumetric
plastic strain and the temperature (Fig. 2):

se = se0 exp(−βhΔSr)
{

1 − θT log
(
T
T0

)
− θe log(1 − εpv)

}
. (6)

θT and θe are the material parameters required to quantify the effect of
temperature and volumetric plastic strain on the evolution of the air entry suc-
tion, respectively. βh is the slope of the linear function Sr− log s when the air
entry suction is overcome. For the wetting process, the same elasto-plastic con-
cept can also be applied by considering the hydric hysteresis through an addi-
tional material parameter, shys, quantifying the hydric irreversibility (Fig. 2).
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Fig. 2. The air entry suction as the key parameter in the water retention curve

Numerical Simulations

A set of oedometric compression tests were carried on a remoulded sandy silt
at different temperatures and suctions (François et al. 2007). The results of
these experiments clearly show the thermal and hydric effects on the appar-
ent preconsolidation pressure. The comparison between numerical simulations
and experimental results show the ability of ACMEG-TS to represent such
THM coupling (Fig. 3). For this simulation, the three key parameters are
{γT ; γs; β} = {0.8; 0.28; 37}. Moreover, the model is able to reproduce the
typical thermal hardening observed along a temperature cycle (Baldi et al.
1991) (Fig. 4).

Conclusions

A highly-coupled THM model (ACMEG-TS) has been presented. It is based
on two interrelated constitutive schemes, the mechanical and the hydric one.

Fig. 3. Numerical simulations of THM oedometric compression tests on a sandy
silt
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Fig. 4. Numerical simulations of the mechanical response of Boom Clay along a
thermal cycle

The hydric condition influences the isotropic mechanical behaviour via its ef-
fect on the apparent preconsolidation pressure. Inversely, the mechanical state
may have an effect on the hydric response by modifying the water retention
curve (via the evolution of the air entry suction). Moreover, these two-way
couplings depend on temperature. Therefore, this THM constitutive model
considers the three loading cases (external load, suction and temperature) as
three interconnected phenomena.
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Summary. The numerical simulation of flow and transport processes is frequently
applied to environmental, technical and even medical problems. In many cases, a
deformation of the porous medium occurs which cannot be neglected. Therefore,
we present a non-isothermal multiphase multicomponent flow and transport model
which also allows for structural alterations of the porous medium phenomenologi-
cally. This means that the model accounts for the effects of the structural changes
by adapting the hydraulic properties using constitutive relationships.

Key words: multiphase modelling, structural alterations, swelling, shrinkage, hy-
draulic properties

1 Introduction

The numerical simulation of multiphase multicomponent flow and transport
processes in porous media is a valuable tool for a variety of environmental,
technical and also medical problems. For many applications in these fields, the
porous medium cannot be assumed to be rigid. Such deformable porous media
are, for example, cohesive soils, diapers and the mammalian brain. Multiphase
flow and transport processes in cohesive soils are of great interest as regards
the long-term stability and integrity of nuclear repositories and municipal
waste-disposal sites. The numerical simulation of flow and transport processes
in the mammalian brain may be used to optimise the treatment of cerebral
tumours.

In both cases, the focus lies on the flow and transport processes, but these
processes are strongly influenced by the structural alteration of the porous
medium. Thus, we present a model concept for two-phase two-component
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flow and transport in which the structural alterations are considered phe-
nomenologically: the effects of swelling and shrinking on the flow and trans-
port processes are taken into account. This is achieved by adapting the rel-
evant hydraulic parameters using constitutive relationships for the porosity,
the permeability and the capillary pressure.

In the following section, we present our conceptual model for non-isother-
mal two-phase two-component flow and transport in a rigid porous medium
and in the subsequent section the extension for deformable porous media. Af-
ter that, we demonstrate a desiccation process in a clay liner as an application
example. Finally, we give an outlook on our parameter identification strategy.

2 Conceptual Model for a Rigid Porous Medium

The non-isothermal two-phase two-component model for rigid porous media
is explained in Helmig (1997), Emmert (1997) and Class et al. (2002) in de-
tail. It is a macroscopic approach, which describes all processes based on a
representative elementary volume (REV). To define the system state some
variables are needed which quantify the amount of substance, the pressures
and the thermal conditions.

The volume occupied by the two fluid phases gas and water is specified by
the porosity ϕ, which is the volume fraction of pore space. The distribution of
the fluid phases (α ∈ w, g) in the pore space is quantified by phase saturations
Sα which are defined as the ratio of phase volume to pore volume. Thus, all
phases sum up to 1:

2∑
α=1

Sα = Sw + Sg = 1 . (1)

As we consider mass transfer between the phases (dissolution of air in water
and vaporisation of water), the composition of each phase of the components
water and air (κ ∈ w, a) has to be quantified by mole fractions xκα. By defini-
tion, all mole fractions for each phase sum up to 1:

2∑
κ=1

xκα = xwα + xaα = 1 . (2)

As a result of capillary forces the pressures of both phases might differ.
The pressure difference is called capillary pressure:

pc = pg − pw . (3)

On the macroscale, the capillary pressure is a function of water saturation,
for which several parameterisations exist (e.g. after Genuchten 1980).

Since we assume local thermal equilibrium between all fluid phases and the
solid phase in each REV, only one temperature value T is needed to describe
the thermal conditions.
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For the unique description of the system state, only three variables are nec-
essary. These so-called primary variables are chosen depending on the phases
present in the REV (the so-called phase state). All other – secondary – vari-
ables are derived from the above-mentioned constraints and further thermody-
namic laws linking the mole fraction of the liquid phase to the partial pressures
of the gaseous phase.

In addition to the mass-transfer processes between the phases (vaporisa-
tion and condensation; dissolution and degassing) the following processes are
considered:
• advective mass and heat transport with the phases due to pressure gra-

dients, phase velocities are calculated according to the extended Darcy’s
Law,

• diffusive mass and heat transport within the phases due to concentration
gradients, diffusive fluxes are given by Fick’s Law,

• conductive heat transfer in the entire porous medium due to temperature
gradients, heat fluxes are given by Fourier’s Law.
To describe the non-isothermal two-phase two-component system math-

ematically, one mass balance equation for each component (eq. 4) and one
energy balance equation for the entire porous medium (eq. 5) are set up

d(ϕ
∑
α �molαxκαSα)

dt −
∑
α

∇ ·
(
krα
μα

�molαxκαK(∇pα − �αg)
)

−
∑
α

∇ · (Dκ
α pm∇(�molαxκα)

)− qκ = 0, (4)

d (ϕ
∑
α �αuκαSα)
dt +

d ((1 − ϕ)�scsT )
dt −∇ · (λhpm∇T )

−
∑
α

∇ ·
(
krα
μα

�αhαK(∇pα − �αg)
)
−

∑
κ

∇ · (Dκ
g pmhκgMκ∇(�molgxκg )

)

− qh = 0 . (5)

In eqs. (4) and (5), �molα denotes the molar density of phase α, krα the
relative permeability, μα the dynamic viscosity, K the absolute permeability
tensor, �α the density, g the vector of acceleration due to gravity, Dκ

α pm the
diffusion coefficient for component κ in phase α for the porous medium, qκ
and qh source and sink terms, uα the specific internal energy, cs the specific
heat capacity of the soil, λhpm the heat conductivity of the porous medium,
and hκα the specific enthalpy. The subscript h stands for heat, the superscript
s for solid.

This leads to a system of three coupled, non-linear partial differential equa-
tions with three unknown state variables.

The two-phase two-component model is realised within the software pack-
age MUFTE-UG, made up of the two parts MUFTE and UG. The physical
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model and the spatial discretisation are implemented in MUFTE (multiphase
flow transport and energy model), while UG (unstructured grid) provides the
numerical basis such as multigrid data-structures, solvers, and time discreti-
sation.

For spatial discretisation, a mass conservative, finite-volume method (BOX
method) is used. For time discretisation, an implicit Euler scheme is applied.
The non-linearities are handled with the Newton–Raphson linearisation.

3 Conceptual Model for a Deformable Porous Medium

The two-phase two-component model is extended so that the effects of struc-
tural alterations are considered on a phenomenological basis.

Because of the structural changes, the phase saturations do not necessarily
determine the system state uniquely. Therefore, the total amount of water has
to be chosen as a primary variable.

Water can be bound in the soil matrix of clays due to their layered min-
eral structure. This inclusion of water involves a deformation of the minerals
and consequently of the soil matrix, too (Scheffer and Schachtschabel 1998).
For the macroscale model, this phenomenon is considered by an immobili-
sation/mobilisation term as well as by an increase/decrease of the bulk and
pore volume. Although the bulk volume changes are considered, the model
geometry (spatial discretisation and volume) is kept constant. It is assumed
that this procedure is sufficiently precise for moderate structural alterations.

The mass of immobile water can be described as a saturation function (in
a mathematical sense) of the total mass of water (Meißner and Dobrowolsky
2003). The change in bulk volume is quantified by the swelling/shrinking factor
ε which is defined as the ratio between the actual bulk volume and the initial
(= computational) bulk volume. The swelling/shrinking factor ε also depends
on the total mass of water. Generally, the shrinkage process of a cohesive soil
can be divided into two parts: the shrinkage phase from the saturated state to
the shrinkage limit and the residual shrinkage phase from the shrinkage limit
to the completely dry state. For both phases, a linear relationship between the
swelling/shrinking factor and the total mass of water can be applied (Brauns
et al. 2000, Tariq and Durnford 1993). The real porosity is approximated as
a linear function of the swelling/shrinking factor. As the model geometry, i.e.
the element volume, is not changed, a computationally effective porosity ϕeff

is defined:
ϕeff = εϕreal . (6)

Additionally, the relevant hydraulic properties such as permeability and
capillary pressure are adapted by constitutive relationships to account for the
influence of the structural alterations on the flow and transport processes.
Clauser (2003) presents various approaches for describing the permeability as
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a function of porosity and other soil properties. These approaches require nu-
merous unknown parameters. Therefore, the relationship between permeabil-
ity and porosity is approximated by a combination of a linear and a potential
function specified by the minimum and maximum permeability at minimum
and maximum porosity. On the basis of the Leverett J-function, the capillary
pressure is scaled depending on a permeability and porosity in relation to the
capillary pressure, the permeability and the porosity of a certain reference
state.

Furthermore, effects of vapour-pressure lowering above curved surfaces
cannot be neglected in fine-grained soils like clays. A relationship between
the vapour-pressure in the porous medium and the capillary pressure can be
derived from the Kelvin Equation (Atkins 1990).

This model extension is incorporated into the existing two-phase two-
component model so that the flow and transport part of the model is cal-
culated in the first step of a time step and subsequently, in the second step
of a time step, the part accounting for structural alterations is computed.
Thus, in the second step, all parameters describing the structural state and
the hydraulic properties are updated, so that mass and energy conservation
is guaranteed. This decoupled consideration involves a limitation of time-step
size.

This model is adequate for simulating flow and transport process in a
shrinking soil up to the point at which cracks occur.

4 Application Example

Similar to the requirements for a mineral sealing liner according to TASi
(1993) and TAA (1991), an application example has been set up. The two-
dimensional sample domain (0.1 m × 3.2 m) is divided into two subdomains
(see Fig. 1). The upper layer (0.825 m thick) consists of a homogeneous, shrink-
ing clay with a low permeability and a high capillary pressure. The lower
subdomain is made up of a homogeneous, non-shrinking sand with a high
permeability and a low capillary pressure.

The top boundary is impermeable for water, at the bottom boundary a
low water saturation (Sw = 0.1) is set. The gas-phase pressure at the top and
the bottom is equal to the atmospheric pressure. The temperature is fixed to
Ttop = 335 K at the top and to Tbottom = 285 K at the bottom. The lateral
boundaries are entirely impermeable for mass and energy.

Initially, the clay layer is fully water saturated, while the sand base is rather
dry (Sw = 0.1). The gas-phase pressure and the temperature are constant over
the whole domain at the beginning (atmospheric pressure and T = 285 K).

With this set-up, a desiccation process in the clay layer is simulated
with the two-phase two-component model, neglecting any structural changes
(in the following abbreviated as 2p2cni model) and with the two-phase
two-component model described above accounting for structural alterations
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Fig. 1. Application example: domain and boundary conditions (left), initial water
saturation (middle) and initial temperature (right)

(2p2cni-shrink model). The 2p2cni-shrink model and the 2p2cni model are
compared to each other to point out the differences of both models. The sim-
ulation results are presented in Fig. 2. It depicts the water saturation Sw, the
relative total mass of water mw

tot;rel, the porosity ϕ, the shrinking factor ε, the
permeability K, and the capillary pressure pc at a certain point in the clay
layer over time for both models.

The course of the water saturation obtained with the 2p2cni model is
characterised by three phases: an advection-dominated phase at the beginning,
an diffusion-dominated phase up to 17 years and an almost stationary phase
from 17 years to the end of simulation. Naturally, the relative total mass
of water is directly proportional to the water saturation, the permeability is
constant and the capillary pressure increases with decreasing water saturation.

In addition to the three above-mentioned phases, the results of the 2p2cni-
shrink model clearly show the shrinkage phase (the first six years) and the
residual shrinkage phase (afterwards). The shrinkage phase is characterised
by a minor decrease of water saturation, but a significant reduction of bulk
volume, porosity and permeability as well as an increase of capillary pressure
compared to the 2p2cni model. In the residual shrinkage phase, the bulk vol-
ume, the porosity and the permeability decrease only slightly. Instead, the
water saturation decreases more strongly. In comparison to the 2p2cni model,
the desiccation process is slower with the 2p2cni-shrink model. Altogether,
the 2p2cni-shrink model simulates the characteristics of a shrinkage process
qualitatively correctly.
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(a) 2p2cni model

(b) 2p2cni-shrink model

Fig. 2. Comparison of the 2p2cni and the 2p2cni-shrink model: system state and
properties at one point in the clay layer (x = 0.05m, y = 2.6 m) over time
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5 Outlook onto Parameter Identification

To validate the model, the model results have to be compared to experimental
data. However, this raises the problem of parameter identification. As many
parameter values have to be determined, a complex parameter-identification
strategy is essential. The main parts of this parameter-identification strategy
are the experimental design and the application of inverse modelling.

The first step includes the development of a parameter-identification strat-
egy for a non-shrinking soil based on the two-phase two-component model. In
the second step, this strategy is transferred and extended to shrinking soils
and the extended two-phase two-component model. The main part of both
steps is the design of appropriate and efficient experiments.

So far, we have proposed an experimental set-up which will be run by
project partners at HTW Dresden this autumn.
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Summary. This paper presents the development and validation of a numerical
model for simulation of the flow of water and air and contaminant transport through
unsaturated soils. The governing differential equations include two mass balance
equations for the water phase and air phase together with a balance equation for
contaminant transport through the two phases. In the model the nonlinear system of
the governing differential equations was solved using a finite element method in the
space domain and a finite difference scheme in the time domain. The governing equa-
tion of the miscible contaminant transport including advection, dispersion-diffusion
and adsorption effects are presented. The model is validated by application to stan-
dard experiments on contaminant transport in unsaturated soils. The application of
the model to case study is then presented and discussed.

Key words: contaminant transport, unsaturated soil, finite element

1 Introduction

In recent years, interest in understanding the mechanisms and prediction of
contaminant transport through soils has dramatically increased because of
growing evidence and public concern that the quality of the subsurface envi-
ronment is being adversely affected by industrial, municipal and agricultural
waste. In assessing the environmental impacts of waste discharges, engineers
seek to predicate the impact of emission on contaminant concentration in
nearby air and water (Nazaroff and Alvarez-Cohen 2001). The high costs,
large time scales and lack of control over the boundary conditions have pre-
vented the development of field scale experiments (Hellawell and Sawidou
1994). In this paper, the main governing phenomena of the miscible contami-
nant transport including advection, mechanical dispersion, molecular diffusion
and adsorption are considered. The contaminant transport equation together
with the balance equations for flow of water and air are solved numerically
using the finite element method, subject to prescribed initial and boundary
conditions. The model is used to analyze the transport of a petroleum-based
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contaminant in a site in the south west of the UK. The results of the model
prediction are compared with those measured on the site. It is shown that the
developed model is capable of predicting the variations of the contaminant
concentration with time with a very high accuracy.

2 Governing Equations of Fluid Flow and Contaminant
Transport in Soil

There is a broad range of issues that are of interest in relation to transport
of contaminant in soils. The problem becomes more complex when the soil
is unsaturated. Unsaturated soil is a multiphase system, because at least two
fluid phases are present: water and air. The governing equations that describe
fluid flow and contaminant transport in the unsaturated zone will be presented
in this section.

2.1 Modeling of Water and Air Flow

The governing differential equation for water flow is based on the conservation
of mass of the ground water, leading to (Javadi et al. 2006):

cww
∂uw
∂t + cwa

∂ua
∂t = ∇[Kww∇uw] + ∇[Kwa∇ua] + Jw (1)

where

cww = cfw + cvw , cwa = cfa + cva , cvw = nSaKfw , cva = nSaKfa ,

cfw = −n(ρw − ρv)
∂Sw
∂s , cfa = n(ρw − ρv)

∂Sw
∂s , Kww =

ρwKw

γw
+Kvwρw ,

Kwa = ρvKa + ρwKva , Kfa = ρ0
∂h
∂ψ

∂ψ
∂s∇ua , Kfw = −ρ0

∂h
∂ψ

∂ψ
∂s∇uw ,

Kvw = −DatmsVvn
ρw

Kfw , Kva = −DatmsVvn
ρw

Kfa , Jw = ρw∇(Kw∇z) ,

in which n is the porosity of the soil, Kw is the conductivity of water [L][T]−1,
Ka is the conductivity of air [L][T]−1, Sw is the degree of saturation of wa-
ter, Sa is the degree of saturation of air, ρw is the density of water [M][L]−3,
ρv is the density of water vapor [M][L]−3, ρ0 is the density of saturated soil
vapor [M][L]−3, s is the soil suction [M][L]−1[T]−2, Vv is the mass flow fac-
tor, uw is the pore-water pressure [M][L]−1[T]−2, ua is the pore-air pressure
[M][L]−1[T]−2, Datms is the molecular diffusivity of vapor through air, γw is
the unit weight of water [M][L]−2[T]−2, ψ is the capillary potential, h is the
relative humidity and ∇z is the unit normal oriented downwards in the direc-
tion of the force of gravity. The governing differential equation for air flow is
based on the conservation of mass of the ground air, leading to (Javadi et al.
2006):
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caw
∂uw
∂t + caa

∂ua
∂t = ∇[Kaw∇uw] + ∇(Kaa∇ua) + Ja (2)

where

caw = caw1 + caw2 , caa = caa1 + caa2 , caw1 = −nρda(Ha − 1)
∂Sw
∂s ,

caa1 = nρda(Ha − 1)
∂Sw
∂s , caw2 = n(Sa +HaSw)cdaw ,

caa2 = n(Sa +HaSw)cdaa , cdaw = − Rv
Rda

Kfw , cdaa =
1

RdaT
− Rv
Rda

Kfa ,

Kaw =
Haρda
γw

Kw , Kaa = Ka∇uw , Ja = Haρda∇(Kw∇z) ,

in whichHa is the Henry’s volumetric coefficient of solubility, ρda is the density
of dry air [M][L]−3, Rda is the specific gas constant for dry air and Rv is the
specific gas constant for water vapour.

2.2 Modeling of Contaminant Transport

In porous media, contaminant transport occurs by various processes including
advection, mechanical dispersion, diffusion and adsorption. The mass balance
equation of contaminant transport can be written as [2]:

∂(θwcw)
∂t +

∂
∂t (θsρsKdcw) + ∇(vwcw) −∇(θwDw∇cw) + λwθwcw = Fw (3)

where θw is the volumetric water content, vw groundwater velocity [L][T]−1,
Dw the coefficients of dispersivity tensor [L][T]−1, λw is the reaction rate for
water [T]−1, cw contaminant concentration Kd is the distribution coefficient
and Fw is the source/sink term for water [M][L]−3[T]−1. In the case of sorption
the equation for the water phase is modified to include a retardation factor.
The principal assumption used in deriving a retardation factor is that water
is the wetting fluid so that the air phase does not have any contact with the
solid phase (Li et al. 1999). Therefore, the equation can be rewritten as:

∂(Rθwcw)
∂t + ∇(vwcw) −∇(θwDw∇cw) + λwθwcw = Fw (4)

where the retardation coefficient R =
[
1 + θsρsKd

θw

]
, ρs is the density of the

solid phase and θs is the volumetric content of the solid phase.

3 Case Study

The developed finite element model is applied to a case study involving trans-
port of a petroleum-based contaminant at a site in south west of England, in
order to study the potential for contamination from previous commercial use
as a fuel filling station and vehicle repair workshop.
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3.1 Site Descriptions

The local geology comprises Yeovil Sand beds to 60m depth, with Jurassic
limestone immediately to the north. The surface geology of the site includes
shallow, fine alluvial deposits containing organic matter, and layers of coarse
grained material, weathered limestone with limestone fragments. The site is
underlain by a major aquifer and is on the boundary of a fluvial floodplain,
having an annual flooding risk of 1%. The garage is adjacent to the junction of
two minor roads. It is surrounded by domestic dwellings, with a watercourse
approximately 10 m to the north and 2 m below forecourt level, draining to
the east. The plot is approximately 20 m by 20 m and consists of a building
formerly used as a shop and office, together with two attached workshops with
concrete floors, used for repairs and storage. Adjacent to the current office
entrance is a store containing two paraffin or light oil tanks, each of 1300
liters capacity. The forecourt is concrete surfaced above the fuel tanks, with
a tarmac and gravel access road to the rear. The fuel filling area is directly
adjacent to the public pavement and consists of four pumps. Five manhole
covers are nearby, at least two of which were found to provide access to fuel
storage tanks. Two surface drains are adjacent to the fuel filling.

3.2 Site Observation

A number of inspection covers are present on the site, providing access to
fuel tank fillers, pipe manifolds, water supply pipes and two surface drains,
with two further drains on the site periphery. Tests showed that one drain
adjacent to the fuel pumps discharges directly into an adjacent river which
represents an environmental receptor, which means that any spillages from
pump operation have a direct pathway to local surface water. Water present
beneath some inspection covers showed considerable contamination by heavy
oils.

3.3 Sampling

Eight boreholes were installed for monitoring groundwater as shown in Fig. 1.
These were all sampled at 0.3 m below groundwater surface to provide a
comprehensive sample containing possible dispersed and dissolved fuel com-
pounds. Such contaminants can be expected to show greatest mobility and
hence potential for migration off-site. Four monitoring boreholes had previ-
ously been installed to three meters depth, adjacent to the storage tanks and
pump areas. For the investigation, four additional boreholes were installed as
close as possible to the site boundaries. Installation points were selected to
surround the site as far as practicable, with emphasis on the north and west
boundaries, as observations suggest that groundwater is likely to flow in this
direction. The new boreholes, B5–B8, were of a similar design to the origi-
nal i.e., 50 mm diameter PVC, slotted from 1 m BGL, and were installed to
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Fig. 1. Plan of the site

a depth of five meters. Groundwater in the boreholes was allowed to equili-
brate and was sampled four days after installation. Water samples were taken
0.3 m below groundwater surface to exclude floating product, which may be
constrained on the site, and to detect dispersed and dissolved fuel compo-
nents which are more vulnerable to migration with groundwater. The river
was also sampled upstream and downstream of the site, adjacent to the site
boundaries.

3.4 Soil

During installation of the boreholes, soil samples were taken, where possible,
at a depth just below first water strike. Survey was initiated in January 2003
in order to assess the extent of contamination throughout the site and to assess
general groundwater movement. This survey found hydrocarbon contamina-
tion at all sample points within the site and around the periphery as shown
in Table 1. A section of the site, 40 m wide and 10 m deep, is analyzed using
the developed finite element model. The section is divided into 400 eight-node
quadratic rectangular elements. The transport of the contaminant by diffusion
and dispersion mechanisms is considered.

Fig. 2 shows, the distributions of contaminant concentration between Jan-
uary 2003 and September 2004. It can be seen that the contaminant concentra-
tion decreased gradually over this period of time from an initial distribution of
amplitude c = 115034 mg/l centered at x = 17.5 m. The figure also compares
the results of the model prediction with the measured values of contaminant
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Table 1. Analysis of contaminants in groundwater (January 2003)

Sample ID B2 B5 B6 B7

Total Petroleum Hydrocarbons (TPH) Mg/l 115034 22000 20100 2462

Fig. 2. Comparison between measured data and finite element model predictions

concentration recorded in September 2004. It is shown that the results of the
developed model are in very good agreement with field measurements, both
in terms of magnitude and trend of variations. After 16 months, the concen-
tration of contaminant in the soil reduced by 99.3% and the slight difference
between the measured and predicted concentrations could be attributed to
the errors in determination of coefficients of diffusivity and permeability as
well as the simplifications adopted in numerical modelling. Furthermore, con-
sidering the fact that a two-dimensional model was used to simulate a real
world complex problem, such small differences in predictions are inevitable,
expected and acceptable for practical applications.

4 Conclusions

This paper presented a numerical model for predicting contaminant trans-
port through soils. The model is capable of simulating several phenomena
governing miscible contaminant transport in the soils including advection,
dispersion, diffusion and adsorption. A transient finite element model was
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developed to solve the governing equation of contaminant transport together
with the equations for air and water flow. The numerical model was validated
by application to a case study involving transport of a petroleum-based con-
taminant at a site in south west of England. The model was used to study
the distribution of the contaminant with time and to evaluate the potential
and degree of contamination of the site from previous commercial use as a
fuel filling station and vehicle repair workshop. The results show that the de-
veloped numerical model is capable of predicting, with a very good accuracy,
the effects of various mechanisms of contaminant transport through soils.
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Summary. The paper discusses various models which have been proposed to sim-
ulate the hysteresis of the water retention curve. Three of these models were im-
plemented into a finite element computer program for flow in variably saturated
porous media and were applied to the solution of transient flow through a soil
column subject to drying-wetting cycles. The performance of these models was as-
sessed through comparisons with previously published experimental results. A linear
hysteresis model was shown to reproduce satisfactorily the experimental results, al-
though it was simple to implement and required minimal experimental data to be
formulated. Overall, the results indicate that the fact of including hysteresis in the
numerical model improved the predictions with respect to the case when single-
valued functions were used.

Key words: soil water characteristic curve, hysteresis, numerical modelling

1 Introduction

Fluctuations of the groundwater table result in changes in the water con-
tent and pore pressure profiles in the unsaturated soil zone. The relationship
between water content and pressure profile in the unsaturated zone upon con-
secutive drying and wetting cycles of the soil is not unique and may be subject
to considerable hysteresis. The wetting and drying behaviour of most natural
soils would be expected to lie within a main drying and a main wetting curve.
For several cycles of wetting and drying, scanning curves between the two
main wetting and drying curves also need to be calculated.

The amount of experimental work needed for the knowledge of the re-
wetting re-drying scanning curves when two or more wetting-drying circles
are involved is rather prohibitive. For this reason, several models for the scan-
ning curve description have been proposed in the literature. Physically based
models (the domain models), are classified into two categories, i.e. the in-
dependent domain models and the dependent domain models, based on the
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assumptions that they involve. According to the independent domain method
(e.g. Poulovassilis 1962, Mualem 1973) the draining or filling of each pore of
the domain is produced independently of the surrounding pores state and that
the water volume difference between the empty and the filled state of each
pore is independent of the pressure head. Only the pore geometry determines
the drying and wetting characteristics of each pore. Conversely, the dependent
domain models (e.g. Poulovassilis and Childs 1971, Mualem 1984) include a
domain dependence factor, such that the draining and wetting of each pore
be dependent on the state of the neighbouring pores (i.e. whether they are
water- or air-filled). These models, introduced as an improvement to the inde-
pendent domain models, are mathematically more complex and may require
more measured data than the former models (Mualem 1973, Jaynes 1984)).
For instance, the model by Mualem and Miller (1979) apart from the two
main wetting and drying curves requires knowledge of one primary scanning
curve at least. It is rare however, that such measured data are provided.

A simpler method for calculating the scanning curves is using linear-type
models. Such models, proposed very early in the literature (e.g. Hanks et
al. 1969), assume that the scanning curves can be approximated by straight
lines, the slopes of which depend upon the main wetting and drying curves.
Although crude, such models are attractive as they only require a minimum
amount of input data (i.e. only the main wetting and drying curves), they are
the easiest to formulate mathematically and implement in computer codes,
and they are computationally less intensive.

Previous research has investigated the comparative performance of vari-
ous hysteresis models based on the goodness of fit of experimentally obtained
curves (e.g. Jaynes 1984, Melgarejo-Corredor 2004). This includes a very re-
cent paper by Pham et al. (2005), which provided a thorough explanation of
models for the soil water retention curve hysteresis and a comparison of five of
these such models. The present paper attempts to investigate the importance
of considering hydraulic property hysteresis in engineering applications involv-
ing fluctuating shallow water tables. For this, numerical results from analyses
a) using a unique soil water characteristic curve and b) considering hysteresis
of the soil water characteristic curve, are compared to experimental results
of transient flow in a soil column. The hysteresis models used are a simple
linear hysteresis model for the scanning curves as well as two more complex
hysteresis models by Mualem (an independent domain model (Mualem 1973)
and a dependent domain model (Mualem 1984)).

2 Description of the Numerical Model

The basic equation governing flow of water through the soil is:
∂
∂x

(
Kx(ψ)

∂h
∂x

)
+

∂
∂y

(
Ky(ψ)

∂h
∂y

)
+

∂
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(
Kz(ψ)

∂h
∂z

)
= (βSs+ C(ψ))

∂h
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where h is the total head, ψ is the pressure head and Kx(ψ), Ky(ψ) and Kz(ψ)
the hydraulic conductivities in the x, y and z directions, respectively. Ss is the
elastic storage coefficient; β is equal to 1 for fully saturated conditions and
0 for unsaturated conditions and C(ψ) is the moisture capacity coefficient.
For the derivation of Eq. (1) flow was assumed to obey Darcy’s law in both
saturated and unsaturated zones.

To describe the form of the moisture retention and hydraulic conductivity
curves versus pressure head, the following expressions were used:

θ(ψ) = (θs− θr) A1

A1 + |ψ|n1
+ θr , (2)

K = KsΘδ . (3)

In Eq. (2) q is the volumetric water content and qs and qr stand for the
saturated and residual volumetric content respectively; A1 and n1 are fit-
ting parameters. In Eq. (3) Ks is the saturated hydraulic conductivity coef-
ficient, d is an empirical constant estimated as 3 by Abrishami (1987) and
3.5 by Irmay (1954); Θ is the normalised volumetric water content, defined as
Θ = (θ − θres)/(1 − θres). The specific moisture capacity C(y) is obtained by
differentiation of Eq. (2).

Three different methods to model soil water characteristic curve hysteresis
were considered and assessed, namely a linear model, an independent domain
model (Mualem 1973) and a dependent domain model (Mualem 1984). Due
to space limitations, a detailed description of the models and their computer
implementation will not be provided. Details can be found in (Mavroulidou
1999). Note that hysteresis of the K(θ) curve was not considered, as this is
usually shown to be negligible (Topp 1971).

3 Numerical Analyses

3.1 Geometry, Material Properties and Boundary Conditions

To check the importance of accounting for hysteresis in engineering applica-
tions, experimental results found in Abrishami (1987) were checked against
numerical results. These results were for transient, one-dimensional flow in a
34 cm medium sand column with variable boundary conditions (causing al-
ternating drying and wetting of the porous medium). The material properties
were: qs = 0.359, qr = 0.02 and Ks = 0.106 cm/s. In Eq. (2), A1 = 12 × 106

and n1 = 5.82 for the drying curve, as fitted by Abrishami (1987). For the
linear model, scanning curves obtained experimentally by Abrishami (1987)
were used to find the slope of the scanning lines. The slope of the intermediate
scanning curves was assumed to be the same as that of the nearest overlying
experimentally measured scanning curve.
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The initial and boundary conditions were the following:
t = 0, 0 cm ≤ z ≤ 34 cm, h = 17.6 cm;

t ≥ 0, z = 34 cm, ∂h
∂z = 0

First drying:
t = 1 min, z = 0 cm, h = 11.8 cm;
t = 2 min, z = 0 cm, h = 5 cm;
2.5 min ≤ t ≤ 14 min, z = 0 cm, h = 0 cm;

First re-wetting:
t = 15 min, z = 0 cm, h = 12 cm;
15.5 min ≤ t ≤ 24 min, z = 0 cm, h = 17.6 cm;

First re-drying:
t = 25 min, z = 0 cm, h = 8.5 cm;
t ≥ 26 min, z = 0 cm, h = 0 cm

3.2 Presentation and Discussion of Results

Due to space limitations only indicative numerical results will be presented.
A more detailed description can be found in Mavroulidou (1999). The numer-
ical results for the first drainage (using the drying curve) show satisfactory
agreement with the experimental results (Fig. 1).

However, for subsequent re-wetting, the results based on a unique curve
(no hysteresis) show faster rates of evolution than the experimental results.
Conversely, when hysteresis is considered the results are in closer agreement
with the experimental results (Fig. 2), with the linear model being slightly
better. Note that only one of Mualem’s models is represented (Mualem 1973)
in Fig. 2 as in this instance the differences between the results derived by the
two Mualem’s models were very small.

Similar observations can be made for the first re-drying results: when the
drying curve is used throughout the analysis the results tend to show faster
rates of evolution than those found form the experimental results. The linear
model gives in general results closer to the experimental. In this case, the per-
formance of Mualem’s models was not as good as in the first re-wetting case.
However, the hysteresis models still gave overall results closer to experimen-
tal observations than the those derived from the drying curve (i.e. when no
hysteresis was accounted for). Again only one of Mualem’s models is shown
in Fig. 3 as overall, the differences were very small, except at the last two
time levels. Note that when Mualem’s (1984) method was used, some slight
numerical instabilities in the results were observed for the last time level.

Based on the results, the overall behaviour of the linear model for the
scanning curves is judged to be satisfactory. Conversely, the accuracy of Mu-
lalem’s models for the secondary scanning curves needs further investigation.
The better relative performance of the linear model may be surprising as the
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Fig. 1. Transient flow through 1-D sand column: Initial drainage

Fig. 2. Transient flow through 1-D sand column: First re-wetting, t = 16 min
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Fig. 3. Transient flow through 1-D sand column: First re-drying, t = 28 min

representation of the scanning curves by straight lines is crude. The results
however confirm previous observations Jaynes (1984), that more sophisticated
hysteresis models (e.g. Mualem 1974) did not provide a good representation
of the scanning lines. Additionally, a “pumping effect” was observed for some
more complex models (e.g. Dane and Wierenga 1975) as opposed to the linear
model, i.e. a decrease in the predicted soil-water contents during the initial
pressure fluctuations until some stable water content configuration is reached.
This is a numerical artefact rather than a real property of the soils

It should be noted that the results and related conclusions refer to shallow
water tables. Moreover, the porous medium was assumed to be rigid.

4 Conclusions

The results point at the importance of including hysteretic behaviour of the
medium in models of flow through variably saturated soils. The linear hys-
teresis model was shown to reproduce satisfactorily experimental results of
seepage, and perform better than more sophisticated models. The use of the
linear model in numerical models could therefore be advantageous, as it is
simple, computationally less intensive than other models and does not require
a large amount of experimental data to be formulated.
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Summary. This paper presents a study on the residual shear strength of a plastic
clay (Boom clay) under high suction. The device, an adaptation of Bromhead ring
shear apparatus to allow for suction control during shearing, is first described and
the experimental procedure detailed. Then, results of shear strength measured under
a suction equal to 70MPa, several vertical stresses and different shearing history
(first-shearing and shearing on pre-sheared samples) are presented and discussed.
They evidence a huge increase in the residual friction angle whose value is 15◦

greater than that measured in saturated conditions and a highly dilatant response
during first-shearing. ESEM micrographs performed on samples sheared in saturated
and unsaturated conditions suggest that such a response can be explained by the
character more granular of the dry material as a result of particle aggregation.
Comparison with results obtained by Vaunat et al. (1981) on a low-plastic clay
indicate that this effect is enhanced by the plasticity of the clay.

Key words: unsaturated soil, residual strength, laboratory testing

Introduction

The importance of residual strength of soils is well-recognized in problems like
reactivation of landslides (Skempton 1964), pile friction resistance (Lehane
and Jardine 1992), foundations on stiff clays, earth dams (Alonso 1998), etc.
Most of the experimental work done in this domain refers to the testing of
clayey materials in the direct shear box, the conventional (Bromhead 1979)
and modified (Anayi et al. 1989) Bromhead ring shear apparatus. It is now
of general acceptance that the residual strength in saturated conditions is
characterized by null cohesion and a friction angle that depends on the level
of normal stress (Skempton 1985, Stark and Eid 1994), soil grading (Skempton
1964, Kenney 1967, Lupini et al. 1981, Skempton 1985), particle mineralogy
(Mitchell 1993), rate of shearing (Tika et al. 1996) and pore water chemistry
(Di Maio 1996a,b, Chighini et al. 2005). Residual strength of unsaturated
clay has been surprisingly never studied, maybe because of the belief that the
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mechanical effect of suction is due to the existence of water menisci and that
such menisci do not exist across shear surface characterized by large relative
displacements. Notwithstanding, Vaunat et al. (1981) have shown in a recent
work that the friction angle of a low plastic clay may experiment an increase
of 5◦ when the soil is subjected to high suctions.

This paper is devoted to a continuation of this study. It presents and dis-
cuss experimental results obtained on a medium plastic clay subjected to high
suctions. The device is essentially the same as the one proposed by Vaunat et
al. (1981) but with a new system to isolate the box from the room atmosphere.
Material tested is Boom clay, a tertiary clay with LL = 55% and Ip = 28%.

In a first part, the paper presents the features of the suction-controlled
ring shear apparatus. Afterwards the preparation of the material and the pro-
cedure followed to test the clay are detailed. Results obtained for the residual
strength of the clay are then described and discussed in the light of the change
in microstructure that occurs when the soil is dried. Some preliminary con-
clusions are finally drawn.

Test Procedures

The test device is a Bromhead apparatus adapted to control suction by vapour
transfer during the shearing stage (Vaunat et al. 1981). Figure 1 shows a pic-
ture of the general system. The shear box is isolated from the ambient atmo-
sphere by a glass-cap and connected to a circuit of forced convection of vapour.
Relative humidity (Rh) is controlled by circulating the air above a solution
saturated in salts of different types. Relativity humidity and temperature in-

Fig. 1. Adapted general system to control suction on Bromhead ring shear apparatus
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Fig. 2. Retention curve of Boom clay (see Lima et al. 2006)

side the chamber are registered by a transmitter HMT330 (accuracy of ±1%
between 0 and 99% and ±2% between 99 and 100%) during the entire test
together with the vertical displacement of the upper box. Shear resistance is
measured during the shearing stage. The material tested is a clay of medium
plasticity (Boom clay). Its liquid limit is equal to 55%, plasticity index 28%
(Lima et al. 2006) and particle density 2.7 Mg/m3. The retention curve of the
material for drying and wetting paths (Lima et al. 2006) is shown in Fig. 2. It
is worth noting that suction changes for values higher than 35 MPa are related
to little variations in gravimetric water content.

Sample is prepared at its plastic limit in the remoulded state. It is placed
in the shear box and left equilibrates under a given vertical stress. Afterwards
suction is imposed by putting on the vapour convection system.

Equilibrium Stage

Figure 3 shows and example of stabilization evolution for a sample loaded at
37.5 KPa of normal stress. Three different stages can be recognized.

The loading stage characterized by a short consolidation stage of one day.
The application of suction, done by connecting the air circuit to a recipient

with a relative humidity equal to 75% (value prevailing above saturated aque-
ous solution of NaCl). During this stage, sample experiments an important
vertical compressive strain equal to 14%. It is assumed that suction equili-
bration is achieved when compression stabilizes, that is almost 14 days after
suction application.
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Fig. 3. Vertical displacement evolution during consolidation, suction equilibration
and early stage of shearing

The shearing stage, performed at a rotational speed of 0.12◦/min during
four days. Sample exhibit a sudden high dilatancy during the early stage of
shear process.

Shearing Stage

During shearing, the relative humidity and the temperature were measured
inside the glass-cap. Results indicate that the average relative humidity inside
the shear box is typically 20% lower than that prevailing above the NaCl solu-
tion and fluctuates with time. The variation of Rh measured during shearing
on a pre-sheared sample under a vertical stress equal to 37.5 kPa is shown in
Fig. 4. Values oscillate between 47% to 59%. Such a fluctuation is accompa-
nied by a variation in suction that reaches temporally 30 MPa. Nevertheless,
the value of shear strength measured during the same interval of time has re-
mained very stable. This surprisingly low variation in strength can attributed
to two reasons: 1) according to the retention curve, the change in water con-
tent for suction varying between 60 and 90 MPa is very small (ω remains
between 5 and 6%); 2) Rh fluctuations are too fast to develop properly inside
the sample. The value of the shear strength is thus considered to be essentially
controlled by the suction prevailing at the end of the equilibration stage that
is 70 MPa in average.
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Fig. 4. Relative humidity, temperature, suction and shear strength evolution for
pre-sheared sample at 37.5 kPa of normal stress

Fig. 5. Relative humidity, temperature, suction and shear strength evolution for
pre-sheared sample at multi-load steps

Test Results

Two tests were realized at an average constant suction equal to 70 MPa. During
the first test (Test A), seven shearing stages (numbered from A1 to A8 in the
remaining text) were conducted sequentially under vertical stresses equal to
300, 200, 100, 37.5, 87.5, 100, 200 and 300 kPa, respectively. During the second
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test (Test B), sample was sequentially sheared by stages under a vertical
stress equal to 87.5 (stage B1), 37.5 (stage B2) and 87.5 kPa (stage B3). Total
displacement applied during each stage is shown in Fig. 6.

Fig. 6. Displacement-vertical load path applied during the tests

Results of the tests are depicted in Figs. 7, 8 and 9. During first-shearing,
both samples exhibit a dilatancy and brittle behaviour (Stage A1 in Fig. 7,
Stage B1 in Fig. 8). The loss of strength measured during Test A under a ver-
tical stress σ′

n = 300 kPa is equal to 240 kPa. Corresponding dilatancy appears
to be very high: a vertical upward displacement equal to 0.25 mm, which is 5%
of the height of the sample is registered exactly at time of peak development.
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Fig. 7. Test A: shear stress and vertical displacement vs horizontal displacement
for the first shearing stage under σn = 300 and the following stages under σ′

n = 200,
100, 37.5 and 300 kPa

It has been impossible to capture the softening branch in this test, because
both the drop in strength and the dilatancy occurred abruptly between two
consecutive measurements, separated only by a time interval of 1 s (increment
of displacement 0.05 mm). Afterwards, strength stabilizes while displacement
slowly decreases of some percent of millimetre. A similar response is observed
during the first-shearing stage of Test B (σ′

n = 37.5 kPa). As shown in Fig. 8,
the loss of strength is however more progressive: a decrease of 12 kPa is regis-
tered during a displacement increment equal to 2.7 mm. These observations are
consistent with those realized on Barcelona silty clay (Ip = 14%) at different
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Fig. 8. Shear stress vs displacement curve for σ′
n = 37.5 kPa

Fig. 9. Shear stress vs displacement curve for σ′
n = 87.5, 100 and 200 kPa

suctions (Vaunat et al. 1981). Tests on both materials evidence the enhance-
ment of dilatancy and brittleness by suction increase during first-shearing.

When shearing is applied on a pre-sheared sample (Stage A2, A3, A4 and
A8 in Fig. 7, Stage B2 and B3 in Fig. 8), the dilatant and peak response of
the material disappears. Comparison with results of first-shearing indicates
moreover that the value of the residual strength measured on pre-sheared
sample is close to that obtained at the end of first-shearing under the same
vertical stress (see comparison between stage A1 and A8 in Fig. 7, Stage B1
and B3 in Fig. 8). This fact, already quoted in Vaunat et al. (1981) for the
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Fig. 10. Residual shear resistance envelopes for saturated and unsaturated Boom
clay and Barcelona silty clay

case of a Barcelona silty clay, indicates that the residual strength at a given
suction depends only on the applied normal stress and not on the shearing
history. The comparison of the shear strength between two stages performed
on pre-sheared sample with the same vertical stress but different displacement
history is shown in Fig. 9. It confirms the independence of the residual strength
on the shearing history for the samples studied.

The residual shear envelopes of Boom clay at a suction of 70 MPa is plotted
in Fig. 10. On the same figure, the residual strength measured in the same
apparatus on a saturated sample is indicated. Results are compared with those
obtained by Vaunat et al. (1981) on a Barcelona silty clay (CF = 30%, Ip =
14%). Both envelopes are characterized by a null cohesion and a friction angle
φ′r that appears to be constant for the range of normal stress applied during
the tests. An appealing result is the huge increase of the residual friction angle
experimented by the clay during drying. From this first results, φ′r appears to
change from 13◦ in saturated conditions to 28◦ at 70 MPa of suction. On the
other hand, Barcelona silty clay plasticity clay appears to have an increment
from 19.6◦ in saturated conditions to 22.8◦ at 75 MPa of suction. Both results
suggest that suction plays an important role for the residual strength of clay
and that this effect is highly conditioned by the plasticity of the clay.

Two ESEM micrographs of Boom clay material are shown in Fig. 11. The
scale indicated in each picture is 25 nm, which is of the order of clay aggregates
(Chighini et al. 2005). The saturated material sheared in saturated conditions
(Fig. 11a) presents a relatively homogeneous structure with no clear devel-
opment of inter-aggregate porosity. Sample sheared under 70 MPa of suction
presents a different picture. Large interstices isolating clusters appear to be
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developing, in a process that is expected to come out into the generation of
clay aggregation. Such a change in microstructure would have an effect on
both the grading and the plasticity of the clay.

a) b)

Fig. 11. ESEM micrographs of a) saturated and b) unsaturated Boom clay after
shearing

The residual friction angles measured on saturated and unsaturated sam-
ples of Boom-clay and Barcelona silty clay are indicated on Fig. 12 reported
by Lupini et al. (1981), that show the correlation obtained by several authors
between φ′r, the clay fraction and the plasticity index of a wide range of clay
materials. Points corresponding to the saturated sample of Boom clay and
Barcelona silt in Fig. 12a are close to the lower bound proposed by Skempton
(1985) while points corresponding to unsaturated samples are located near
the upper bound. This seems to indicate that the material becomes more
granular during the drying process, which would also give an explanation to
the dilatant response observed on unsaturated sample during first-shearing. A
similar conclusion can be drawn from the Fig. 12b. In this case, application of
suction appears to have effect similar to that of a reduction in the plasticity
of the material.

Conclusions

The Bromhead ring shear apparatus have been adapted to control suction
during shearing and a series of tests realized on a medium plastic clay (Boom
clay) in saturated and unsaturated conditions. Results indicate that:
• Residual strength in unsaturated conditions is independent of the stress

history.
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(from Lupini et al. (1981))

Fig. 12. Plot on the figure reported by Di Maio (1996b) of the relationship between
residual friction angle and a) clay fraction, b) plasticity index for the samples of
Boom clay and Barcelona silty clay in saturated and unsaturated conditions

• During first shearing, sample is contractant in saturated conditions and
highly dilatant for a suction equal to 70 MPa. Dilatancy disappears when
the sample is pre-sheared.

• The increase of the friction angle due to suction is huge (+15◦) and much
higher than that observed on a low plasticity clay (Barcelona silty clay)
by Vaunat et al. (1981).
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These results suggest that suction application develops aggregation of par-
ticles, which leads the sample to behave like a more frictional material during
shearing. This hypothesis could explain the increase in residual friction angle
observed during the unsaturated tests as well as the occurrence of high dila-
tancy during first-shearing. Further research is necessary to analyze in detail
the change in clay grading and plasticity due to drying and its consequence
in terms of mobilized strength.
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Summary. Numerical analysis of thermo-hydro-mechanical (THM) coupled prob-
lems leads to an extremely high computational expense. This work is devoted to
reduce such computational expense by parallel computing methods. To this pur-
pose, parallelization is applied to the most time consuming portions of finite element
simulations, i.e. assembly of linear equation systems (LES) and solving them. Since
an iterative solver is adopted in the present study, the sub-structuring technique
of domain decomposition plays an important role in both assembly and solving of
LES. Three principles of the parallelization procedure are: (1) all processes of a
coupled problem share a unique finite element mesh; (2) this mesh is discretized
into sub-domains, each of them are established with mesh topology for both linear
and quadratic interpolation, the assembly of linear equation systems is performed in
sub-domains and is distributed to the involved processors (CPU-nodes); (3) matrix-
vector multiplications, which are the basic computational operations in an iterative
solver, are split to sub-domain level and are also performed by the involved proces-
sors concurrently. The parallel FEM is applied successfully to the solution of a THM
coupled problem in partially saturated bentonite which are used as buffer material
in geotechnical sealings.

Key words: parallel computing, finite element method, thermo-hydro-mechanical
(THM) coupled problems

1 Introduction

Thermo-hydro-mechanical (THM) coupled processes in porous media are very
important in many geotechnical engineering problems (Schanz 2004). A rep-
resentative example is nuclear waste disposal. Nuclear waste repositories are
constructed in deep geologic underground. Normally, the radioactive waste
will generate heat for a long period of time with temperatures over 100◦C.
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Possibly, subsurface fluid flow may be developed and gas will be produced due
to the heating effects. The coupling of thermal and hydraulic processes can
cause mechanical damage in the near field of the host rock mass. To assess
the safety of the underground repositories, the problem needs to be addressed
as a thermo-hydro-mechanical (THM) coupled problem (Lewis and Schrefler
1998, de Boer 2005, Stephanson et al. 2003, Ehlers and Bluhm 2002, Kolditz
et al. 2004). Although some commercial tools are already available, there is
a tremendous demand in the development of fully coupled and, in particular,
efficient THM codes which are able to deal with real world problems.

From the mathematics point of view, the coupled processes lead to a cou-
pled initial-boundary-value-problems (IBVP) and the numerical simulation
comes down to solve such multi-field IBVP approximately. Among the avail-
able numerical methods, the finite element method enjoys a firm theoretical
foundation that is mostly free of ad hoc schemes and heuristic numerical ap-
proximations and therefore is so far the most employed numerical method
to treat THM coupled problems. However, the computational costs must be
taken into consideration when conducting simulations of THM coupled prob-
lems because of the increased degree of freedom and because of the strongly
nonlinear behavior. There are several ways to improve the computational effi-
ciency such as developing novel and efficient computing techniques, optimiz-
ing memory management in the code, and parallelization techniques. Among
them, parallel computing provides the most powerful speedup for finite ele-
ment simulations (Topping and Khan 1996). Thanks to the decreasing hard-
ware cost in the past years, the parallel computation becomes much more
attractive for research in computer science (Salinger et al. 1994, Fujisawa
et al. 2003, Shioya and Yagawa 2005, Tezduyar and Sameh 2006).

In this work we present a parallel finite element method in order to improve
the computational efficiency of numerical THM simulations.

2 Mathematical Background of THM Coupled Problems

Thermo-hydro-mechanical (THM) coupled processes in partially saturated
porous media are described by the following initial boundary value problems
(IBVP).

2.1 Flow process

We consider a general case of a flow problem in unsaturated deformable porous
media. With the classical Darcy’s law, the balance equations of fluid phase
mass are given by

∂(nSγργ)
∂t −∇ ·

[
nSγ

(
kγrelk
μγ (∇pγ − ργg)

)]
+ ∇ · (nSγργu̇) = Qγf (1)
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for any point x ∈ Ω ∈ R
n with n dimension of the real space, γ gaseous

or liquid phase, Sγ saturation, p pressure, ρ density, n effective porosity of
porous media, μ fluid viscosity, k intrinsic permeability tensor, kγrel relative
permeability, g gravity acceleration and Qγf denotes source/sink terms. The
unknown field functions of eqn. (1) to be solved are fluid phase saturation Sγ
and fluid phase pressure pγ . Fluid mass balance is coupled to the deformation
of the porous medium (third term in eqn. (1)). u is solid displacement.

With constitutive equations for fluid density, capillary pressure and rel-
ative permeability, the balance equations (1) are closed (Kolditz 2002). The
boundary conditions for this problem can be Neumman type as

qγf · n = qγΓ , ∀ x ∈ ∂Ω (2)

or Dirichlet type as

pγ = pγΓ , Sγ = SγΓ , ∀ x ∈ ∂Ω . (3)

This type of IBVP can be solved with the corresponding initial conditions
of unknowns.

2.2 Heat Transport Process

Consider advective and diffusive fluxes, the heat transport in multi-phase
porous media is given by

phase∑
γ

(ργCγp )
∂T
∂t −∇

[
Ke∇T + n

phase∑
γ

(ργCγp )Tv

]
= QT (4)

where Ke is the heat conductivity, T is temperature, Cγp is specific heat ca-
pacity of fluid phase, vγ is fluid phase velocity and QT are heat sources. The
boundary conditions are given by

qT · n = qT|Γ , or T = TΓ , ∀ x ∈ ∂Ω . (5)

The initial conditions is defined by

T (x) = T0(x) , ∀ x ∈ Ω . (6)

2.3 Deformation Process

Deformations in porous media can be described by the momentum balance
equation in the terms of stress as (Lewis and Schrefler 1982)

∇ ·
(
σ −

phase∑
γ

Sγpγ I

)
+ ρg = 0 (7)
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where σ is the effective stress of porous medium, I is identity tensor. In the
present study, the traditional sign convention for stress and fluid pressure is
used. Density of porous media consists of the portion contributed by liquid
l and by the portion contributed of solid as ρ = n

∑phase
γ ργ + (1 − n)ρs.

Displacement u is the primary variable to be solved by substituting the con-
stitutive law for stress-strain behavior

σ = C ε

ε =
1
2
(∇u + (∇u)T

) (8)

with C, a forth order material tensor and ε, the strain. Superscript T means
the transpose of matrix. The deformation problem can be considered as a
boundary value problem with boundary conditions given by

σ : n = t or u = uΓ , ∀ x ∈ ∂Ω . (9)

3 Sub-Domain Finite Element Method

The sub-domain FEM consists of two steps (1) derivation of the weak FE
formulations (Sect. 3.1) and (2) the sub-domain assembly (Sect. 3.2).

3.1 Weak forms

The method of weighted residuals is applied to derive the weak formulation
of the all governing equations given in Sect. 2.

Assume Vn ⊂ H1
Γ (Ω)n is the test function space. For all w ∈ V1, we have

the weak form of the mass balance equation (1) as
∫

Ω

(
∂(nSγργ)

∂t + ∇ · qγf + ∇ · (nSγργu̇) −Qγf
)
w dΩ = 0 . (10)

Applying integration by parts, equation (10) can be rewritten as
∫

Ω

∂(nSγργ)
∂t w dΩ −

∫

Ω

qγf · ∇w dΩ +
∫

Γ

qγf · nw dΓ

−
∫

Ω

Qγfw dΩ +
∫

Ω

∇ · (nSγργu̇)w dΩ = 0 . (11)

Under the same assumption, the weak form of heat balance equation (4)
can be obtained as
∫

Ω

phase∑
γ

(ργCγp )
∂T
∂t w dΩ −

∫

Ω

qT · ∇w dΩ

+
∫

Γ

qT · nw dΓ −
∫

Ω

QγTw dΩ = 0 . (12)
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Taking account of nonlinearity, the weak form of the momentum balance
equation (7) must be fulfilled throughout the load history, i.e.,

∫

Ω

1
2
(σ−

phase∑
γ

SγpγI) : (∇w+(∇w)T) dΩ−
∫

Ω

wT ·ρg dΩ−
∫

Γ

wT ·t dΓ = 0

(13)
for all w ∈ Vn, n = 2, 3.

3.2 Sub-Domain Assembly

We use the Galerkin approach to deal with the above weak forms of balance
equations, which are discretized in the finite element space. Assuming the
mesh of domain Ω is discretized into m sub-domains, Ω = Ω0∪Ω1∪· · ·∪Ωm,
local equation systems are assembled in sub-domains with sub-domain mesh
topology and incorporating initial and boundary conditions. This leads to
equation systems for sub-domains Ωi

Api p = bpi
ATi T = bTi
Aui u = bui

(14)

where p, T and u are unknowns of fluid pressure, temperature and displace-
ment, Api , ATi and Aui are stiffness matrices, bpi , bTi and bui are right hand
sides of fluid flow process, heat transport process and deformation process,
respectively. Since all variables are approximated by admissible finite element
functions in the Taylor-Hood finite element space, i.e, low order interpolation
for pressure and temperature variables and high order interpolation for dis-
placement, respectively, the dimension of stiffness matrix Aui is n times of the
dimension of Api or ATi .

4 Parallelization of THM Coupled Processes

4.1 Parallelization Concept

The present study deals with the parallel finite element simulation of THM
coupled problems. Basically, the principle computation time during a finite el-
ement simulation is spent in local/global assembly and solving linear equations
arising from finite element discretization of bilinear forms of the corresponding
IBVP (Sect. 2). As an inception study, the strategy of parallelization of the fi-
nite element analysis is aimed to parallelize local/global assembly and solving
linear equations. The basic technique of such parallelization concept is to split
the equation systems into a number of subsystems, cast the computation of
subsystems to a number of processors (CPU nodes) concurrently and collect
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results from processors after all local computations are finished. Applying this
technique to the FEM leads to a so called sub-structuring technique of domain
decomposition (Farhat and Roux 1991, 1992). With the domain decomposition
approach, sub-domains are discretized first from the original complete mesh.
The mesh topology of those sub-domains has to be established. Then the split-
ting of the global equation systems is realized by performing global assembly
in these sub-domains based sub-domain mesh topology. This distribution task
is casted to processors concurrently. Up to this stage, we have split stiffness
matrices and RHS vectors which are stored in the memory. The last step is to
solve the linear equation system. For an iterative Krylov solver, the principle
computations are multiplications of the system matrix by some vectors. Since
the system matrix and right-hand-side (RHS) vector have been already split
by sub-domains and since the system matrix is kept untouched during solver
iterations, the computation of stiffness matrix multiplied by a vector is carried
out by the means of computing multiplications of sub-domain matrices and
vectors in the different processors concurrently. The communications among
the processors to accumulate results of vector entries associated with element
nodes at borders are related to sub-domains. It is assumed that all processes
of a THM coupled problem share a unique mesh of domain. However, number
of element nodes are different for thermal/hydraulic processes and deforma-
tion process, respectively. The so called Taylor-Hood finite element space has
to be used due to the requirements of numerical stability and accuracy (Kor-
sawe et al. 2006, Wang and Kolditz 2006). This is a specific problem of THM
systems. A staggered (partitioned) scheme is applied to deal with the process
couplings, i.e. the T/H/M processes are solved sub-sequentially in an iterative
way.

4.2 Implementation of the Parallelization Algorithm

The implementation of the parallel finite element method is conducted with
(MPI) within the framework of the open-source scientific software GeoSys/
RockFlow (Kolditz et al. 2006).

We consider geometric parallelism, i.e., all involved processors run the same
code for a parallel simulation and inter-processors communication is possible.
Moreover, such simulations follow in a mainly procedure of reading data, con-
structing mesh topology of the whole domain, configuring variables for each
process of THM coupled problems, allocating memory for sub-domain equa-
tions systems, constructing mesh topology of sub-domains, computing THM
results at time steps and parallel processing of results output (Fig. 1). Within
each time step, T, H and M processes are simulated individually embedded in
a staggered coupling iteration. For such a scheme results are obtained by the
classic procedure of assembling sub-domain equation system with initial and
boundary conditions, solving linear equation system and probably going back
to the assembling step if nonlinearity being considered. During the addressed
procedure, three tasks in the simulation such as construction of sub-domain
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Fig. 1. Schematic of parallel finite element method

mesh topology, assembly of sub-domain equation systems and solving of the
linear equations, can be distributed to the involved processors during a paral-
lel simulation by sub-domains. The parallel performance of the first two tasks
can be realized by just casting the computation in each sub-domain to differ-
ent processors without any communication among processors. While, solution
of linear equation systems can be obtained by performing a serial sub-domain
matrix-vector multiplication in different processors and collecting multiplica-
tion results if entries of vectors are associated with element nodes at borders
among sub-domains. As a prior condition to solve linear equation in such
manner, Krylov space solver must be employed because that the multiplica-
tion of matrix and vector is its principle computation and the matrix itself
kept unchanged. As for the linearized equations of THM processes, such sub-
domain matrix-vector multiplication can be Api x

p
i , ATi xTi or Aui xui . During

the iteration steps of linear solver, communication among processors is re-
quired to update the solution. Figure 1 illustrates the procedure of parallel
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domain decomposition FE simulation. This parallelization is realized in MPI
environment.

5 Test example

As a test example for THM coupled processes in an unsaturated porous
medium, thermal biaxial test of a bentonite sample is analyzed. The geome-
try of the example is a rectangle with a size of 0.1 × 0.34 m. The domain is
discretized into 340 quadrilateral elements with 385 nodes for the modeling
of T and H processes and more than 385 nodes for the deformations analysis.
Initial and boundary conditions are depicted in Fig. 2. Displacement load is
prescribed on the top boundary increasing from 0 to 0.048 m within 100 time
step with step size of 0.01 day. A segment of the bottom surface is assigned
with constant temperature of 385◦C. The whole domain is partially saturated
with saturation of S = 0.65 and T = 25◦C at the beginning of the simula-
tion. Measured soil-water-characteristic curves are used in order to describe
the thermo-hydraulic behaviour. Material properties and capillary pressure –
as well as relative permeability – saturation functions, can be found in Wang
and Kolditz (2006).

The example is simulated with 1, 2, 3, 4, 5 and 6 sub-domains, respectively,
at a small Linux cluster. The number of involved processors is identical to the
number of sub-domains for each simulation. The speedup is demonstrated in
Fig. 3. The ratio of speedup vs number of processors is not constant. This
is due to the time consumption by the communication among processors. A
contour plot of results of saturation, temperature and vertical displacement
is shown in Fig. 4.

Fig. 2. Boundary conditions of THM problem
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Fig. 3. Speedup of parallel FEM simulation of the THM test problem
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Fig. 4. Results of THM coupled simulation

6 Summary and Conclusions

A parallel finite element method (P-FEM) for the analysis of thermo-hydro-
mechanical (THM) coupled processes in unsaturated porous media was de-
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veloped and presented for a test example. The P-FEM is based on domain
decomposition techniques. The global equation system of each THM process is
split to sub-domains by the means of parallel sub-domain assembly of matrices
and vectors. The iterative solver uses these sub-domain matrices and vectors
directly to compute multiplication of matrix and vector to obtain the solution
of the linear equation systems. The THM coupling is handled by the staggered
scheme. The implementation of the P-FEM was done with MPI support. A
THM test case is presented which was computed at a small Linux (6 CPU
nodes) cluster. To our knowledge, the presented results are the first speedup
measurements for THM coupled problems in partially saturated porous me-
dia. The achieved speedup has to be compared with results on larger clusters.
This will be the next step for future work.
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Summary. The paper describes the outline of an object-oriented parallel finite ele-
ment code for unsaturated soils currently developed at Durham University. Parallel
iterative solvers based on domain decomposition methods are employed for the solu-
tion of the global system of equation, such as the preconditioned conjugate gradient
(PCG) method and GMRES. A generic Element class is defined, which is capable
of simulating various geotechnical problems.

Key words: finite element method, coupled problems, parallel computing

Introduction

The analysis of geotechnical problems in unsaturated soils often requires fully
coupled analyses involving interaction of three phases and strongly nonlinear
material behavior. Besides, most geotechnical problems cannot be accurately
studied in two dimensions and they need instead three-dimensional models.
Three-dimensional analysis and the non linearity of the governing differential
system increase the amount of computation beyond the capabilities of any
single personal computer. Alternative approaches are therefore required such
as the parallelization of algorithms by using a cluster of computers working
simultaneously.

The finite element implementation of coupled differential systems often
results in large codes which might become unmanageable if not well designed.
The introduction of object-oriented programming (OOP) enables writing of
large and complex codes in an efficient, reusable, and extensible way. In the
last decade many finite element codes in a wide range of disciplines were
written by using OOP languages like C++, Java, etc. (Dubois-Pelerin and
Zimmermann 1993, McKenna 1997) while parallel frontal techniques were
used (Thomas et al. 1988, Wang and Schrefler 1998) to reduce computational
time in multi-physical problems. The reader may consult Mackerle (2004) for
an extensive list of references on the application of OOP to finite elements.
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This paper describes a parallel finite element code for coupled multi-physics in
unsaturated soils developed by using Domain Decomposition Methods (DDM)
and object-oriented techniques.

The Mathematical and Physical Problem

Unsaturated soil is a three-phase porous medium consisting of solid grains,
pore liquid and pore gas. In this work it is assumed that the gas phase only
contains air whereas the liquid phase contains liquid water and dissolved air.
The coupled study of liquid flow, gas flow and mechanical equilibrium re-
quires the statement of governing differential equations as well as constitutive
relationships between physical variables and primary unknowns. Governing
equations are given by the equations of water and air mass balance and me-
chanical equilibrium as follows:

∂nSwρw
∂t + div(ρwvw) = 0 , (1)

∂
∂t [nρg(1 − Sw +HSw)] + ∇ · [ρg(vg +Hvw)] = 0, (2)

(σij − δijug),j + ug,i + bi = 0 (3)

where n is porosity, Sw is water saturation, ρw and ρg are the water and gas
density, respectively, vw and vg are the water and gas fluxes, respectively, H
is Henry’s constant, σij is the total stress, ug is pore gas pressure, δij is the
Kronecker delta symbol and bi is the body force.

After spatial discretization by Galerkin finite element method, the above
equations are reduced to the algebraic system of Eq. (4), whose matrix and
vector coefficients are discussed in detail in Gens et al. (1995). The primary
unknowns of pore water pressure uw, pore gas pressure ug and displacement u
appear in all equations making the problem fully coupled. This system is non-
linear and the matrix coefficients depend on the primary unknowns through
constitutive equations, e.g. the degree of saturation included in the coefficient
matrix of Eq. (4) depends on displacement and suction. In summary, Eq. (4)
constitutes the discretized form of a system of three non-linear partial differ-
ential equations, which must be simultaneously solved for the three primary
unknowns in conjunction with appropriate constitutive relationships.

∣∣∣∣∣∣
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=
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∣∣∣∣∣∣
(4)

where uw, ug, and u are nodal pore water pressure, nodal pore gas pressure
and nodal displacement, respectively.

For simplicity, Eq. (4) can be written in a concise matrix form as:
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KX + C
∂X
∂t = F . (5)

The temporal discretization of the above differential equations can be ac-
complished through the finite difference method. In this code an implicit dif-
ference method is used whereby Eq. (5) is approximated as:

{
θK +

1
ΔtC

}
Xn+1 +

{
(1 − θ)K − 1

ΔtC
}

Xn = θFn+1 + (1 − θ)Fn (6)

where 0 ≤ θ ≤ 1. For non-linear problem, the coefficients matrices K, C and
vector F of the system equations depend strongly on the primary unknowns X
and the solution vector Xn+1 is obtained by iterative procedures like Picard
and Newton–Raphson algorithms.

The Class Structure and Domain Decomposition Method

The proposed finite element code can be run on both sequential and dis-
tributed memory computers. The current version of the code is limited to
hydro-mechanical coupled analyses (with two phases flow) but the classes are
deliberately designed as flexible and general as possible to allow possible ex-
tensions in the future. The code can then be easily extended to carry out
additional types of analyses such as, for example, the analyses of uncoupled
mechanical problem, uncoupled seepage problem, coupled hydro-mechanical
problems with single-phase flow and coupled thermo-hydro-mechanical prob-
lems with both single and multi-phase flow.

All classes are divided into four groups: preprocessing and post process-
ing classes, finite element model classes, analysis and numerical classes and
complementary classes. The second group encompasses FEMModel, SubDomain
and its component classes including Element, Node, Dof, Load, Material, etc.
This is similar to most OOP finite element codes.

Domain Decomposition Methods (DDM) are utilized as a “divide and con-
quer” strategy to achieve high performance computing on distributed memory
parallel computers or networked workstations communicating via the Message
Passing Interface (MPI) library. In this study, DDM are adopted together with
some iterative solvers including PCG and GMRES (Saad and Schultz 1986) for
symmetric and nonsymmetrical linear systems, respectively. The basic idea for
DDM is that the physical domain of the finite element model is divided into a
number of non-overlapping sub-domains mapped onto a different processor of
a parallel computer. Computational tasks such as the calculations of stiffness
matrix and external force in each sub-domain are accomplished by parallel
processors, which also assemble the corresponding local system of equations.
The distributed global system is then solved by iterative solvers with the help
of communication routines among sub-domains. The DDM algorithm is also
particularly useful for the solution of large finite element models requiring
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FEMModel

PreProcessor

SubDomain

FEMAssembler

FE data files

GraphPartitioner

SOESolver

PostProcessor

Parallel computer

FEMAnalysis

… ...SubDomain

SystemOfEquationSystemOfEquation … ...

Fig. 1. Some top level classes and computational flow

substantial computer memory because each processor uses its own memory to
store the variables of the corresponding sub-domain. The step-by-step DDM
algorithm for finite element methods is illustrated in Fig. 1 and described as
follows:

1. The finite element model input data are read by the PreProcessor object
of the master processor, which builds the finite element model by using the
FEMModel object. The master processor is responsible for administrating
and coordinating the whole computational process.

2. FEMModel calls methods in the GraphPartitioner class to partition the
global mesh into sub-domains that are distributed to different processors
of parallel computers. The graph partition algorithm used in this work is
“Metis” proposed by Karypis and Kumar (1998).

3. At each time step, the FEMAssembler object assembles the elemental and
nodal contributions to generate the local system of equations in each sub-
domain according to the type of problem and analysis method chosen.
For a nonlinear system, the solution is iteratively by using a class derived
from FEMAnalysis such as PicardSolver or NewtonRaphsonSolver.

4. The distributed global system of equation within each iteration is solved
by means of the iterative solver such a PCG or GMRES based on the
exchange of information between sub-domain boundaries in parallel. The
main calculations inside the the iterative process are matrix-vector mul-
tiplication, dot product, and vector update, which are easy to parallelize.
The DistributedDataManager class is used to store information about
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neighbouring sub-domain boundaries, so that each sub-domain knows how
to and where to send the relevant data.

5. Results from slave processors are transferred to the master processor where
they are handled for visualization by the PostProcessor object.

SubDomain Class and Its Components

The SubDomain class is the kernel of the finite element model. The main
functionalities of SubDomain object is to maintain and provide efficient access
to component objects such as Element, Node, Material, Load, and Dof. The
relationship among these classes is shown in Fig. 2 indicating that Element
objects are associated to Dof objects, Node objects, Material objects, and
Load objects. The standard UML signs are used in the following figures. The
Element object returns the array of Dof location, geometrical data, load, and
material information. The design of Element class is essential in achieving the
goal of undertaking various types of geotechnical analyses in one code and it
will be further discussed in the following section.

The Material class is introduced to provide a general interface handling
different constitutive models for elasto-plastic materials (e.g. Mohr–Coulomb,
Drucker–Prager and some advanced constitutive model for unsaturated soils).
The Load class implements the methods calculating the values of loads at a
given time step. The Node class obtains the calculated nodal loads from the
Load class and passes the necessary information to the solver. Node objects
have various degrees of freedom attached to and each Dof object has a type
(i.e. displacement, pore water pressure, pore air pressure or temperature).

SubDomain

ElementNode

Load

Material

Dof

E_1TypeDOF

E_Q8_3TypeDOF

E_4TypeDOF

E_2TypeDOF

E_3TypeDOF

E_Bar1D2

E_Tetra3D10

E_Quad2D8

Fig. 2. Class SubDomain and its components
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Element Class

The Element class is the base class for all types of elements. Each element
object has a unique element number and contains a list of associated nodes,
material, array of GaussPoint and array of Dof location. The Element ob-
jects are also associated with ShapeFunction objects which hold the geometric
interpolation of the element. Different shape functions can be chosen for dif-
ferent primary unknowns and therefore more than one ShapeFunction object
can be associated to an element.

Computational tasks for elements can be divided into geometrical compu-
tations and mechanical computations. Geometrical computations such as the
calculation of strain-displacement matrix B, ∇Nw (Nw is the shape function
for pore water pressure) can be accomplished by calling the corresponding
ShapeFunction objects. The mechanical computations involving the integra-
tion of the element matrices and external force are problem-dependent. For
example, only the stiffness matrix needs to be calculated for uncoupled me-
chanical problem but additional matrices need to be calculated for coupled
problems. To provide a generic interface for the Element class, the element
stiffness matrix Ke, capacity matrix Ce, and external force vector
Fe are defined as follows depending on the problem considered:

1. For uncoupled mechanical problem, the conventional forms of such matri-
ces are used.

2. For the coupled hydro-mechanical problem of Eq. (4), the matrices are:

Ke =

∣∣∣∣∣∣
0 0 0
0 Kgg Kgw

0 0 Kww

∣∣∣∣∣∣
, Ce =

∣∣∣∣∣∣
Cuu Cug Cuw
Cgu Cgg Cgw
Cwu Cwg Cww

∣∣∣∣∣∣
, Fe =

∣∣∣∣∣∣
Fu
Fg
Fw

∣∣∣∣∣∣
. (7)

3. For thermo-hydro-mechanical problem:

Ke =

∣∣∣∣∣∣∣∣

Kuu Kug Kuw KuT

Kgu Kgg Kgw KgT

Kwu Kwg Kww KwT

KTu KTg KTw KTT

∣∣∣∣∣∣∣∣
, Ce =

∣∣∣∣∣∣∣∣

Cuu Cug Cuw CuT
Cgu Cgg Cgw CgT
Cwu Cwg Cww CwT
CTu CTg CTw CTT

∣∣∣∣∣∣∣∣
. (8)

Each derived Element class must provide methods to compute these matri-
ces. The hierarchy of the Element class is illustrated in Fig. 2 where the classes
E_Bar1D2 (2-node 1D bar element), E_Quad2D8 (8-node 2D quadrilateral el-
ement) and E_Tetra3D10 (10-node 3D tetrahedral element) are used for the
elemental geometrical computations. For computations of elemental contribu-
tions depending on specific problem type, the classes E_1TypeDOF (uncoupled
mechanical problem or single-phase seepage problem), E_2TypeDOF (coupled
hydro-mechanical problem for saturated soils), E_3TypeDOF (coupled hydro-
mechanical problem for unsaturated soils) and E_4TypeDOF (coupled thermo-
hydro-mechanical problem in unsaturated soils) are introduced. It is then
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natural to derive a new element class by using multiple inheritances. For ex-
ample, a two dimensional 8-node element for hydro-mechanical problem in
unsaturated soils (E_Q8_3TypeDOF) is derived from E_Quad8 and E_3TypeDOF.

Conclusions

The outline of an object-oriented parallel finite element code for unsaturated
soils is presented. The flexible structure of the code allows for easy imple-
mentation of different categories of multi-physical geotechnical problems by
deriving new element and analysis classes based on existing classes. The Do-
main Decomposition Method together with iterative solvers are employed to
parallelize the code. New solvers for symmetric and non-symmetric equations
can also be added with little modifications of the existing code. The input
data for parallel and serial computations are the same as mesh partition is
carried out inside the code. Some other classes are not described here due to
page limitations.
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Summary. Four codes used to simulate unsaturated flow with atmospheric interac-
tions are described and evaluated. The codes are similar conceptually and function
in a similar manner. However, the codes use different algorithms, and therefore yield
different predictions for the same input. A field validation exercise conducted with
three of the codes shows that the predictions appear realistic regardless of which
code is being used. However, each code provides a different prediction, and none of
the predictions are in agreement with field measurements. The differences can be
attributed in part to the methods used to implement the atmospheric boundary.
More subtle features of the codes also have a significant effect on predictions (e.g.,
hydraulic properties model, hysteresis, vapor flow, thermally-driven flow, transpira-
tion algorithms, ground freezing, snow melt, etc.). The user should consider each of
these features carefully so that realistic, but conservative predictions are obtained.

Key words: unsaturated flow, atmospheric boundary, numerical model, percola-
tion, run off, hydraulic properties, pore interaction term

Introduction

Flow in the unsaturated zone and atmospheric interactions play an important
role in many geoenvironmental engineering problems. Examples include land-
fill covers where water balance principles are used to limit percolation into
underlying waste, drainage and desiccation of tailings deposited by aqueous
methods in mine waste impoundments, and groundwater recharge in response
to infiltration. In each of these examples, the behavior of the engineered or
natural system is affected or controlled by unsaturated flow, and the response
of flow processes to atmospheric conditions.

Unsaturated flow is a highly non-linear process, which complicates analy-
sis of the unsaturated zone. Consequently, engineers traditionally have used
simplified solutions for analysis of unsaturated flow problems (e.g., the Green–
Ampt infiltration model is a simplified solution of the non-linear infiltration
process). However, affordable high-speed computers and powerful codes with
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graphical user interfaces now make direct solutions of non-linear unsaturated
flow problems tractable, even for the practicing engineer (Benson 2006).

This paper describes four codes that are commercially available and com-
monly used for modeling unsaturated flow with atmospheric interactions. Pre-
dictions made with the codes are compared to field data, and selected issues
affecting the accuracy of the model predictions are described.

Simulating Unsaturated Flow

Richards’ equation is the governing partial differential equation for unsatu-
rated flow:

∂θ
∂t = ∇ • [Kψ∇(z − ψ)] − S (1)

where θ is volumetric water content, t is time, Kψ is hydraulic conductivity,
ψ is matric suction, z is the vertical coordinate, and S is a sink term that is
frequently used to simulate the uptake of water by roots within the unsatu-
rated zone. The derivation of Eq. (1) assumes isothermal conditions, isotropic
hydraulic conductivity, an incompressible water phase and pore space, and
a static and continuous vapor phase that has spatially uniform atmospheric
pressure.

Solution of Eq. (1) usually involves rewriting the temporal derivative of θ
in terms of the temporal derivative of ψ:

Cψ
∂ψ
∂t = ∇ • [Kψ∇(z − ψ)] − S (2)

where Cψ = ∂θ/∂ψ (i.e., the slope of the soil–water characteristic curve, or
SWCC) and is referred to as the specific water capacity. The specific water
capacity varies between −∞ and 0, and can be very negative for soils with
very uniform pore size distribution. The non-linearity of Eq. (2) arises because
Kψ is a function of ψ. Moreover, as illustrated in Fig. 1, both Cψ and Kψ

vary over a large range and in a highly non-linear manner with ψ, greatly
complicating solution of Eq. (2). Hysteresis in Kψ and cψ further complicate
the solution.

Codes to Solve Richards’ Equation

A variety of powerful codes are available for solving Eq. (2). The most com-
monly used codes, HYDRUS, SVFLUX, UNSAT-H, and VADOSE/W, are listed in
Table 1. Each of these codes includes an atmospheric boundary to simulate
atmospheric interactions and root–water uptake functions to simulate plant
transpiration. Factors such as solute transport, heat transfer and thermally
driven flow, and vapor flow are also incorporated in these codes using modified
versions of Eq. (2) and coupled solutions. Each of these codes is available with
a graphical user interface and runs in the WindowsTM operating system.
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Fig. 1. Soil water characteristic curve (SWCC), specific water capacity, and hy-
draulic conductivity as a function of matric suction

Table 1. Codes commonly for unsaturated flow modeling with atmospheric inter-
actions

Code Source Dimensionality Other Features

HYDRUS pc-progress.com 1, 2, or 3D

Solute and colloid transport,
heat transfer, dual porosity,
hysteresis, snow hydrology,
runoff, stochastic
soil properties

SVFLUX soilvision.com 1, 2, or 3D
Heat transfer, ground freezing,
stochastic soil properties,
runoff

UNSAT-H
hydrology.pnl.gov
or uwgeosoft.org

1D
Vapor flow, heat transfer,
thermally driven flow,
run off, hysteresis

VADOSE/W geoslope.com 1D or 2D

Oxygen transport, snow
hydrology, ground freezing,
run off and down slope
infiltration, heat transfer,
volume change (limited),
vapor flow

The newer codes, HYDRUS, SVFLUX, and VADOSE/W, employ the finite ele-
ment method to solve Richards’ equation. UNSAT-H uses the finite-difference
method, and tends to be more stable when solving problems where large con-
trasts in hydraulic properties exist at layer interfaces (e.g., capillary barriers).
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Boundary Conditions

Each of these codes includes a variety of boundary conditions to simulate
various problems. A flux boundary condition is generally applied at the surface
to simulate atmospheric interactions. Boundary conditions generally applied
at the bottom of the profile include a unit gradient condition (e.g., gravity-
driven flux = Kψ at the bottom of the domain), a seepage face (e.g., flux =
the saturated hydraulic conductivity, Ks, when the boundary is saturated;
otherwise flux = 0), a prescribed head, or a prescribed flux. For 2D and 3D
simulations, prescribed head and prescribed flux boundaries are often applied
along the sides of the domain.

Conceptually, a similar atmospheric flux boundary condition is used in
each of the codes. Infiltration occurs during precipitation at a rate governed
by the hydraulic properties of the profile (i.e., the “infiltration capacity” ap-
proach), and precipitation exceeding the infiltration capacity is assumed to be
run off. Evaporation is assumed to occur from the soil surface and is bounded
by the potential evaporation (PE) rate. The specific methods by which these
mechanisms are implemented, however, vary from code to code. For example,
some codes set the evaporative flux (E) to zero during precipitation, whereas
others apply a net precipitation that is equal to the precipitation rate less
PE during the precipitation event. Differences also exist between the methods
used to compute E. For example some codes compute E based on Fick’s law
and differences between the water vapor pressure in the atmosphere and the
pore space at the ground surface, whereas others use empirical relationships
relating actual E to PE and the soil suction at the surface. A description of
the different methods used to implement the atmospheric boundary can be
found in Scanlon et al. (2002).

Verification and Validation

Verification and validation are essential steps to demonstrate the validity of
any numerical code. Verification is a direct comparison between predictions
made with a numerical code and known solutions. Validation is a comparison
between predictions made with a numerical code and measured behavior. Ver-
ification is conducted by nearly all code developers to demonstrate that the
numerical solution is correct (e.g., see the verification tests in Fayer (2000) for
UNSAT-H). Validation is less common, particularly for complex problems that
involve time varying boundary conditions such as atmospheric interactions.

A key requirement for validation is to input measured quantities for all
variables that have a significant effect on the solution. Favorable compar-
isons between measurements and model predictions obtained from simulations
where key input variables are estimated are more akin to model calibration ex-
ercises than validation exercises. This is a particularly significant problem for
unsaturated flow models with atmospheric interactions, because few data sets
exist where all of the key input variables and responses have been measured
a priori.
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Validation Exercise

A validation exercise was conducted with HYDRUS, UNSAT-H, and VADOSE/W
using data collected from a field site monitored as part of the US EPA’s Al-
ternative Cover Assessment Program (ACAP) (Albright et al. 2004). SVFLUX
was not available for the validation exercise. The field site is in Altamont,
California (CA), USA, which is approximately 80 km East of San Francisco.
The site is semi-arid with an average annual precipitation (Pa) = 358 mm
and an average annual ratio of precipitation to potential evapotranspiration
(P/PETa) = 0.31. All of the precipitation at the site occurs as rain; snow and
frozen ground are extremely rare.

Test Section and Monitoring Data

Data were collected from an instrumented test section used to monitor the
performance of a water balance cover planned for a municipal solid waste
landfill at the site. The cover was a monolithic barrier consisting of a 1060 mm
thick storage layer overlying 150 mm of interim cover soil (Fig. 2) that was
placed on a 5% slope. Crushed claystone available on site was used to construct
the storage layer and the interim cover soil. The monitoring system consisted
of a 10 m × 20 m lysimeter used to collect percolation from the base of the
cover, a runoff collection system, three nests of sensors to measure water
content and matric suction within the cover profile, and a weather station
to measure meteorological conditions on site. A detailed description of the
test section and instrumentation can be found in Benson et al. (1999, 2001).
Bohnhoff (2005) contains a compilation of the field data.

Fig. 2. Profile of water balance cover at ACAP site in Altamont, CA
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Soil and Vegetation Properties

A collection of samples were collected as undisturbed blocks during construc-
tion to characterize the hydraulic properties of the cover soils. Specimens
trimmed from the blocks were tested to determine the saturated hydraulic
conductivity and the drying soil water characteristic curve. The SWCC was
parameterized with van Genuchten’s equation and the unsaturated hydraulic
conductivity was computed using the van Genuchten-Mualem equation (van
Genuchten 1980) with a pore interaction term (�) = 0.5.

Mean hydraulic properties were assigned to three parts of the cover pro-
file: upper 460 mm of the storage layer, lower 600 mm of the storage layer,
and the interim cover soil. The means are summarized in Table 2 (geometric
means for Ks and van Genuchten’s α parameter; arithmetic means for the
saturated water content, θs, residual water content, θr, and van Genuchten’s
n parameter). Samples were also collected from the upper 460 mm in 2002 and
2003 to obtain hydraulic properties of the near surface soil as the cover profile
weathered. Saturated hydraulic conductivities obtained from these samples
are summarized in Table 2.

Table 2. Summary of mean hydraulic properties for Altamont test section

Thickness
(mm)

SWCC Saturated Hydraulic
Layer Parameters Conductivity (cm/s)

θr θs
α

(1/m) n 2001 2002 2003

Upper portion of
storage layer 460 0.00 0.37 0.050 1.33 5.3 × 10−7 2.2 × 10−6 1.1 × 10−4

Lower portion of
storage layer 600 0.00 0.35 0.025 1.54 4.5 × 10−7

Interim Cover 300 0.00 0.35 0.057 1.36 3.0 × 10−6

The cover profile was seeded with a mixture of local grasses. Surveys were
conducted periodically to determine the leaf area index (LAI) and samples
were collected for measurement of the distribution of root density. A summary
of the LAI and root density data can be found in Bohnhoff (2005).

Simulation Results

Predictions of the water balance for the test section at Altamont were made
using HYDRUS, UNSAT-H, and VADOSE/W with identical input. Daily meteorolog-
ical data were used and hysteresis in the hydraulic properties was ignored. An
atmospheric boundary was used at the surface and a unit gradient boundary
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was used at the base of the profile. All simulations were conducted in 1D. A
detailed description of the input can be found in Bohnhoff (2005).

A comparison of the predictions is shown in Fig. 3 in terms of cumu-
lative water balance quantities. The predictions appear very realistic, with
responses that reflect the temporal variations in meteorological conditions.
Each code also provides a different prediction, even though all of the codes
solve the same basic partial differential equation (Eq. 3) and were supplied
with identical input. For example, runoff predicted by HYDRUS and VADOSE/W
is slightly lower than runoff measured in the field, whereas UNSAT-H grossly
over-predicts run off. UNSAT-H under-predicts evapotranspiration (ET) signif-
icantly, whereas HYDRUS and VADOSE/W over-predict ET. Soil water storage
predicted by VADOSE/W is reasonably close to the measured soil water storage.
HYDRUS tends to under-predict soil water storage, particularly during the drier

Fig. 3. Water balance data from ACAP test section in Altamont, CA and predic-
tions made with HYDRUS, UNSAT-H, and VADOSE/W
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periods. UNSAT-H also under-predicts soil water storage (more so than HYDRUS),
except during the driest periods. Soil water storage predicted by UNSAT-H also
lacks the seasonal fluctuations observed in the field and predicted by the other
codes. None of the codes capture the absence of a seasonal drop in soil water
storage at the end of the record, and all of the codes under-predict percolation.

Many of the differences in the predictions are related to how the at-
mospheric flux boundary condition is applied. For example, UNSAT-H over-
predicts runoff because daily precipitation is applied at 10 mm/hr (the de-
fault), which is much higher than the intensity commonly observed in the
field. As a result, the infiltration capacity is readily exceeded, and too much
run off is predicted. As shown in Fig. 4, applying precipitation at the average
intensity observed in the field results in less runoff, but does not resolve
the over-prediction completely. Unlike UNSAT-H, HYDRUS and VADOSE/W apply
daily precipitation uniformly throughout a 24 hr period. While this applica-
tion method may not faithfully represent the intensity at which precipitation
occurs in the field, the method does yield a more accurate prediction of runoff
(Fig. 3). Gitirana et al. (2005) indicate that over-prediction of run off can be
caused by poor approximation of large gradients in pore water pressure and
material properties near the surface. They show that adaptive mesh refine-
ment methods, such as those used in SVFLUX, improve these approximations
and result in more accurate predictions of run off.

The over-estimation of ET by HYDRUS and VADOSE/W is also tied to the
method used to simulate the atmospheric boundary. Both of these codes com-
pute a net precipitation equal to the difference between actual precipitation
and potential evaporation during the precipitation event. This approach over-
estimates the amount of ET that is occurring, and under-estimates the amount
of water contacting the surface (Scanlon et al. 2002).

The impact of the lower boundary condition has received considerable
discussion in the literature (e.g. Scanlon et al. 2002, Benson et al. 2004), but
generally has a smaller impact on predictions than the upper boundary condi-

Fig. 4. Actual run off measured in the field and run off predicted by UNSAT-H
for ACAP test section in Altamont, CA. Predictions made using default precipita-
tion intensity (10mm/hr) and average precipitation intensity observed in the field
(0.68 mm/h)
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tion. An example is shown in Fig. 5, where predictions were made with HYDRUS
using the lower boundary set as a unit gradient condition or a seepage face
condition. For the ACAP lysimeter being simulated, the seepage face condi-
tion provides a more accurate representation of the capillary break caused by
the drainage layer at the based of the lysimeter. However, as shown in Fig. 5,
both boundary conditions result in an under-prediction of percolation, and the
under-prediction is larger when the seepage face boundary is used instead of
the unit gradient boundary. Similar predictions were obtained with VADOSE/W
with the lower boundary set as a unit gradient condition or a seepage face
condition.

Hydraulic Property Functions

Constitutive Models

Most codes provide options for different constitutive models to describe
the SWCC and the hydraulic conductivity function. In most cases, van
Genuchten’s function is used to describe the SWCC and the van Genuchten–
Mualem function is used to describe the unsaturated hydraulic conductivity.
These functions are commonly used because they are continuous and smoothly
varying, and therefore easily fit to data and implemented in computer pro-
grams. However, their use may not result in the most realistic predictions of
unsaturated flow problems with soil-atmosphere interactions, as illustrated in
the following example.

Two simulations of the ACAP test section in Altamont, CA were con-
ducted with UNSAT-H using the input data described previously. One of the
simulations was conducted using van Genuchten’s function to describe the
SWCC and the van Genuchten–Mualem function to describe the unsaturated
hydraulic conductivity. Another identical simulation was conducted using the
Brooks–Corey functions to describe the SWCC and the unsaturated hydraulic

Fig. 5. Percolation measured in the field and percolation predicted by HYDRUS
for ACAP test section in Altamont, CA with the lower boundary condition set as a
unit gradient or as a seepage face condition
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conductivity (Brooks and Corey 1966). The Brooks–Corey function was pa-
rameterized by fitting it to the van Genuchten function originally used for the
SWCC. As shown in Fig. 6, the two SWCCs are virtually identical, except
near the air entry suction (∼ 100 kPa). In contrast, the hydraulic conductivity
predicted by the van Genuchten–Mualem function is consistently lower than
the hydraulic conductivity predicted by the Brooks–Corey function, especially
near the air entry suction.

Predictions from UNSAT-H using the van Genuchten–Mualem and Brooks–
Corey functions are shown in Fig. 7. Run off predicted using the Brooks–Corey
function is in close agreement with run off measured in the field, and is much
lower than run off predicted with the van Genuchten–Mualem function. Better
agreement is obtained using the Brooks–Corey function because the function
predicts higher hydraulic conductivities near saturation, which strongly affect
infiltration.

The better agreement between predicted and measured run off obtained
using the Brooks–Corey function affects the other water balance quantities
too. Soil water storage predicted using the Brooks–Corey function is in much

Fig. 6. Brooks–Corey, van Genuchten, and van Genuchten–Mualem functions used
to describe the SWCC and unsaturated hydraulic conductivity of the upper 460 mm
of soil for the ACAP test section in Altamont, CA
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Fig. 7. Predicted and measured run off, soil water storage, and percolation for
the ACAP test section in Altamont, CA. Predictions made with UNSAT-H using
Brooks–Corey, van Genuchten, and van Genuchten–Mualem functions

better agreement with the field-measured soil water storage than the predic-
tion obtained with the van Genuchten–Mualem function, particularly during
the second year of monitoring (2002). Soil water storage predicted using the
Brooks–Corey function also exhibits the seasonal fluctuations present in the
field data. Similarly, percolation predicted using the Brooks–Corey function
is closer to percolation measured in the field, although percolation is under-
predicted using both the Brooks–Corey and van Genuchten–Mualem func-
tions.

Pore Interaction Term

Another significant variable is the pore interaction term in the hydraulic con-
ductivity function. For the van Genuchten–Mualem function, the pore inter-
action term (�) is found in the denominator and affects the rate at which the
hydraulic conductivity changes with suction:

Kψ = Ks
{1 − (αψ)n−1[1 + (αψ)n]−m}2

[1 + (αψ)n]�/2
. (3)

In nearly all applications, the pore interaction term in the van Genuchten–
Mualem function is assumed to be 0.5, as was originally suggested in van
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Fig. 8. Unsaturated hydraulic conductivity of Sagehill sandy silt from Boardman,
Oregon. Smooth lines correspond to predictions made with the van Genuchten–
Mualem function using � = 0.5 and −2. Data points are from three sets of mea-
surements made using the instantaneous profile method described in Meerdink et
al. (1995)

Genuchten (1980). However, more recent research has suggested that the pore
interaction term varies with soil type (Schaap and Leij 2000). In particular,
� = 0.5 is reasonable for clean coarse-grained materials, whereas � = −2 is
more suitable for fine-textured soils.

As shown in Fig. 8, changing � from 0.5 to −2 has a significant effect on the
hydraulic conductivity function. At ψ = 1000 kPa, for example, the hydraulic
conductivity differs by two orders of magnitude for � = 0.5 and −2. This large
difference in hydraulic conductivity has significant effects on predictions made
with unsaturated flow codes, as illustrated in Fig. 9. Simulations of an ACAP
test section in Sacramento, CA were made with UNSAT-H using � ranging from
0.5 to −2. This test section is nearly identical to the test section in Altamont,
CA and was constructed with similar methods. A detailed description of the
test section can be found in Bohnhoff (2005). As shown in Fig. 9, decreasing
� resulted in larger fluctuations in soil water storage. Run off also decreased,
and evapotranspiration and percolation increased (not shown). Each of these
responses reflects that higher hydraulic conductivity is predicted at a given
suction as � decreases.

Dimensionality

Unsaturated flow problems with atmospheric interactions are often conducted
in 2D or 3D when the soil surface is sloping or the layering in the profile
promotes multi-dimensional flow. More realistic simulations can be conducted
in 2D and 3D for such problems, but the analysis requires more computing
time and memory. Consequently, 1D analyses are used as an approximation
in many cases.
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Fig. 9. Soil water storage measured in the field for ACAP test section in Sacramento,
CA and predicted with UNSAT-H using � = 0.5, −1, and −3

The difference between 1D and 2D predictions was evaluated by simulating
an ACAP test section located in Marina, CA using HYDRUS in the 1D and 2D
modes. The test section in Marina has the same dimensions as the test section
in Altamont, CA, but is on a 4H:1V slope. A description of the test section
can be found in Albright et al. (2004). The 2D simulations were conducted in
a domain representing the entire test section. The 1D simulations considered
only a vertical profile through the test section without any slope.

Predictions of run off, soil water storage, and percolation obtained from
HYDRUS in 1D and 2D are shown in Fig. 10. The 2D simulation was conducted
over a shorter time period due to numerical problems that terminated the
analysis. Less run off occurs and more soil water storage accumulates during
wet periods when the simulation is conducted in 2D. Less percolation is also
predicted in 2D than in 1D. However, the differences between the predictions
are modest. Thus, at least in this case, a 1D simulation probably would be
adequate, even though the actual problem is 2D or 3D.

Summary and Practical Implications

Four codes used to simulate unsaturated flow with atmospheric interactions
have been described in this paper. Each uses numerical methods to solve
Richards’ equation using boundary conditions that reflect atmospheric fluxes.
The codes include functions to account for other processes as well, such as
root water uptake, heat transfer, vapor flow, and ground freezing. The codes
are similar conceptually and function in a similar manner. However, the codes
use different algorithms, and therefore yield different predictions for the same
input.

A field validation exercise conducted with three of the codes has shown
that the predictions appear realistic regardless of which code is being used.
However, each code provides a different prediction, and none of the predic-
tions are in agreement with the field measurements. These differences in the
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Fig. 10. Predictions from comparative simulations conducted in 1D and 2D using
HYDRUS and input data from an ACAP test section in Marina, CA, USA

predictions can be attributed in part to differences in how the atmospheric
boundary is implemented. Refining how this boundary should be implemented
is a topic in need of research.

More subtle characteristics of the codes can also have a significant effect
on the predictions. For example, the constitutive model used for the hydraulic
properties can have a significant effect on predictions. Other processes may
also affect predictions (e.g., hysteresis, vapor flow, thermally-driven flow, tran-
spiration algorithms, ground freezing, snow melt, etc.). These processes have
not been considered in this paper due to space limitations, but their impor-
tance should be considered in any modeling exercise.
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Summary. Dedicated hazardous waste landfills have a cover barrier including, in
particular, a compacted clay liner, which is a major element of the safety of the site.
However, the implementation of this barrier poses many problems, in particular in
terms of compaction. Moreover this cover must keep its sealing function during the
lifetime of the landfill and the period of waste monitoring. However, potential dif-
ferential settlements within the waste should be considered and this phenomenon
can induce bending strains in the clay layer and create damage. Four point bending
tests are performed in the laboratory to characterise the clay behaviour. Analysis
is focused on the crack initiation and on the consequences of damage (crack prop-
agation) on the mechanical behaviour. In addition a numerical simulation, by the
discrete elements method, was carried out on the same type of tests. The comparison
between the results from the numerical modelling and those from the experimental
tests provides a method to determine the mechanical parameters of the material.
These results are used to optimise the method of implementation of the clay on site
and also to predict the mechanical behaviour of the material.

Key words: clay barrier, mechanical behaviour, numerical modelling

1 Introduction

Landfills have a top barrier including, in particular, a cap cover of compacted
clay. This barrier must keep its watertightness properties during the life of
the landfill (operation and after closure). However, this barrier meets many
problems. In particular those related to its implementation and to the mechan-
ical solicitations after closing the cell. Moreover, it is necessary to maintain
the physical and mechanical characteristics of the clay barrier at a constant
level during the life of the landfill. Currently, there is very little knowledge
(and no specific regulations) concerning the behaviour of a fine soil under low
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confinement and subjected to differential settlements. As the clay material is
very sensitive to flexibility (Jessberger and Stone 1991), four point bending
tests are performed, in the laboratory, to characterise the tensile failure.

This paper describes a new experimental protocol for the bending tests and
a new numerical technique of analysis. Comparisons between numerical and
experimental results are presented. They contribute to a better understanding
of the mechanical behaviour of the clay material. Finally, the practical aim
is to make possible the selection of clay, in particular in terms of flexibility
(to avoid cracking), and consequently to limit the thickness of the mineral
barrier, whilst retaining an equivalent safety.

2 Improvement to the Experimental Protocol
for the Bending test

2.1 Bending test Experimental Procedure

Experimental tests were carried out with a clay soil, mainly kaolinite ( < 2 μm:
5%; between 2 μm and 80 μm: 67%; γdopt: 17.9 kN/m3; wopt: 14.5%; PI: 13%)
coming from a real site. Four point bending tests were selected and conducted
in the LIRIGM laboratory (see Fig. 1). This kind of test has been selected
for studying the influence of the bending moment in the central zone of the
sample (Indraratna and Lasek 1996) and initiating the failure under tensile
strength. The distance between the support rollers must be large enough to
limit the influence of the compression zone. Bending tests were performed on
samples with dimensions of 10 cm × 10 cm × 40 cm and carried out on samples
compacted at different energies and different water contents. In this range of
water content and of compaction energy the clay seems to be brittle because
of the low value of the plasticity index.

Fig. 1. Four point bending tests
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Four displacement transducers are used, two are placed on the two support
rollers, and two are placed in the middle of specimen (see Fig. 1). The load
was measured by means of a load cell positioned on the upper axial support
rollers of the press. A constant rate displacement (0.2 mm/min) was applied
through the lower tray of the press. The middle part of the specimen, where
the bending moment is constant and maximal, was painted in black and fitted
with a series of white pins (see Fig. 2). This area was continuously recorded
with a camera (5 million pixel with 1 pixel = 0.11 mm) to determine the
initiation and propagation of cracks (see Fig. 2) and to estimate tensile strains
by digital image correlation.

Fig. 2. Observation of the cracking zone

2.2 Bending Test Analysis and Results

Series of tests were carried out and our analysis focused on the cracking mode.
The experimental results have been obtained with a good repeatability (dis-
persion of the maximum strength less than 15%) (see Fig. 3). The initial
characteristics of the sample are fixed (water content: w = 16.5 ± 0.8% and
dry density: γd = 17.3 ± 0.3 kN/m3). No local punching is noted under the
two upper rollers. The tensile cracking is localised in the lower part of the
specimen (see Fig. 2). Qualitatively, a brittle behaviour is observed in the
range of 55 kPa < σmax < 65 kPa corresponding to F∗ between 190 and 210 N
(see Fig. 3) and for maximal tensile strains around ε = 0.1% (deducted from
the image analysis). However, to quantify the mechanical behavior a DEM
approach, with hypotheses, is necessary (Ammeri et al. 2006). This is the
purpose of the following paragraph.
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Fig. 3. Experimental and Numerical bending tests simulations

3 Discrete Element Approach Framework

3.1 Principle of the DEM Approach

The clay is considered as an assembly of particles with cohesions and frictions.
The interest of this approach is to consider simple individual laws for contacts
between particles. For the numerical software used (PFC2D), these relation-
ships relate the relative displacement with contact forces and rigidities under
the form:

Fni (t) = KnUni (t)ni , ΔF si = −KsΔUsi , F si (t) = F si (t− 1) +ΔF si (1)

where Fni and F si are respectively the normal and tangential forces in contact
(i) between two particles with normal ni, and Uni and ΔUsi the normal and
relative tangential displacements in contact (i). Also (t) is a time step in
the particle movement. The distinct element model is based on the Newton’s
second law of motion under the form:

Fi = mi (ẍi − gi) , Mi = Iiω̇i (2)

wheremi is the particle’s mass, ẍi is the acceleration, gi is the volumetric grav-
ity force of particle (i), Mi, Ii and ω̇i respectively are the resultant moment,
the principal moment of inertia of the particle and the angular acceleration
about the principal direction. The contacts are defined by five rheological
parameters: normal and tangential stiffness (Kn and Ks), normal and shear
cohesions (Cnand Cs) and friction coefficient (μ). The parameters of the two
contacting particles are assumed to act in series (see Fig. 4). With the mi-
cro mechanic parameters the real contact conditions between all particles are
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Fig. 4. The rheological model of the DEM method

fitted step by step. All reliable contacts are re-actualised according to the
following conditions:

Fn > 0 (compression stress) |F s| ≤ F smax with F smax = max{μFn, Cs} (3)
Fn < 0 (tensile stress) |Fn| ≤ Cn, F smax = Cs. (4)

The major difficulty in using this approach in real applications is the assign-
ment of correct micro-properties to have the true relationship between micro
and macro-properties. A preliminary parametrical numerical study is needed
in order to fit the micro-parameters.

3.2 The Micro-Macro Relationship in the Simulation Approach

The fitting between the micro and macro parameters is made by carrying out
direct compressive tests on the same clay material. Figure 5 shows the re-
sults of an experimental prediction of a compression test. The retained micro-
mechanical properties of the Discrete Element Method are the normal and
shear stiffness Kn = Ks = 14 MN/m, the friction coefficient is equal to 0.8
and the normal and shear bonds Cn = Cs = 300 kN/m.

Fig. 5. An experimental prediction of unconfined compression test
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3.3 Numerical Simulation of the Bending Test

To illustrate how the numerical approach has potential to predict the bend-
ing test results, a simulation of the experimental test shown in Fig. 3 was
carried out, using micro parameters values calibrated from compression tests
(Subsection 3.2). A good agreement with the experimental bending diagram
is observed. Systematic comparison between numerical simulation and experi-
mental results is given. The DEM approach provides a practical way to predict
results for different bending beam tests. In particular, the brittle behaviour
and the maximum stress before the initiation of crack (σmax = 45 to 50 kPa
corresponding to F ∗ = 150 to 170 N) can be reproduced.

4 Conclusion

These tests were performed on a brittle clay. Clay samples with higher wa-
ter contents (viscoplastic behaviour) were subjected to similar tests. This
behaviour is more difficult to simulate by DEM and the further work is in
progress.

The main target of this paper was to display the methodology used. The
present study which shows the interest of using such an approach is integrated
in the framework of a global project in the field of clay liner for hazardous
waste.

The numerical study carried out with the PFC2D code improves the po-
tential of this method which can avoid multiplying experimental tests. The
limitation of the elasticity method to predict the tensile strength was also im-
proved. However, this method can be used to reproduced discontinuity (crack-
ing propagation), the bending strength and the strains corresponding.
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Summary. Behaviour of soils in the vadose zone is closely linked to water balance
between ground and atmosphere. It seems that transpiration is the most uncertain
and difficult to evaluate of all the terms in the soil water balance. The key variable
to estimate the transpiration rate is the rate of root water uptake, which depends on
the hydrological, geological and meteorological conditions. A mathematical model
for the rate of root water uptake incorporating the root growth rate, ground con-
ditions, type of vegetation and climatic parameters, has been developed. A conical
shape is considered to represent the geometry of the tree root zone. Using this pro-
posed model, the distribution of moisture and the matric suction profile adjacent to
the tree are numerically analysed. Field measurements taken from literature pub-
lished previously are compared with the authors’ numerical model. The predicted
results obtained from the numerical analysis, compared favourably with the field
measurements, justifying the assumptions upon which the model was developed.
The analysis also indicates that soil suction and settlement increase over the time,
with the effect being more significant in the first stages of transpiration.

Key words: matric suction, settlement, root water uptake, transpiration, finite
element, interaction

1 Introduction

Based on landslide investigation data and reports on control of structures in
the vicinity of expansive and collapsible soils, most of recent failures were
associated with hydrological and groundwater conditions less favorable than
those assumed in designs. It seems that effects of hydrogeological features on
soil properties are not very clear in geotechnical engineering designs. As Shen
(1998) reported when the steep man-made slopes in Hong Kong are analysed
using saturated shear strength parameters, it is often found that the factor
of safety is less than one. In these cases, unsaturated soil suction is the main
explanation. Indeed, the slopes will never be fully saturated even during severe
rainstorm.
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According to Nelson and Miller (1992), expansion and shrinkage are the
result of changes in the soil water system that disturb the internal stress equi-
librium. If the soil water chemistry alters either by changes to the volume of
water or chemical composition, the inter-particle force field will change. If this
resulting change in internal forces is not balanced by a corresponding change
in the externally applied state of stress, the particle spacing will change to
adjust the inter-particle forces until equilibrium is reached. This change in
particle spacing manifests itself as shrinkage or swelling. Retarding evapora-
tion, heavy rainfall and growth of trees and shrubs are the most important
factors resulting in a noticeable change in the ground moisture. Trees, shrubs,
and grasses deplete moisture from the soil through transpiration.

As transpiration is a continuous process of discharging water from the
soil matrix, rainfall will be quickly taken in through tree roots. Thus, in a
vegetated ground, effects of matric suction on shear strength and deformation
of partially saturated soil must be considered. Moreover, Zhang et al. (2004)
showed that rainfall does not necessarily eliminate the matric suction in the
soil, and therefore, for a rigorous analysis it must be incorporated in design.

The main objective of this study is to establish a model for estimating root
water uptake considering the growth rate of the plant, and then to develop an
integrated transient model considering soil water extraction by roots within
vadose zone to simulate the ground movement under the influence of vegeta-
tion. Developing an analytical solution to predict water flow in soil-vegetation
porous media would be very complicated. Hence, numerical modelling becomes
the choice to analyse and predict the movement of water. The results are then
compared with field measurements to verify the numerical predictions. In ad-
dition, the effect of time on matric suction distribution and ground settlement
is studied.

2 Root Water Uptake Model Description

Blight (1997) concluded that while agronomists, soil scientists and hydrol-
ogists have paid a great deal of attention to the interaction of ground and
atmosphere, geotechnical engineers have tended to ignore it. Based on soil
water balance theory, to compute water content of soil system, initial water
content, the quantities of water entering and leaving the soil system need to
be calculated. Thus, available water content of soil system can be estimated
as

W = W0 + I −O (1)

where W is the available water content of the soil system, W0 is the initial
water content of the soil system, I is the quantity of water entering the soil sys-
tem (Input), and O is the quantity of water leaving the soil system (Output).
Considering the active root zone which is the zone vegetation roots develop
in, and passive zone for soil profile, and including the hydrogeological aspects,
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Fig. 1. Soil system including hyrdogeological features

water content of soil can be determined. Figure 1 illustrates the soil profile
and the acting hydrogeological features. Based on mass conservation theory
(Eq. (1)), following equations can be obtained

ω(t)l(t) = ω0l0 +
∫ t

0

Z(t) dt+
∫
ω′(t)∂l∂t dt (2)

Z(t) = IT (t) + SI(t) + FI(t) − E(t)
− T (t) −D(t) − P (t) − FO(t) − SR(t) −ΔS(t) (3)

where ω0 is the initial water content of active root zone, l(t) active root zone
depth at time t, IT (t) is the effective interception, which reaches the soil sys-
tem (precipitation below the tree canopy), SI(t) is the supplemental irrigation
rate in the soil system, FI(t) is the inflow of groundwater (lateral flow), E(t)
is evaporation rate, T (t) is transpiration rate, D(t) is drainage rate, P (t) is
percolation rate, FO(t) is the outflow of groundwater (lateral flow), SR(t)
is the surface runoff, which is equal to SR(t) = SRO(t) − SRI(t), SRI(t)
is the input surficial flow to soil system, SRO(t) is the output surficial flow
from soil system, and ΔS(t) is the increase rate in surface storage. Blight
(2003) drew the conclusion that the evapotranspiration term is probably the
most uncertain and difficult to evaluate of all the terms in the soil water
balance. According to Raudkivi (1979), the amount of evaporation can be
estimated properly using different methods including evaporation pan, empir-
ical formulae, water budget method, mass transfer method, or energy budget
method. Consequently, the transpiration is the most uncertain part in estima-
tion of eavapotraspiration which affects distribution of soil moisture content.
Blight (2003) investigation pleaded that more in depth research and measure-
ments are required to understand the phenomenon of transpiration by trees
for proper prediction of the lateral and depth extents of the drying zones of
various tree species.
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Previous research by Indraratna et al. (2006) attempted to develop a math-
ematical model for the distribution of tree root water uptake within the root
zone. This proposed model attempts to combine the effects of soil matric
suction, root density and potential transpiration rate. Accordingly, a mathe-
matical model is formulated to represent the rate of tree root water uptake
as

S(x, y, z, t) = f(ψ)G(β)F (TP ) (4)
where G(β) is the root density factor, f(ψ) is the soil suction factor, and
F (TP ) is the potential transpiration factor. As discussed by Indraratna et al.
(2006), an appropriate representation for f(ψ) based on Feddes et al. (1978)
may be considered as follows

f(ψ) =

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0, if ψ < ψan,
1, if ψan ≤ ψ < ψd,
ψw − ψ
ψw − ψd

, if ψd ≤ ψ < ψw,

0, if ψw ≤ ψ,

(5)

where ψw is the soil suction at wilting point, the limit at which a particular
vegetation is unable to draw moisture from the soil; ψd and ψan (soil suction
at anaerobiosis point) are the highest and the lowest values of ψ at S = Smax,
respectively, while Smax denotes the maximum rate of root water uptake.

Equation (6) for the root density factor and Eq. (7) for potential transpi-
ration factor have been suggested by the authors

G(β) =
tanh (k3βmax exp(−k1|z − z0| − k2|r − r0|))∫

V (t)
tanh (k3βmax exp(−k1|z − z0| − k2|r − r0|)) dV

(6)

F (TP ) =
TP (1 + k4zmax − k4z)∫

V (t)
G(β)(1 + k4zmax − k4z) dV

(7)

where k1 and k2 are two empirical coefficients depending on the tree root
system and type, k3 is an experimental coefficient representing the influence
of root density, z is the vertical coordinate (downward is positive), r is the
radial coordinate, βmax is the maximum density of root length located at
the point (r, z) = (r0, z0), Tp is the rate of potential transpiration, k4 is
an experimental coefficient to involve depth on the potential transpiration
distribution, and V (t) is the volume of the root zone at time t. Discussion
about the influence of above parameters on the rate of root water uptake
(Eq. (4)) can be found in Fatahi and Indraratna (2006).

Borg and Grimes (1986) reviewed the root growth data of 48 crop species
and found that increase of root zone dimensions with time delineates a sig-
moidal curve which is a single sine function. Therefore,

zmax(t) = zmax f . {0.50 + 0.5 sin {3.03(t/tf ) − 1.47}} , (8)
rmax(t) = rmax f . {0.50 + 0.5 sin {3.03(t/tf ) − 1.47}} (9)
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Fig. 2. Variation of normalized root zone size and maximum root density with
normalised time

where zmax(t) is the maximum depth of root zone at time t, rmax(t) is the
maximum lateral distance of root zone at time t, zmax .f is the maximum
possible root zone depth, rmax .f is the maximum possible lateral distance of
root zone and tf is the time that tree’s growth stops and root zone reaches to
its maximum. Figure 2 illustrates the variation of normalized root zone size
with normalised time.

According to Gerwitz and Page (1974), the effect of time on the maximum
root length density are described by the same sigmoidal curve:

βmax(t) = βfmax . {0.5 + 0.5 sin[3.03(t/tf ) − 1.47]} (10)

Combining the exponential root length density suggested by Indraratna et
al. (2006) and Eq. (10) yields

k1(t) =
k1f

0.5 + 0.5 sin[3.03(t/tf ) − 1.47]
(11)

k2(t) =
k2f

0.5 + 0.5 sin[3.03(t/tf ) − 1.47]
(12)

As a result, according to Eq. (4), the rate of root water uptake S(x, y, z, t)
can be estimated by multiplying three functions that represent the soil suc-
tion effect f(ψ), the root density effect G(β), and the potential transpiration
effect F (TP ). To calculate f(ψ), Eq. (5) suggested by Feddes et al. (1978) to
determine the effects of soil suction, is used in this study. In order to deter-
mine G(β), Eq. (6) incorporating Eqs. (8)–(12) are employed, and to estimate
F (TP ), Eq. (7) in conjunction with Eqs. (8) and (9) is adopted.
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3 Finite Element Simulation

To verify the model, a case history reported by Biddle (1998) has been con-
sidered for a single, 20 m high Poplar tree in Cambridge (U.K.). The tree is
located in an area of mown grass on Gault clay, and forms part of a double
row of Poplars. As reported by Biddle (1998), all soil moisture measurements
were conducted using a neutron soil moisture gauge. The estimated parame-
ters based on the available literature are given in Table 1. Figure 3 illustrates
the mesh and element geometry and boundary conditions of the finite element
model built in ABAQUS code. A two-dimensional plane strain mesh employ-
ing 4-node bilinear displacement and pore pressure elements (CPE4P) was
considered. Because of symmetry, a zero flux boundary was applied along the
left boundary. The flux boundary at the surface is controlled by both climatic
conditions and soil properties. In this study, it is assumed that rainfall and
evaporation are in balance and thus a “no water in-flow" condition is applied
at the surface. The developed theoretical model representing the rate of root
water uptake distribution was included in the FE analysis through appropriate
Fortran subroutines. In addition, it is assumed that the tree is well grown.

This numerical analysis is based on the effective stress theory of unsat-
urated soils incorporated in the ABAQUS finite element code. The effective
stress in the unsaturated soil is given by Bishop (1959):

σ′
ij = σij − uaδij + χ(ua − uw)δij (13)

where σ′
ij is the effective stress of a point on a solid skeleton, σij is the total

stress in the porous medium at the point, ua is the pore air pressure, uw is the
pore water pressure, δij is Kronecker’s delta (δij = 1 when i = j and δij = 0
when i �= j), and χ is the effective stress parameter attaining a value of unity
for saturated soils and zero for dry soils. Fredlund and Morgenstern (1977)
proposed a constitutive model based on the concept of independent stress
state variables, in which the total stress tensor, the water and air pressures
are considered as independent features. The state of stress model requires a

Fig. 3. The geometry and boundary conditions of the FE model (after Fatahi and
Indraratna (2006))
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Table 1. Parameters applied in the finite element analysis

Parameter Value Reference/Comments

ψan 4.9 kPa Feddes et al. (1978); Clayey soil with air content
of 0.04

ψw 1500 kPa Feddes et al. (1978); 1500 < ψw < 2000 kPa
ψd 40 kPa Feddes et al. (1978); 40 < ψd < 80 kPa
γ 20 kN/m3 Samuels (1975); Typical unit weight for Gault clay
rmax .f 20 m Biddle (1998); Estimated from field measurements

(17 m < rmax < 23 m)
zmax .f 1.5 m Biddle (1998); Estimated from field measurements
(ks)h 5 × 10−9 m/s Terzaghi et al. (1996); Typical saturated perme-

ability of unfissured and unweathered clay
(ks)v/(ks)h 1/10 Smith and Smith (2004); 1/10 ≤ (kv)s/(kh)s ≤

1/5
PI 41 Biddle (1998); Measured plasticity index
e0 1.25 Samuels (1975); Typical void ratio of Gault clay
Cs 0.023 Ng (1998); Swelling index of heavily over consoli-

dated clay
(r0, z0) (3m, 1m) Radial and vertical coordinate of the maximum

root density point
βf. max 25 m−2 Taken from the general shape suggested by Lands-

berg (1999)
k3 0.0874 m−1 As above
k4 0.014 Coefficient of potential transpiration distribution
k1.f 5 Coefficient of vertical root distribution
k2.f 0.50 Coefficient of horizontal root distribution
ν 0.30 Almeida et al. (1986); Typical Poisson’s ratio of

Gault clay
TP 45 l/day Schneider et al. (2002)
Passing #200 95% Typical value for Gault clay (5% fine sand)

considerable amount of laboratory testing to identify the model parameters
which is time consuming and cost prohibitive and also different plasticity
models for saturated and unsaturated soils need to be used in the state of tress
theory. Consequently, in this study with its own complexities and numerous
measured and assumed parameters, the effective stress theory (Eq. (13)) is
being used. Bishop’s effective stress concept for predicting shear strength and
volume change in unsaturated soils has recently been discussed and validated
by Khalili et al. (2004). In addition, Khabbaz (1997) presented a relationship
for χ as a function of matric suction and the air entry value. The soil-water
characteristic curve employed in this study is shown in Fig. 4.

The finite element analysis is conducted in two stages: (i) geostatic and (ii)
consolidation. The first stage is to ensure that the analysis commences from
a state of equilibrium under geostatic loading. The consolidation stage is to
avoid non-physical oscillations and possible divergence problems caused by
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Fig. 4. Predicted soil water characteristic curve (after Zapata et al. (2000))

non-linearities. This stage includes a transient analysis of partially saturated
soil under transpiration, starting with 1-day intervals and then continued for
five months from the middle of spring until the end of September.

The coefficient of unsaturated soil permeability has been calculated based
on Brooks and Corey (1964), thus:

k = ks(e)S
2+3λ

λ
e (14)

where ks(e) is the saturated coefficient of permeability estimated based on the
well known Kozeney–Carman equation, λ ( = Δ logSe/Δ logψ) is the slope
of the soil water characteristic curve on a log-log plot, and Se is the effective
degree of saturation.

As fluid passes through a porous medium, a coupled flow-deformation anal-
ysis of unsaturated soil is required to capture the 3-phase interaction among
the soil, air, and water. The governing equations for pore fluid diffusion and
deformation are a combination of Eq. (1) and the relevant deformation equa-
tions. The over-consolidated behaviour of Gault clay is defined by the following
consolidation equation:

deel = Cs ln
(
p0 + dp

dp

)
(15)

where deel denotes the change of void ratio in the element, Cs is the swelling
index, p0 is the initial mean effective stress, and dp is the change in mean
effective stress on the soil skeleton.

The deformation in the soil profile due to the root water uptake is predicted
through a coupled flow-deformation analysis, considering stress-deformation
equations. The ground settlements at various depths after five months of con-
tinuous transpiration are shown in Fig. 5. Base on Fig. 5, the ground set-
tlement decreases rapidly with distance up to 12 m. The settlement also de-
creased rapidly with depth. At ground surface, 8.8 mm vertical settlement at
the tree location increased to 9.2 mm at 3 m distance from the tree trunk and
then decreased sharply to 2 mm at 13.5 m away from the tree trunk.
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Fig. 5. Ground surface settlement profile at various depths

Figure 6 shows a comparison between the field measurements and nu-
merical predictions for a reduction in moisture content. Numerical analysis
predictions based on the authors’ model for root water uptake are in accept-
able agreement with the field measurements reported by Biddle (1998). It is
important to note that in the numerical analysis, root water uptake as a sink
term were considered in the flow equation, but the effect of each root was not
considered individually. As the main roots penetrate into the soil, there may
be a gap between them, which can lead to water collecting in the gap. Since
the woody roots are in a denser pattern under the trunk and in close proxim-
ity, a disparity between the field measurements and predictions in this area
seems more likely. Furthermore, the actual field data is probably influenced
by the soil heterogeneity.

4 Effect of Time (t)

The soil suction variation and soil consolidation are time dependent variables.
Therefore, investigating the effect of elapsed time on the soil suction profile

Fig. 6. Contours of moisture content reduction in the vicinity of a poplar tree (a)
Biddle (1998) (b) FEM analysis (after Fatahi and Indraratna (2006))
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Fig. 7. Effect of elapsed time on soil surface settlement

Fig. 8. Matric suction change at 2 m depth

and the ground settlement are required for the design purposes. To study the
effect of elapsed time, the results of the reference case study are compared
with five different time intervals, from seven days to five months as shown in
Figs. 7 and 8.

Figure 7 indicates that the ground settlement increases rapidly with time.
The maximum ground surface settlement of 3 mm after seven days increases
to 9.2 mm in five months. Figure 8 presents the change of matric suction along
the horizontal distance from the tree trunk associated at 1 m depth.

As expected and shown in Figure 8, the generated matric suction induced
by tree transpiration increases by the time. Figure 8 shows that the peak
matric suction increases about 50% when elapsed time increases from seven
days to two months. According to Fig. 8, after two months of continuous
transpiration, the wilting point suction is reached at point (r0, z0) and then
develops around this point.
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Fig. 9. Evolution of soil matric suction (kPa), (a) initial (b) after seven days, (c)
one month, (d) two months, (e) four months, and (f) six months

Figure 9 shows the evolution of soil matric suction at different times. Know-
ing the moisture content variation, the development of matric suction can be
predicted reasonably well using the soil water characteristic curve. As Fig. 9
indicates, the matric suction established in the root zone propagates radially
and influences the surrounding soil.

5 Conclusions

A numerical finite element model was developed to examine the effects of tree
transpiration on ground condition. The developed model takes into account
the coupled flow-deformation equations. The finite element discretisation was
formulated using partially saturated soil elements, which are capable of cap-
turing the role of unsaturated permeability and the degree of saturation at
various levels of matric suction. Tree root suction was included in the analy-
ses through the model developed by the authors which takes into account soil
matric suction, and distribution of root density, potential transpiration and
root growth rate.

Comparing the numerical results and field measurements of the moisture
content in the vicinity of a Poplar tree indicated that the numerical analy-
sis incorporating the proposed model could predict the variation of moisture
content surrounding the tree. As transpiration and soil consolidation are time
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dependent functions, influence of elapsed time has been investigated by con-
ducting a transient ground analysis. Results indicate that soil matric suction
and vertical deformation increase over the time, with the effect being more
important in the beginning of transpiration.

The developed model may improve the design and construction procedures
for railway lines, foundations, slopes, and embankments near native vegeta-
tion. As the influence zone of each tree can be several meters in radius, the
methodological planting of native trees along rail corridors at a practical dis-
tance away from the track is currently considered by rail organisations. Native
vegetation generating soil suction is comparable to the role of prefabricated
vertical drains with vacuum pressure, in terms of improved drainage, and as-
sociated increase in shear strength. In addition, the tree roots provide a nat-
ural reinforcement effect, which the current model has not simulated thus far.
Considering various soil properties, the type of vegetation and atmospheric
conditions, the proposed mathematical model would be most useful to predict
the formation behaviour in a rail track environment.
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Summary. Modelling of contaminant transport in unsaturated soils is necessary to
achieve an improved understanding of pollutant migration in the vadose zone, which
differs significantly from that of fully saturated porous media. This paper deals with
the application of a meshless method called Element Free Galerkin Method for
modelling the contaminant transport through the unsaturated porous media with
transient flow condition. A one dimensional advection-dispersion equation with lin-
ear retardation is considered. The unknown concentration values are approximated
by using moving least square approximants, which are constructed by using a weight
function, a linear basis function and a set of non-constant coefficients. The weak form
of the governing equation is formulated and Lagrange multiplier method is used for
enforcing the essential boundary condition. The van Genuchten model is used for
describing the hydraulic properties of the soil. A numerical example is presented
to illustrate the applicability of the proposed method and the results are compared
with those obtained from the finite element method.

Key words: contaminant transport, element free Galerkin method, continuous
source, partially saturated soil, van Genuchten model

1 Introduction

Contaminants dispersed at the land surface migrate through the unsaturated
zone before reaching the saturated zone. The behavior and fate of contam-
inant in the vadose zone is complex as it is controlled by the interactions
occurring between dispersion, advection, sorption and degradation processes.
Many researchers proposed various numerical models, such as Finite Differ-
ence Method, Finite Element Method and Boundary Element Method, which
incorporate the above processes, for solving the governing equation of the con-
taminant transport model. Obtaining numerical solutions for the contaminant
transport equation is difficult, because they require special methods with ar-
tificial viscosity, upwinding, etc. for solving hyperbolic type equations i.e. for
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advection dominant problems and also accuracy of the solution depends on
the grid/mesh that is generated for solving the equation.

In the past decade, new numerical techniques called meshless methods,
i.e. Element Free Galerkin Method (EFGM), Smooth Particle Hydrodynam-
ics, Reproducing Kernel Particle Method, etc. have been developed. In these
methods the approximate solutions are constructed entirely in terms of set
of nodes and no elements or characterization of the interrelationship of the
nodes are needed to construct the discrete equations. Among all the meshless
methods, EFGM developed by Belytschko et al. (1994) has been successfully
used for solving numerous problems related to various fields of study.

In this paper, the EFGM is used to solve the one dimensional advection
dispersion contaminant equation with linear retardation term, for the unsatu-
rated porous media with transient flow condition. The van Genuchten model
(1980) is used to describe the hydraulic properties of the soil. Student’s t
distribution function is used as a weight function in the meshless analysis.
As the EFGM does not satisfy the Kronecker delta function, Lagrange multi-
plier method is used to enforce the essential (Dirichlet) boundary condition.
A MATLAB program is developed to code the procedure of the EFGM for con-
taminant migration. The results obtained are compared with that of Wamos
– T model developed by Diaw et al. (2001).

2 Element Free Galerkin Method

The discretization of the governing equations by EFGM requires Moving Least
Squares interpolation function (Lancaster and Salkauskas 1981) which is made
up of three components: a weight function associated with each node, a mono-
mial basis function and a set of non-constant coefficients.

2.1 Moving Least Square (MLS) Approximations

Consider a continuous function C defined on a domain Ω. To approximate
the distribution of function C in Ω, the global approximation form Ch(x) is
defined as follows (Belytschko et al. 1994):

C(x) ∼= ChL(x) =
m∑
i=1

pi(x)ai(x) = pT (x)a(x) ∀ x ∈ Ω (1)

where

pT (x) = [p1(x) p2(x) . . . pm(x)],
aT (x) = [a0(x) a1(x) a2(x) . . . am(x)] .

(2)

p(x) is a basis function and a(x) is a vector of undetermined coefficients,
whose value can vary according to the position of x in Ω and m is the order of
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basis. The coefficient vector a(x) at any point is determined by minimizing L2

error norm of weighted least squares. The L2 error norm is defined as follows:

J =
n∑
I=1

w(x− xI)[ChL(xI,x) − CI ]2 =
n∑
I=1

w(x− xI)[pT (xI)a(x) − CI ]2 (3)

where w(x− xI) is the weight function associated with the nodal point xI in
the domain Ω and n is a local node number whose support includes x. By
minimizing J with respect to a(x) gives

A(x)a(x) = B(x)C ⇒ a(x) = A−1(x)B(x)C (4)

where

A(x) =
n∑
I=1

w(x− xI)p(xI)pT (xI) ,

B(x) = [w(x− x1)p(x1) . . . w(x− xn)p(xn)] ,
CT = [C1, C2, . . . , Cn]

(5)

Therefore

C(x) ∼= Ch(x) =
n∑
I=1

ΦI(x)CI =
n∑
I=1

pTA−1BICI = ΦC ,

ΦI(x) = pTA−1BI , Φ = {Φ1 Φ2 Φ3 · · · Φn}
(6)

where ΦI is a MLS shape function of node I.
The spatial derivatives of the MLS shape function of node I can be ob-

tained by

ΦI,x = (pTA−1BI),xpT,xA
−1BI + pT (A−1),xBI + pTA−1BI,x . (7)

2.2 Weight Function Description

Weight function is non zero only over a small neighbourhood ofxI , called the
domain of influence of node I. In this paper student’s t distribution weight
function (Rao and Rahman 2000) is adopted, which is given below. The weight
function is written in terms of normalized radius r as

w(x− xI) ≡ w(r) =

⎧
⎨
⎩

(1 + β2r2)−(1+β)/2 − (1 + β2)−(1+β)/2

1 − (1 + β2)−(1+β)/2
r ≤ 1 ,

0 r > 1 ,
(8)

where r = dI/dmI , dI = ‖x − xI‖, dmI = dmaxzI . zI is the distance to the
nearest node in neighbourhood and dmax is a scaling factor.
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3 Discritization of Governing Equation

The one dimensional form of the governing equation for contaminant transport
through the unsaturated porous media is:

∂
∂t (RθC) =

∂
∂x

(
θD∂C∂x

)
− ∂
∂x (uC), R = 1 +

ρdKd

θ (9)

Initial Condition at t = 0: C = Ci in Ω
Boundary Conditions

C(0, t) = C0, in Γs (Dirichlet Boundary Condition) (10a)
∂C
∂x ns = g, in ΓE (Neumann Boundary Condition) (10b)

where θ is the volumetric water content of soil, ρd is the bulk density of soil,
Kd is the distribution coefficient, C is the concentration of contaminant, D
is the dispersion coefficient, u is the seepage velocity, R is the retardation
coefficient, C0 and g are the concentration of contaminant at the source and
concentration gradient at the exit boundary respectively, ns is a unit normal
to domain Ω and Γs and ΓE are the portions of boundary Γ where source
concentration and concentration gradient are prescribed.

The hydrodynamic properties of the soil are described by the functions of
van Genuchten model (1980):

S =

⎧
⎨
⎩

1

[1 + (α|h|)χ]1−
1
χ

if h ≤ 0 ,

1 if h ≥ 0
(11a)

and

K = Ks(S)0.5
[
1 −

(
1 − S

χ
χ−1

)1− 1
χ

]2

for χ > 1 (11b)

where θr and θs are the residual and saturated volumetric water contents of
the soil respectively, S is the degree of saturation of the soil, K and Ks are
the hydraulic conductivities of the soil at pressure head h and at saturation
respectively and, α and χ are empirical constants determining the shape of
the function.

The weak form of equation (9) with boundary condition is written as

∫ 1

0

δCT ∂
∂x

(
θD

(
∂C
∂x

))
dx−

∫ 1

0

δCT ∂
∂x (uc) dx−

∫ 1

0

δCT ∂∂t (RθC) dx

− δλT (C − C0)
∣∣
Γs

− λT δC
∣∣
Γs

(12)

where λ is a Lagrangian multiplier for enforcing the essential boundary con-
dition and it is equal to flux term.
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By using divergence theorem, and splitting the resultant equation, the final
equation can be written as

[
K(1)

]
{C} +

[
K(2)

]
{C},t + [G]{λ} = {Q}

[
GT

] {C} = {q}
(13)

where

K(1)
IJ =

∫ 1

0

[
ΦTI,xθDΦJ,x + ΦTI uΦJ,x

]
dx , (14a)

K(2)
IJ =

∫ 1

0

[
ΦTI θRΦJ

]
dx , (14b)

GIK = ΦK
∣∣
ΓsI

, (14c)

QI = ΦIθDg
∣∣
ΓE
, (14d)

qK = C0K . (14e)

Using Crank–Nicholson method for time approximation, equation (13) can
be written as [

K(1)∗ + K(2) G
GT 0

]{
Cn
λ

}
=

{
Rn
q

}
(15a)

where

Rn =
([

K(2)
]
− (1 − ε)Δt

[
K(1)

])
{C}n−1 + εΔt{Q}n + (1 − ε)Δt{Q}n−1 ,

K(1)∗ = εΔt
[
K(1)

]

(15b)

where ε is a constant varying between 0 and 1, Cn and Cn−1 are the nodal
concentrations at start and end of time increment and, Qn and Qn−1 are the
nodal mass fluxes at start and end of time increment.

4 Numerical Examples: Results

The present model is applied to the problem considered by Diaw et al. (2001)
for validation. The results of EFGM are compared with the results of Wamos
– T model for two grid Peclet numbers: Pe = 2 and 50. In the present paper,
central finite difference scheme (ε = 0.5) is used for time integration.

The parameters that are considered for the analysis are tabulated in Ta-
ble 1. The total time of simulation is 12 hours. Comparison between the EFGM
and Wamos – T results for both the advection – dispersion and advection –
dispersion – sorption cases are presented in Figs. 1 and 2. It is seen from the
figures that both the models provided similar results.
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Table 1. Data for the 1-D analysis of contaminant equation

Parameters Values

Initial condition for flow (cm) −300.0
Boundary condition for flow at upper surface (cm) −75.0
Boundary condition for flow at lower surface (cm) −300.0
Saturated volumetric water content 0.368
Residual volumetric water content 0.102
Saturated hydraulic conductivity of soil (cm/s) 0.00922
α (cm−1) 0.0335
χ 2.0
Total duration of simulation (hours) 12.0
Length of the reach (cm) 50.0
Initial concentration (μg/cm3) 0.0
Concentration at source boundary (μg/cm3) 1.0
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Fig. 1. Normalised concentration profile after 12 hrs for advection – dispersion

5 Conclusions

A truly meshless EFGM is obtained for one dimensional contaminant trans-
port modelling for the unsaturated porous media. The present study has com-
pared the results of EFGM with the Wamos – T model for two types of one
dimensional contaminant transport processes that occur in the unsaturated
porous media. It is noted that the EFGM generates excellent results for trans-
port processes.

From application viewpoint, the implementation of the EFGM is very sim-
ple and straight forward, irrespective of the dimension of the problem and the
shape of the domain under consideration. Further investigations are being
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Fig. 2. Normalised concentration profile after 12 hrs for advection – dispersion –
sorption

pursued for 2-D and 3-D contaminant transport modelling through the un-
saturated porous media.
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